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By introducing the concept of ε-convertibility, we extend Nielsen’s and Vidal’s theorems
to the entanglement transformation of infinite-dimensional systems. Using an infinite-
dimensional version of Vidal’s theorem we derive a new stochastic-LOCC (SLOCC)
monotone which can be considered as an extension of the Schmidt rank. We show
that states with polynomially-damped Schmidt coefficients belong to a higher rank of
entanglement class in terms of SLOCC convertibility. For the case of Hilbert spaces of
countable, but infinite dimensionality, we show that there are actually an uncountable
number of classes of pure non-interconvertible bipartite entangled states.
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1 Introduction

Entanglement is one of the central topics in quantum information, and has both physical
and information scientific aspects. In particular, entanglement involves quantum non-local
correlations which have been of interest in physics [1], and also acts as a resource of quantum
information processing for informatics [2, 3]. Thus, the characterization of the entanglement
of physical systems is important from both a physical and information scientific viewpoint.

aThe major part of this work was done when MO was in Department of Physics, Graduate School of Science,
The University of Tokyo.
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Mathematically, physical systems can be categorized into two classes, that is, finite-
dimensional systems which can be treated in the framework of conventional linear algebra,
and infinite-dimensional systems which need to be treated in the framework of functional
analysis [4, 5]. It is therefore worthwhile to know whether such a mathematical difference of
systems can make an essential difference in the properties of entanglement in these systems.
Indeed, this may provide an answer to the question of what is the essential difference between
the physics of finite-dimensional systems and the physics of infinite-dimensional systems from
the viewpoint of non-local correlations. Moreover, from the information-theoretic viewpoint,
if such a difference exists, there may be the possibility that we can achieve an information
processing in infinite-dimensional systems which cannot be achieved in finite-dimensional sys-
tems.

In this paper, we mainly focus on seeking a difference between the properties of entan-
glement of finite-dimensional systems and those of infinite-dimensional systems. Since much
work on the characterization of bipartite entangled states has been done in finite-dimensional
systems [6, 7, 8, 9], we concentrate our efforts on the characterization of bipartite entangled
states in infinite-dimensional systems, and try to find a difference in the properties of their
entanglement.

So far, research on the characterization of entanglement in infinite dimensions has been
done in the form of separability criteria [10], Gaussian LOCC convertibility [11, 12], and
entanglement measures [13]. The separability criteria gives us a way of judging whether
or not a given state is entangled. The Gaussian LOCC convertibility gives the detailed
structure of the strength of entanglement of Gaussian states. Entanglement measures give
an approximated strength of entanglement in the limit of an asymptotic infinite number of
copies.

The above research mainly is concerned with Gaussian states and Gaussian operations, and
unique properties of infinite-dimensional entanglement do not appear clearly in this regime.
Therefore, in order to find a property unique to infinite-dimensional entanglement it is impor-
tant to investigate the strength of entanglement more precisely for a broader class of states
and operations.

The strength of entanglement is defined by means of the convertibility between entangled
states under local operations, e.g., local operations and classical communication (LOCC),
stochastic-LOCC (SLOCC), or the positive partial transpose (PPT) operation [14, 15]. Among
such local operations we mainly focus in this paper on SLOCC, and investigate the SLOCC
convertibility of entangled states in infinite-dimensional systems without any assumption for
states or operations to find a unique property of entanglement in infinite-dimensional systems.

When we consider SLOCC convertibility for infinite-dimensional systems, there are at
least two difficulties, namely, the problem of continuity and the problem of a potentially
infinite cost for classical communication. In order to avoid such difficulties, we propose a new
definition of state convertibility that we call ε-convertibility. We define ε-convertibility as the
convertibility of states in an approximated setting by means of the trace norm. Then, within
the framework of ε-convertibility, we investigate SLOCC convertibility in infinite-dimensional
systems and show a fundamental difference of SLOCC convertibility between infinite and
finite-dimensional systems.

The paper is organized as follows: in section 2, we define the ε-convertibility of LOCC
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and SLOCC, and show how to avoid the problems of discontinuity and infinitely-costly clas-
sical communication. Then within the framework of ε-convertibility, we give the infinite-
dimensional extensions and proofs of Nielsen’s and Vidal’s theorem, which give the necessary
and sufficient conditions of LOCC and SLOCC convertibility, respectively. In section 3, first
we define monotones (monotonic functions) of SLOCC convertibility, which can be consid-
ered an extension of the Schmidt rank for infinite-dimensional systems, then by means of
this monotone, we investigate the SLOCC convertibility for infinite-dimensional systems. We
show that the cardinal number of the quotient set of states by SLOCC convertibility is greater
than or equal to the cardinal number of the continuum, and also show that however many
(finite) copies of exponentially-damped states (states with exponentially damped Schmidt
coefficients) there are, they cannot be converted into even a single copy of a polynomially-
damped state (a state with polynomially-damped Schmidt coefficients). Such properties do
not exist in finite-dimensional systems and are actually unique to infinite-dimensional systems.

2 ε-convertibility

In this paper we consider the bipartite infinite-dimensional system H = HA ⊗ HB where
dimHA = dimHB = ∞ and we shall assume that HA and HB are separable. By B(H) we
denote the Banach space of all bounded operators on H. If we use the term LOCC, we will
always assume that operations succeed with unit probability [15]. On the other hand we use the
term SLOCC in the case where operations work with a finite probability less than unity. For
simplicity we use at most countably infinite POVMs as the element of an LOCC (or SLOCC),
{Ai}∞i=1, Ai ∈ B(H),

∑
i∈N

A†A = (or ≤)I (corresponding to ultra-weak convergence).

2.1 ε-convertibility for LOCC and SLOCC

As mentioned in the introduction to give a detailed discussion of SLOCC convertibility in
infinite-dimensional systems, there are at least two difficulties, namely, discontinuity and
infinite classical communication costs. In this subsection we define ε-convertibility and see
that it allows us to avoid the difficulty of discontinuity. The other difficulty is addressed in
the following subsection.

In infinite-dimensional systems we cannot deny the possibility that |Ψ〉 is SLOCC con-
vertible to any neighborhood of |Φ〉 (in terms of strong, or weak topology), but not to |Φ〉
itself. To avoid such a discontinuity, when considering convertibility among genuinely infinite-
dimensional states (i.e., states with infinitely many non-zero Schmidt coefficients), we shall
identify these neighborhoods with the state itself. To achieve this we shall extend the defini-
tion of LOCC and SLOCC convertibility to satisfy the above requirement. Mathematically,
we redefine LOCC convertibility as follows: |Ψ〉 can be converted to |Φ〉 by LOCC, if and
only if for any neighborhood of |Φ〉, there exists an LOCC operation by which |Ψ〉 is trans-
formed to a state in the neighborhood of |Φ〉. We call this new definition of convertibility
ε-convertibility. Below we rigorously define ε-convertibility for LOCC, then we show that this
definition recovers the continuity of convertible probability at least with some suitable weak
meaning.

Before we give the definition of ε-convertibility, we need to choose a topology of the con-
vergence which we use in our definition. Actually, it is well known that there are many
different topologies defined by associated norms in infinite-dimensional systems. There-
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fore, we need to take care to choose our ‘distance’. Since we introduced ε-convertibility
because of the fundamental impossibility for discriminating a state |Φ〉 from states within
infinitely small neighborhoods of |Φ〉, the distance we consider needs to echo this difficulty
with discrimination. We can easily see that the trace norm possesses such a property as
follows. Suppose M is an arbitrary POVM element and limn→∞ ‖ρ − ρn‖tr = 0. Then,
limn→∞ |tr ρM − tr ρnM | ≤ limn→∞ ‖ρ−ρn‖tr‖M‖op = 0, where ‖ ·‖op is the operator norm.
Thus, for all measurements the resulting probability distributions for ρn converge to the re-
sulting probability distribution for ρ. That is, if ρn converges ρ in the trace norm, there is no
way to discriminate ρ from ρn for sufficiently large n. But this is just the property required of
the distance needed to deal with the discontinuity difficulty in the definition of ε-convertibility.
Therefore, we shall use the trace norm as our distance measure for ε-convertibility.

Following this discussion we rigorously define ε-convertibility for LOCC as:

Definition 1 We say that |Ψ〉 is ε-convertible to |Φ〉 by LOCC, if for any ε > 0, there exists
an LOCC operation Λ which satisfies the condition ‖Λ(|Ψ〉 〈Ψ|)− |Φ〉 〈Φ| ‖tr < ε where ‖ · ‖tr

is the trace norm.

Similarly, we define ε-convertibility for SLOCC as:

Definition 2 We say that |Ψ〉 is ε-convertible to |Φ〉 by SLOCC with probability p > 0 if
for any ε > 0, there exists an SLOCC operation Λ which satisfies the following condition,
‖Λ(|Ψ〉 〈Ψ|)/tr Λ(|Ψ〉 〈Ψ|) − |Φ〉 〈Φ| ‖tr < ε and tr Λ(|Ψ〉 〈Ψ|) ≥ p.

This definition of ε-convertibility under SLOCC means that with more than some fixed non-
zero probability p, |Ψ〉 can be converted to any neighborhood of |Φ〉 by SLOCC.

Here, we prove by means of ε-convertibility that we can recover enough continuity to
achieve a classification of states by SLOCC convertibility. In infinite-dimensional systems
when we consider SLOCC convertibility it might happen that |Ψ〉 cannot be converted to |Φ〉
and yet there exists a sequence of |Φn〉 such that |Ψ〉 can be converted to |Φn〉 with probability
pn and limn→∞ pn > 0; however, we cannot discriminate |Φ〉 and |Φn〉 for large n. If this
were to happen then it would be nonsense that |Ψ〉 could not converted to |Φ〉 by SLOCC.a

However, by means of our new definition of convertibility, we avoid such a discontinuity. That
is, we can easily show the following continuity property of ε-convertibility.

Lemma 1 If |Ψ〉 is not ε-convertible to |Φ〉 by SLOCC, but |Ψ〉 is ε-convertible to |Φn〉 by
SLOCC with probability pn for all n, where limn→∞ |Φn〉 〈Φn| = |Φ〉 〈Φ| by the trace norm,
then limn→∞ pn = 0.

Proof We prove this lemma by contradiction. We assume the following condition; |Ψ〉
is not ε-convertible to |Φ〉, |Ψ〉 is ε-convertible to |Φn〉 with probability pn > 0, where
limn→∞ |Φn〉 = |Φ〉. Moreover, if we add one condition; lim supn→∞ pn > 0, then we can
show the contradiction as follows.
aTo avoid confusion, we add a remark. We do not know an explicit example of this discontinuity. However,
in infinite dimensional systems, it is not trivial whether such discontinuity occurs or not. Hence, it is better
to introduce a modified definition of convertibility under which we can trivially avoid the discontinuity.
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Since lim supn→∞ pn > 0, there exists a subsequence of pn, such that lim pn(k) = p > 0
and pn(k) > p/2 for all k ∈ N. Then, since |Ψ〉 is ε-convertible to |Φn〉 with probability
pn, for any ε > 0 and for any k ∈ N, there exists an SLOCC operation Λε,n(k) such that
‖Λε,n(k)(|Ψ〉 〈Ψ|)/trΛε,n(k)(|Ψ〉 〈Ψ|) − ∣∣Φn(k)

〉 〈
Φn(k)

∣∣ ‖ < ε and trΛε,n(k)(|Ψ〉 〈Ψ|) ≥ pn(k) >

p/2. Moreover, since limn→∞ |Φn〉 = |Φ〉, for any ε > 0, there exists an Nε ∈ N such that
for any n ≥ Nε, ‖ |Φn〉 〈Φn| − |Φ〉 〈Φ| ‖ < ε. Therefore, for any 2ε > 0, by choosing k ∈ N as
n(k) ≥ Nε,

‖Λε,n(k)/trΛε,n(k) − |Φ〉 〈Φ| ‖
≤ ‖Λε,n(k)/trΛε,n(k) −

∣∣Φn(k)

〉 〈
Φn(k)

∣∣ ‖ + ‖ ∣∣Φn(k)

〉 〈
Φn(k)

∣∣ − |Φ〉 〈Φ| ‖
≤ 2ε.

Moreover, trΛε,n(k)(|Ψ〉 〈Ψ|) ≥ pn(k) > p/2. Therefore, |Ψ〉 is ε-convertible to |Φ〉 with prob-
ability p/2. This is a contradiction. Therefore, if |Ψ〉 is not ε-convertible to |Φ〉, and if |Ψ〉
is ε-convertible to |Φn〉 with probability pn where limn→∞ |Φn〉 = |Φ〉, then, limn→∞ pn = 0.
square

This lemma means that if |Ψ〉 cannot be converted to |Φ〉 by SLOCC, then |Ψ〉 is also almost
certainly inconvertible to states near to |Φ〉. Therefore, our definition of ε-convertibility
preserves continuity of the theory (at least sufficiently for the purposes of the classification of
states), and we can avoid the discontinuity difficulty mentioned above.

2.2 Nielsen’s and Vidal’s theorems for infinite-dimensional systems

In this subsection we reconstruct Nielsen’s and Vidal’s theorems for infinite-dimensional sys-
tems by means of ε-convertibility. As a result, we will see that we can also avoid the difficulty
of a potentially infinite cost for classical communication by our convertibility, that is, only a
finite amount of classical communication is actually necessary for our theory of convertibility.
As is well known, Nielsen’s and Vidal’s theorems give the necessary and sufficient conditions
of LOCC and SLOCC, respectively. Therefore, by proving these theorems rigorously we may
obtain a firm foundation for the analysis of SLOCC convertibility for infinite-dimensional sys-
tems, which we shall consider in the next section. Since Vidal’s theorem is a generalization of
Nielsen’s theorem, we shall first discuss Nielsen’s theorem and then go on to consider Vidal’s
theorem.

In finite-dimensional systems Nielsen’s theorem gives the necessary and sufficient condi-
tions for LOCC convertibility between a pair of bipartite pure states |Φ〉 and |Ψ〉 as follows

|Ψ〉 → |Φ〉 ⇔ λ ≺ μ , (1)

where the arrow → represents convertibility under LOCC, and λ and μ represent sequences
of Schmidt coefficients (in descending order) of the states |Ψ〉 and |Φ〉, respectively, and ≺
denotes majorization of the sequences [7] (if λ ≺ μ, we say “λ is majorized by μ”). In infinite-
dimensional systems we can show that Eq. (1) is still valid where we replace the meaning
of → by ε-convertibility under LOCC. Nielsen’s theorem then takes the following form for
infinite-dimensional systems:



M. Owari, S.L. Braunstein, K. Nemoto, and M. Murao 35

Theorem 1 |Ψ〉 is ε-convertible to |Φ〉, if and only if λ ≺ μ, where ≺ means majorization
in infinite-dimensional systems (see Appendix B), and λ and μ are the Schmidt coefficients
of |Ψ〉 and |Φ〉, respectively.

Since the proof of theorem 1 is long, we have placed the rigorous proof of this theorem in
Appendix C. Below we only give a sketch of the proof:

Sketch of Proof
1) The necessary part: We can directly extend the proof of necessity of the original theo-

rem to infinite-dimensional systems. The necessary condition part of the original theorem is
constructed using the Lo-Popescu theorem (Theorem 5) [16] and Uhlmann’s theorem (Theo-
rem 6). Since these two theorems can themselves be extended to infinite-dimensional systems
(see Appendix A and B). The same proof for finite-dimensional systems still holds in infinite-
dimensional systems.

2) The sufficient part: In the proof of sufficiency, our definition of ε-convertibility plays a
crucial role in extending the proof of Nielsen’s theorem. Our proof is based on the proof for
finite-dimensional systems in Ref. [15] and is extended to genuine infinite-dimensional states
by means of ε-convertibility. We can show that for any N , there exists a state |Φ′〉 (which
depends on N) such that its first N Schmidt coefficients are equal to the Schmidt coefficients
of |Φ〉 and where the Schmidt coefficients of |Ψ〉 are majorized by the Schmidt coefficients of
|Φ′〉. Therefore, for every neighborhood of |Φ〉, we can always find a state to which |Ψ〉 can
be converted under LOCC. �

By means of Nielsen’s theorem in infinite-dimensional systems we can extend Vidal’s theo-
rem for SLOCC convertibility [8], which gives the necessary and sufficient condition of SLOCC
convertibility with a probability p to infinite-dimensional systems using ε-convertibility. Vi-
dal’s theorem states that a bipartite pure state |Ψ〉 can be converted to another bipartite
pure state |Φ〉 under SLOCC with probability at least p if and only if λ ≺ω pμ [here ≺ω
denotes super-majorization and is defined in Appendix A1, Eq. (B.3) of Definition 4]. The
generalization of Vidal’s theorem for ε-convertibility can then be written:

Theorem 2 |Ψ〉 is ε-convertible to |Φ〉 by SLOCC with probability p, if and only if λ ≺ω pμ
are satisfied where λ and μ are the Schmidt coefficients of |Ψ〉 and |Φ〉 respectively.

Proof The proof of this theorem is in appendix D.

Therefore, the extension of Vidal’s theorem also applies to ε-convertibility.
Although infinite amounts of classical information do not exist in the real world, an infinite

amount of classical communication is necessary to convert one genuine infinite-dimensional
state to another by LOCC and SLOCC in the conventional theory of convertibility. From the
proof of Theorem 1, we can show that we can avoid such infinite costs of classical communi-
cation in LOCC convertibility by our new definition of ε-convertibility. In the proof of this
theorem, we showed that there exists a natural number M such that |Φ′〉 satisfies the condi-
tion μ′

N = λN for N ≥ M . Therefore, the LOCC operation by which |Ψ〉 can be converted
into |Φ′〉 is actually an LOCC operation requiring only a finite amount of classical communi-
cation. We can also show a similar result for SLOCC convertibility. By the proof of Theorem
2 it is easily seen that we can construct the protocol of SLOCC with only a finite amount
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of classical communication in a manner similar to LOCC. As a result, in our definition of
ε-convertibility of LOCC and SLOCC, we can convert states with any finite accuracy by only
a finite amount of communication, and only when this error goes to zero does the amount
of classical communication go to infinity. Therefore, our definition of ε-convertibility yields
a theory of single-copy LOCC and SLOCC convertibility requiring only a finite amount of
classical communication even in the infinite-dimensional setting.

Here we need to add two final remarks about our framework of ε-convertibility. From the
proofs of Theorems 1 and 2, we can derive another interpretation of ε-convertibility. First,
in the case of LOCC, that is, Nielsen’s theorem, since the state |Φ′〉 =

∑∞
k=1

√
μ′ |i〉 ⊗ |i〉 is

also majorized by |Φ〉 in the proof of Theorem 1 (Appendix C), we can immediately see the
following fact: If λ ≺ μ where λ and μ are the Schmidt coefficients of |Φ〉 and |Ψ〉 respectively,
then there exists a sequence of LOCC {Λn}∞n=1 such that for all n ∈ N, Λn · · ·Λ1(|Ψ〉 〈Ψ|)
has the same Schmidt basis and their Schmidt coefficients are majorized by those of |Φ〉
and they also satisfy limn→∞ Λn · · ·Λ1(|Ψ〉 〈Ψ|) = |Φ〉 〈Φ|. Thus, we can interpret the above
sequence of LOCC as the LOCC with an infinite number of steps of classical communication.
Second, since in the proof of the above theorem in appendix D, we constructed a sequence
of SLOCC {Λn}∞n=1 such that limn→∞ Λn · · ·Λ1(|Ψ〉 〈Ψ|)/tr Λn · · ·Λ1(|Ψ〉 〈Ψ|) = |Φ〉 〈Φ|, we
can consider that Vidal’s theorem is also naturally extended to infinite-dimensional systems
by the redefinition of LOCC convertibility including an infinite number of steps of classical
communication. Therefore, we can also say that both the Nielsen and Vidal theorems can be
extended to infinite-dimensional systems if we allow for an infinite number of steps of LOCC.

In this section, we proposed a new definition of convertibility, ε-convertibility, to treat
entanglement convertibility between genuine infinite-dimensional states. This redefinition is
suitable from both the technical and realistic viewpoints, that is, to avoid the difficulties of
both discontinuity and infinite cost in classical communication for infinite-dimensional sys-
tems. Then, by means of ε-convertibility we proved the Nielsen and Vidal theorems which
are the fundamental theorems of LOCC and SLOCC convertibility in infinite-dimensional
systems. As a result under our change of definition the framework of entanglement convert-
ibility is preserved in the context of infinite-dimensional systems, and therefore our definition
of ε-convertibility for LOCC is suitable and sufficient for realistic conditions of quantum in-
formation processing in infinite-dimensional systems.

3 Extension of Schmidt rank

3.1 Definition and its basic property

In this section we discuss the SLOCC convertibility of infinite-dimensional systems and show
that there are many important differences between the structure of the SLOCC classifica-
tion of genuinely infinite-dimensional states and that of finite-dimensional states. For this
purpose in this subsection we first define a pair of new SLOCC monotones which can be
considered as extensions of the Schmidt rank, and then we analyze their properties. Finally,
we show that there are continuously many classes of states under SLOCC convertibility in
infinite-dimensional systems. In the following we always consider SLOCC convertibility in
the meaning of ε-convertibility defined above. Therefore, we henceforth omit the qualifier ‘ε’.

To study convertibility in detail, monotones of convertibility are crucially important. In
finite systems, the Schmidt rank (the rank of the reduced density matrix) gives the necessary
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and sufficient condition of SLOCC convertibility. On the other hand, in infinite-dimensional
systems, since almost all states have infinite Schmidt rank, the classification by Schmidt rank
is not useful. Therefore, proposals for new SLOCC monotones for genuine infinite-dimensional
entangled states are essential for analysis of SLOCC convertibility between genuinely infinite-
dimensional states. In the followings, we give a definition of a pair of new SLOCC monotones
R− and R+, which can be considered an extension of the Schmidt rank for infinite-dimensional
systems.

Since the usual Schmidt rank represents how quickly Schmidt coefficients vanish, when
we consider their extension to genuine infinite-dimensional states it is natural to define the
extension of this concept as a function which represents how quickly a sequence of Schmidt
coefficients converge to zero. In Vidal’s theorem Schmidt coefficients always appear in the
form of a sum from n to ∞ which is an LOCC monotone for all n ∈ N and is called “Vidal’s
monotone” [9]. Therefore, rather than studying the direct convergence of Schmidt coefficients
{λn}∞n=1 we shall study the convergence of Vidal’s monotones {∑∞

i=n λi}∞n=1. To measure the
speed of convergence of Vidal’s monotone we compare a sequence of Vidal’s monotones with
some real parameterized class of sequences. Thus, we define the new monotones as follows:

Definition 3 For a parameterized class of sequences {fr(n)}r∈(a,b) which satisfy the follow-
ing conditions:

∀r ∈ (a, b), limn→∞ fr(n) = 0

∀r ∈ (a, b), n1 < n2 ⇒ fr(n1) > fr(n2) > 0

∀n ∈ N, r1 < r2 ⇒ limn→∞
fr1 (n)

fr2 (n) = 0 ,

where n ∈ N, 0 ≤ a < b ≤ ∞, we define a pair of functions R+
fr

(|Ψ〉) and R−
fr

(|Ψ〉) by

R+
fr

(|Ψ〉) = inf{r ∈ (a, b)| lim
n→∞

∑∞
i=n λi
fr(n)

= 0} (2)

R−
fr

(|Ψ〉) = inf{r ∈ (a, b)|limn→∞

∑∞
i=n λi
fr(n)

= 0} . (3)

If for all r ∈ (a, b), limn→∞
∑∞

i=n λi/fr(n) > 0, then we define R+
fr

(|Ψ〉) = b. Here, we use
the notation of lim = lim sup and lim = lim inf.

For the definition of R+
fr

(|Ψ〉), we could also have defined this function as

R+
fr

(|Ψ〉) = inf{r ∈ (a, b)|limn→∞

∑∞
i=n λi
fr(n)

= 0} ,

however this definition is the same as the previous definition, since limn→∞
∑∞

i=n λi/fr(n) = 0
guarantees limn→∞

∑∞
i=n λi/fr(n) = 0. Note that the limits limn→∞

∑∞
i=n λi/fr(n) and

limn→∞
∑∞
i=n λi/fr(n) do not generally coincide. Thus, to measure the speed of the con-

vergence, we need two functions R+
fr

(|Ψ〉) and R−
fr

(|Ψ〉) corresponding to these different ap-
proaches of the limit as given above. By their definition, we can easily see that R+

fr
and R−

fr

satisfy R−
fr

(|Ψ〉) ≤ R+
fr

(|Ψ〉) for all |Ψ〉. As we might expect, both R+
fr

and R−
fr

are SLOCC
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monotones, and moreover, the sufficient condition of monotonicity is also partially valid as
given by the statement of the following theorem. (Note, that when the choice of fr(x) is clear
we write simply R+ and R− for the monotones.)

Theorem 3 For all fr which satisfy the condition in Definition 3,

1. If |Ψ〉 can be converted to |Φ〉 by SLOCC then R+
fr

(|Ψ〉) ≥ R+
fr

(|Φ〉) and R−
fr

(|Ψ〉) ≥
R−
fr

(|Φ〉).

2. If R+
fr

(|Φ〉) < R−
fr

(|Ψ〉), then |Ψ〉 can be converted to |Φ〉 by SLOCC.

Proof Proof of part 1:
We only prove this for the case of R+

fr
since the proof for R−

fr
is identical. Suppose R+

fr
(|Φ〉) >

R+
fr

(|Ψ〉) then for all R+
fr

(|Ψ〉) < r < R+
fr

(|Φ〉), limn→∞
∑∞
i=n λi/fr(n) = 0 and

limn→∞
∑∞
i=n μi/fr(n) > 0, where {λi}∞i=0 and {μi}∞i=0 are Schmidt coefficients of |Ψ〉 and

|Φ〉, respectively. Thus, for all δ > 0 there exists an N0(δ) such that if n > N0(δ), then∑∞
i=n λi/fr(n) < δ. Suppose a

def
= limn→∞

∑∞
i=n μi/fr(n) > 0, then there exists a partial se-

quence of
∑∞

i=n μi/fr(n), say
∑∞
i=k(n) μi/fr(k(n)), such that limn→∞

∑∞
i=k(n) μi/fr(k(n)) =

a > 0. Then there exists an N1 ∈ N such that for all n > N1,
∑∞

i=k(n) μi/fr(k(n)) >

a/2. Therefore if we define N2(δ) as N2(δ) = max(N1,min{n ∈ N |k(n) ≥ N0}), then
for all n > N2(δ),

∑∞
i=k(n) λi/fr(k(n)) < δ and fr(k(n))/

∑∞
i=k(n) μi < 2/a. That is,∑∞

i=k(n) λi/
∑∞
i=k(n) μi < 2δ/a. This means limn→∞

∑∞
i=n λi/

∑∞
i=n μi = 0, which means

|Ψ〉 cannot be convertible to |Φ〉 by SLOCC from Vidal’s Theorem.
Proof of part 2:

If R+(|Φ〉) < R−(|Ψ〉), then for all R+(|Φ〉) < r < R−(|Ψ〉), a def= limn→∞
∑∞

i=n λi/fr(n) > 0
and limn→∞

∑∞
i=n μi/fr(n) = 0. Then, for all δ > 0 there exists an N0(δ) such that if

n > N0(δ),
∑∞

i=n λi/
∑∞
i=n μi > a/2δ. That is limn→∞

∑∞
i=n λi/

∑∞
i=n μi = ∞. From

Vidal’s theorem, this means that |Ψ〉 can be converted to |Φ〉 by SLOCC. �

Hence, this SLOCC monotone satisfies the sufficient condition of convertibility of SLOCC at
least with the above meaning. As we shall see in the following sections by using R+

fr
(|Ψ〉)

and R−
fr

(|Ψ〉) together, we can determine the classification of SLOCC convertibility better
than in the case of using the other SLOCC monotones, although we also need both R+

fr
and

R−
fr

to lead to the sufficient condition. Therefore, we can consider this pair of monotones as
extensions of the Schmidt rank.

In the last part of this subsection we note one important fact which we can easily see
from Theorem 3, that is that “in infinite dimensional systems there are at least continuously
infinitely many different classes of SLOCC convertibility.” Since R+(|Ψ〉) (or R−(|Ψ〉)) is an
SLOCC monotone whose range is a non-trivially connected set (interval) of real numbers, if
|Ψr〉 satisfies R+(|Ψr〉) = r, each |Ψr〉 should belong to different classes of SLOCC convert-
ibility for every different value of r. That is, there exists an injective map from a non-trivially
connected set of real numbers to the quotient set of states by SLOCC. Therefore, in infinite-
dimensional bipartite systems, the cardinal number of the quotient set of states by SLOCC
convertibility is greater than or equal to the cardinal number of the continuum, (where the
cardinal number of the continuum is equal to the cardinal number of an arbitrary interval of
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real numbers)[17]. Comparing this to the finite-dimensional systems case, where the cardinal
number of the quotient set of states by SLOCC convertibility is equal to the dimension of the
local systems. This fact is remarkable, that is, the cardinal number of such classes is actu-
ally larger than the local dimension (which is only countably infinite) in infinite-dimensional
systems.

3.2 Examples of R+(|Ψ〉) and R−(|Ψ〉)
In this subsection we construct important examples of the SLOCC monotones R+(|Ψ〉) and
R−(|Ψ〉), and analyze SLOCC convertibility between some interesting classes of genuinely
infinite-dimensional states. One is a class of states with polynomially-damped Schmidt coef-
ficients; another is the class of two-mode squeezed states. Since these new monotones depend
on a real parameterized family of sequences {fr(n)}r∈(a,b), we need to choose this family
suitably to analyze SLOCC convertibility among particular states. For this purpose it is con-
venient to derive the reference-states class {|Ψr〉}r∈(a,b) for particular {fr(n)}r∈(a,b), as the
states which satisfy the condition R+(|Ψr〉) = R−(|Ψr〉) = r. Therefore, at first we construct
a way of finding the reference class |Ψr〉 from fr(n). The following corollary gives a method.

Corollary 1 If {fr(n)}r∈(a,b),n∈N satisfies following conditions:

1. ∀r ∈ (a, b), n1 ≤ n2 ⇒ fr(n1) > fr(n2) (monotonically decreasing)

2. ∀r ∈ (a, b) and ∀n ∈ N, fr(n) + fr(n+ 2) ≥ 2fr(n+ 1) (convexity)

3. ∀m ∈ N, r1 ≤ r2 ⇔ limn→∞
fr1 (n)

fr2 (n+m) = 0 (monotonicity) ,

then, |Ψr〉 = 1
cr

∑∞
n=1

√−f ′
r(n) |n〉 ⊗ |n〉, where cr =

∑∞
n=1 −f

′
r(n), satisfies R+(|Ψr〉) =

R−(|Ψr〉) = r which are made from {fr(n)}r∈R,n∈N, and where f ′
r(x) denotes the derivative

of fr(x) with respect to x.

Proof From conditions 1 and 2 above, there exists a class of doubly differentiable functions
{fr(x)}r∈(a,b),x∈R+ which are an extension of the sequences {fr(n)}r∈(a,b),n∈N such that they
satisfy f

′
r(x) < 0 and f

′′
r (x) ≥ 0. Therefore, a class of states {|Ψr〉}r∈(a,b) is well defined and

their Schmidt coefficients are {−f ′
r(n)/cr}∞n=1 in decreasing order. By definition then∫ ∞

n

−f ′
r(x)
cr

dx ≤
∞∑
k=n

−f ′
r(n)
cr

≤
∫ ∞

n−1

−f ′
r(x)
cr

dx

fr(n)
crfr1(n)

≤
∞∑
k=n

−f ′
r(n)

crfr1(n)
≤ fr(n− 1)

crfr1(n)
.

If r < r1 then

lim
n→∞

∞∑
k=n

−f ′
r(n)

crfr1(n)
≤ lim
n→∞

fr(n− 1)
crfr1(n)

= 0 ,

and if r > r2 then

lim
n→∞

∞∑
k=n

−f ′
r(n)

crfr1(n)
≥ lim
n→∞

fr(n)
crfr1(n)

= +∞ .

Thus, R+(|Ψr〉) = R−(|Ψr〉) = r. �
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This Corollary means that with the above three additional conditions for fr(n) we may always
derive a class of reference states which correspond to each value of R−(|Ψ〉) and R+(|Ψ〉).

In what follows we construct examples of SLOCC monotones by means of the above
Corollary and analyze two remarkable classes of states. One corresponds to the states which
belong a higher class of SLOCC convertibility and the other to the well-known two-mode
squeezed states.

As a first example consider R−(|Ψ〉) and R+(|Ψ〉) made from {fr(n) = n−( 1
r −1)}r∈(0,1).

By Corollary 1, their class is

|Ψr〉 =
1√
ζ(1/r)

∞∑
n=1

n− 1
2r |n〉 ⊗ |n〉 , (4)

where ζ(x) is the Riemann zeta function as a normalization factor. By definition, R−(|Ψ〉) and
R+(|Ψ〉) represent how quickly the Schmidt coefficients of |Ψ〉 converge to 0 as a polynomially-
damped function. Thus, this function has a strictly positive value for states with polynomially-
damped Schmidt coefficients. Similarly, for all states |Ψ〉 for which the Schmidt coefficients
damp exponentially like two-mode squeezed states, we have R−(|Ψ〉) = R+(|Ψ〉) = 0. Be-
cause the Schmidt coefficients can never be proportional to 1/n asymptotically in infinite-
dimensional systems (since

∑∞
n=1 1/n = ∞), for small ε > 0, |Ψr〉 with r = 1 − ε can be

converted to almost any state. In the above sense we can say that they belong to a “higher
rank” of entanglement class in terms of single-copy SLOCC. On the other hand, the above
state with small ε is not of the “highest states”. That is, we can consider a class of states
which belong to a higher rank of entanglement class than {|Ψr〉}r∈(0,1) as follows. For the
states

|Ψt〉 =
1
Ct

∞∑
n=1

1√
x(log x)t

|n〉 ⊗ |n〉 , (5)

with t > 0, R−(|Ψt〉) = R+(|Ψt〉) = 1, and we can easily see that for all t > 0, |Ψr〉 can not be
converted to |Ψt〉 by SLOCC. In a similar manner, for all one-parameter classes of states we
can always define a class of states which belong to a higher rank and can define a new pair of
monotones from this class of states. Therefore, there does not exist a highest one-parameter
class of states within the SLOCC classification.

As a next example consider fq(n) = e2n log q = q2n, q ∈ (0, 1). In this case, the reference
class is |Ψq〉 = 1

cq

∑∞
n=1 q

n |n〉 ⊗ |n〉, that is the well-known two-mode squeezed states with
1
2 log 1+q

1−q being the squeezing parameter. Therefore, R+
fq

(|Ψ〉) and R−
fq

(|Ψ〉) can be regarded
as being analogs of squeezing parameters for any entangled states.

The above two examples also show that the classification of SLOCC is quite different from
the classification by the amount of entanglement, that is, the classification of asymptotic
(infinite-copy) LOCC in infinite-dimensional systems. In infinite-dimensional systems we often
consider the class of two-mode squeezed states |Ψq〉 = 1

cq

∑∞
n=1 q

n |n〉 ⊗ |n〉 with q = 1 − ε

instead of the maximally entangled states. Because limq→1 E(|Ψq〉) = ∞ this state converts
to almost any state asymptotically by infinite-copy LOCC with unit probability. However by
single-copy SLOCC with non-zero probability they cannot be converted to states |Ψ〉 with
R+(|Ψ〉) > 0, where the monotone R+(|Ψ〉) is made from fr(n) = n−( 1

r −1). On the other
hand, if we consider the class of states |Ψr〉 =

∑∞
n=1 n

− 1
2r |n〉 ⊗ |n〉 /√ζ(1/r) as we have
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already seen for small ε > 0, |Ψ1−ε〉 can be converted to almost any state by single-copy
SLOCC with non-zero probability. Although the amount of entanglement for both {|Ψq〉}
and {|Ψr〉} tend to infinity in the limit, {|Ψr〉} belongs to a higher class than {|Ψq〉} in the
single-copy scenario.

We add one final remark here: Although, we have only presented two examples for fr(n),
there may be many other examples which are important in some situations. Generally speak-
ing, for any given states, we can find a suitable function fr(n) for the analysis of the states.
For example, if we deal with states whose Schmidt coefficients damp exponentially we can
chose fr(n) = exp(n−1/r), exp(exp(n−1/r)), etc, as the coefficients damp quickly enough to
evaluate the monotones for the states.

3.3 Strong inhibition law

So far we have emphasized the difference between states with exponentially-damped Schmidt
coefficients and those with polynomially-damped coefficients and shown that exponentially-
damped states cannot be converted into polynomially-damped states no matter how large
their measure of entanglement is. Here we shall give one more fact which will demonstrate
the remarkable difference between exponentially and polynomially-damped states. That is,
“However finitely many copies there are, exponentially-damped states cannot be converted
into polynomially-damped states.” This fact can be showed as the follows: Suppose |Ψ〉 is an
exponentially-damped state and |Φ〉 is a polynomially-damped one, then rigorously speak-
ing, there exists a real number r and a polynomial p(n) which satisfy limn→∞

g|Ψ〉(n)

e−rn = 0 and
limn→∞

p(n)
g|Φ〉(n) = 0, where g|Ψ〉(n) is Vidal’s monotone of |Ψ〉. Define |ξr〉 = 1

Cr

∑∞
n=1 e

−rn |n〉⊗
|n〉, then we have

|ξr〉⊗p =
1
Cpr

∞∑
n1,n2,··· ,np

e−r(n1+n2+···+np) |n1, n2, · · · , np〉 ⊗ |n1, n2, · · · , np〉 .

If we reorder the Schmidt terms to the form |ξr〉⊗p = 1
C

∑∞
k=1 f(k) |k〉⊗|k〉 we can see by easy

calculation that f(k) ≤ e−r[(p!k)
1/p+1]. Thus, we have limn→∞ f(n)/p(n) = 0 and this means

|Ψ〉⊗p cannot converted into |Φ〉 for any p ∈ N. This result shows that in infinite-dimensional
systems some classes of states (like states with finite Schmidt ranks, with exponentially-
damped Schmidt coefficients, and with polynomially-damped Schmidt coefficients) can be
distinguished from each other more strongly than the case of finite-dimensional systems by
SLOCC classification. Thus, with arbitrary finitely-many copies, we also cannot convert the
states from finite rank to infinite rank, and similarly from exponentially damped to polyno-
mially damped. In finite-dimensional systems, there is no feature like this. Therefore, these
properties of entanglement are genuine for infinite-dimensional systems and show the special
strong position of states with polynomially-damped Schmidt coefficients from the view of
finite-copy transformations.

As a final remark for this section we must discuss the energy of such long-tailed states. In
realistic situations the set of states which can be produced experimentally will be limited by
some bound in energy. Therefore, it is essential to consider the subset of states which consist
of states restricted to that bounded energy. However, for several states with polynomially-
damped Schmidt coefficients, the mean value of a polynomial Hamiltonian, like for example
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the harmonic oscillator, diverges. Therefore, generally only a fraction of polynomially-damped
states can be created in laboratories.

4 Summary

In this paper in order to avoid the difficulties of discontinuity and infinite amounts of classi-
cal communication in the theory of SLOCC convertibility of infinite-dimensional systems, we
proposed a new definition of convertibility, ε-convertibility, as the convertibility of states in an
approximated setting by means of the trace norm. In the Section 2 we showed that this defini-
tion guarantees at least weak continuity for SLOCC convertibility (Lemma 1), and guarantees
that the protocol only uses finite amounts of classical communication. Then, we reconstructed
the basic theorems of single-copy LOCC and SLOCC transformation, Neilsen’s and Vidal’s
theorem in the infinite-dimensional pure state space (Theorems 1 and 2). As a result we
showed that under this change of definition the framework of entanglement convertibility is
preserved for infinite-dimensional systems, and therefore, our definition of ε-convertibility for
LOCC is suitable and sufficient for realistic conditions of quantum information processing in
infinite-dimensional systems.

In Section 3 in order to study SLOCC convertibility in infinite-dimensional systems,
we constructed a pair of SLOCC monotones which can be considered as extensions of the
Schmidt rank to infinite-dimensional spaces. By these monotones we showed that states with
polynomially-damped Schmidt coefficients belong to a higher rank of entanglement class than
other states in terms of single-copy SLOCC convertibility.

In the last Section 3.3 we showed that arbitrary finitely many copies of exponentially-
damped states cannot be converted to even a single copy of polynomially-damped states.
Since such differences of classes do not exist in the finite-dimensional setting, the SLOCC clas-
sification of infinite-dimensional states has a much richer structure than for finite-dimensional
ones. Therefore, these new features of entanglement have the potential to produce new quan-
tum information protocols which are impossible for finite-dimensional systems. Finally, we
stress that in infinite-dimensional systems, there remain important problems that are yet to
be solved even for the simplest bipartite pure states.
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Appendix A Schmidt decomposition and Lo-Popescu’s Theorem in infinite di-
mensional systems

In this appendix and the next, as a preparation for the proofs of Nielsen’s and Vidal’s
theorem in infinite dimensional systems, we will see how we can extend basic theorems about
LOCC and majorization [7, 8] to infinite dimensional systems.

At first, we extend the concept of Schmidt decomposition and Schmidt coefficients in
infinite-dimensional systems:

Theorem 4 (Schmidt decomposition) For any |Ψ〉 ∈ H = HA⊗HB, there exist orthonormal
sets (but not necessarily basis sets) {|ei〉}∞i=1 and {|fi〉}∞i=1 of HA, and HB, respectively, such
that

|Ψ〉 =
∞∑
i=1

√
λi |ei〉 ⊗ |fi〉 , (A.1)

where λi ≥ 0, λi ≥ λi+1 and
∑∞

i=1 λi = 1. The representation of a state |Ψ〉 in the form
of Eq.(A.1) is called a Schmidt decomposition and {λi}∞i=1 are called Schmidt coefficients in
infinite-dimensional systems.
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Proof We use the singular value decomposition given as follows in an infinite dimensional
system: For a compact operator M from HA onto HB , there exist orthonormal sets (but not
necessarily basis sets) {|ei〉}∞i=1 ⊂ HA and {|fi〉}∞i=1 ⊂ HB and positive real numbers {λi}∞i=1

with
√
λn → 0 such that

M =
∞∑
i=1

√
λi |ei〉 〈fi| , (A.2)

where the above sum converges in the operator norm [5]. In particular, if M is a Hilbert-
Schmidt class operator, {√λi}∞i=1 satisfy

∑∞
i=1 λi = (‖M‖2)2

def= trM †M , where ‖ · ‖2 is
the Hilbert-Schmidt norm [5]. Thus, we derive Eq.(A.1) from Eq.(A.2), because the linear
map |ei〉 〈fj| �→ |ei〉 ⊗ |fj〉 gives an isomorphism from the Hilbert-Schmidt space C2(HA,HB)
(the Hilbert space of all Hilbert-Schmidt class operators between HA and HB with the inner
product (M |N) def= trM †N) to the Hilbert space H = HA ⊗HB [5]. �

In finite d-dimensional bipartite systems, the Schmidt decomposition of a state |ψ〉 is given
by

|ψ〉 =
d∑
i=1

√
λi |ei〉 ⊗ |fi〉 , (A.3)

where {|ei〉}di=1 and {|fi〉}di=1 are the basis sets. Therefore, convertibility of states under
local unitary operations are determined by the Schmidt coefficients {λi}di=1 of states, namely,
the two states are convertible to each other under local unitary operations if and only if
the two states have same Schmidt coefficients. In infinite-dimensional systems, the Schmidt
coefficients determine convertibility of states under local partial isometry instead of local
unitary operations. That is, if the Schmidt coefficients of |Ψ〉 and |Φ〉 are the same, then
there exist local partial isometries UA and UB and |Ψ〉 = UA ⊗ UB |Φ〉 is satisfied.

Partial isometry is defined as a unitary operator between subspaces. If we had defined
the Schmidt coefficients to be a sequence including the dimension of the kernel of the reduced
density matrix (of the given state), we could make Schmidt coefficients indicating the convert-
ibility under local unitary operations. However, to develop the theory of LOCC and SLOCC,
(which include local partial isometries), convertibility for infinite-dimensional systems, the
former definition is more suitable than the latter, so we take the definition of Eq. A.1. This
is because states are convertible to each other by LOCC, if and only if they are convertible
to each other by local partial isometries (we can show this fact from Theorem 2); moreover,
there exists a pair of states which are convertible to each other by local partial isometries,
but not by local unitaries. The following example satisfies such a condition. Suppose states
|Ψ〉 and |Φ〉 on HA ⊗HB are defined as

|Ψ〉 =
∞∑
i=1

√
λi |ei〉 ⊗ |fi〉 (A.4)

|Φ〉 =
∞∑
i=1

√
λi |e2i〉 ⊗ |f2i〉 , (A.5)

where {|ei〉}∞i=1 and {|fi〉}∞ are orthonormal basis sets of HA and HB, respectively. In this
case, |Φ〉 and |Ψ〉 can be convertible to each other by LOCC: |Φ〉 can be convertible to |Ψ〉 by
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a local partial isometry
∑∞
i=1 |ei〉 〈e2i|⊗ |fi〉 〈f2i|, and |Ψ〉 can be convertible to |Φ〉 by a local

isometry
∑∞

i=1 |e2i〉 〈ei|⊗ |f2i〉 〈fi|. However, their are not convertible by local unitaries. This
is because a subspace spanned by {|e2i〉}∞i=1 and a subspace spanned by {|f2i〉∞i=1 should be
mapped to HA and HB, respectively; a proper subspace should be mapped to a whole space.
This map is obviously impossible by unitary operators, which are bijections and always map
a whole space to a whole space.

Actually, from a physical point of view, convertibility under local partial isometry can be
understood that we may need additional independent ancilla systems for each subspace to
convert |Ψ〉 to |Φ〉. For example, |Φ〉 defined as Eq.(A.5) can be transformed to |Ψ〉 defined as
Eq.(A.4) by the following protocol: First, attach one-qubit ancilla systems HA′ and HB′ to
both local systems HA and HB, and prepare the ancilla systems in |0〉A′ and |0〉B′ . Second,
apply a local unitary transformation UAA′ ⊗ UBB′ to the states |Φ〉AB ⊗ |0〉A′ ⊗ |0〉B′ , where
UAA′ and UBB′ are unitary transformations on HA ⊗HA′ and HB ⊗HB′ defined as

UAA′
def=

∞∑
n=1

(|n〉A|0〉A′A〈2n|A′〈0| + |2n+ 1〉A|1〉A′A〈2n+ 1|A′〈0|

+|2n〉A|1〉A′A〈n|A′〈1|)
UBB′

def=
∞∑
n=1

(|n〉B|0〉B′B〈2n|B′〈0| + |2n+ 1〉B|1〉B′B〈2n+ 1|B′〈0|

+|2n〉B|1〉B′B〈n|B′〈1|).
After this local unitary transformation, the state is changed to |Ψ〉AB⊗|0〉A′ ⊗|0〉B′ . Finally,
by removing the ancilla system HA′ and HB′ , we derive |Ψ〉 on the systems HA ⊗HB.

For finite-dimensional systems, Lo and Popescu proved that if |Ψ〉 can be converted into
|Φ〉 by LOCC, there exists a one-way classical communication LOCC which consists of a
local measurement of one of the local spaces and a unitary operation of the other depending
on the result of the measurement [16]. This theorem is called the Lo-Popescu theorem.
Intuitively speaking, the Schmidt decomposition denotes the existence of symmetry between
local subspaces, and Lo-Popescu’s theorem is the reflection of the symmetry of subsystems.
As we have shown that the Schmidt decomposition in infinite-dimensional systems is weaker
(indicating equivalence under partial isometries instead of unitary operations) than finite-
dimensional systems, the corresponding Lo-Popescu theorem is slightly modified as follows.

Theorem 5 (Lo-Popescu’s) In the separable Hilbert space HA⊗HB , for any given state
|Ψ〉 and bounded operator M ∈ B(HB) there exist a bounded operator N ∈ B(HA) and
partial isometry U ∈ B(HB) which satisfy I ⊗M |Ψ〉 = N ⊗ U |Ψ〉.

Proof Suppose |Ψ〉 =
∑∞

i=1

√
μi |ai〉⊗|bi〉. Define a partial isometry U as U =

∑∞
i=1 |bi〉 〈ai|,

then we have

I ⊗M |Ψ〉 =
∞∑
i=1

√
μi |ai〉 ⊗M |bi〉 ,

and

MU ⊗ I |Ψ〉 =
∞∑
i=1

√
μiM |bi〉 ⊗ |bi〉 .
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Thus, we obtain

tr AI ⊗M |Ψ〉 〈Ψ| I ⊗M † = tr BMU ⊗ I |Ψ〉 〈Ψ|U †M † ⊗ I .

By our definition of Schmidt decomposition, ρA and ρB are partial isometry equivalent for
any state |Ψ〉. Therefore, there exist partial isometries UA and UB which satisfy

UA ⊗ UB(MU ⊗ I) |Ψ〉 = I ⊗M |Ψ〉 .

Defining N def= UAMU ⊗ UB, then the theorem has been proven. �

Appendix B Majorization in infinite-dimensional systems

In finite-dimensional systems, majorization is a pseudo partial ordering on the whole vector
space [18]. On the other hand in infinite-dimensional system, majorization can be defined on
only a subset of the whole vector space. To formulate our definition of Schmidt coefficients
in infinite-dimensional systems, we define a majorization on

l1 = {{xi}∞i=1|
∞∑
i=1

|xi| <∞} . (B.1)

For mathematical simplicity, we only define majorization on

l+1 = {{x}∞i=1 ∈ l1|xi ≥ 0, 	{i|xi = 0} <∞∨ 	{i|xi > 0} <∞} ,

where 	 denotes the cardinality of a set. In this case l+1 is a convex cone of l1 and identifies the
set of all permutations of Schmidt coefficients. Thus, l+1 is enough for our purposes, and we
do not need to define majorization for all element of l1. Moreover, in the following definition
of majorization, we use decreasing reordering of x ∈ l1. However, if x is not in l+1 , it is
difficult to rearrange elements of x in decreasing order, and we need to extend the definition
of majorization so as to include sequences which are not in l+1 , but in l1.a This is also the
reason why we define majorization only on l+1 .

Now, we define majorization of Schmidt coefficients in infinite-dimensional systems as
follows:

Definition 4 For any x, y ∈ l+1 , x ≺ω y (or x is sub-majorized by y) is defined, if and only
if

k∑
i=1

x↓i ≤
k∑
i=1

y↓i , (B.2)

for k ∈ N, where x↓i is given by x↓i = xP (i), and P is an element of an infinite symmetry group
satisfying x↓i ≥ x↓i+1 in decreasing reordering of x. Similarly, if x and y satisfy,

∞∑
i=k

x↓i ≥
∞∑
i=k

x↓i , (B.3)

aThe general definition of majorization of sequences can be found in [20]. The all propositions in this subsection
can be extended to this general case by appropriate modification of proofs.
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then, we write x ≺ω y and say x is super-majorized by y.
Additional to the sub-majorization or super-majorization conditions, (both conditions lead

to the same majorization condition) if x and y satisfy the normalization condition

∞∑
i=1

x↓i =
∞∑
i=1

y↓i , (B.4)

then we write x ≺ y and say x is majorized by y.

The sub-majorization condition does not require the normalization condition, but it is easily
proven that x ≺ω y is equivalent to

∞∑
j=1

(x↓
j − t)+ ≤

∞∑
j=1

(y↓
j − t)+ , (B.5)

for all real t, where z+ = max(z, 0) is the positive part of any real number.
Uhlmann’s theorem relates operations on quantum states and majorization conditions.

This theorem is one of the essential items for proving Nielsen’s theorem for LOCC convertibil-
ity. To prove Uhlmann’s theorem in infinite-dimensional systems, we define a doubly stochas-
tic matrix in infinite-dimensional systems. It is similar to the one for finite-dimensional sys-
tems. For all double sequences {dij}∞ij=1 which satisfy

∑∞
i=1 dij = 1 for all j, and

∑∞
j=1 dij = 1

for all i, we can define a bounded linear operator D ∈ B(l1) by

Dx = {
∞∑
j=1

dijxj}∞i=1 , (B.6)

for all x ∈ l1. These operators are called doubly stochastic matrices on l1. We can easily see
that the operator norm of a doubly stochastic matrix is 1.

The defined doubly stochastic matrices are related to majorization as follows: If D is
doubly stochastic, then, for all x ∈ S, we have

Dx ≺ x , (B.7)

since
∞∑
i=1

[(Dx)i − t]+ =
∞∑
i=1

[ ∞∑
j=1

Dij(xj − t)
]+

≤
∞∑
i=1

∞∑
j=1

Dij(xj − t)+

=
∞∑
j=1

(xj − t)+ , (B.8)

for any real t, due to the convexity of ()+. On the other hand,
∑∞

i=1(Dx)i =
∑∞
i=1 xi is trivial.

Thus, the necessary condition (majorization condition) for the doubly stochastic condition
is proven. We note that Eq.(B.7) is also valid for weaker conditions of D than the doubly
stochastic matrix, for example, D satisfying

∑∞
j=1 dij ≤ 1.

Now we are ready to extend Uhlmann’s theorem for infinite-dimensional systems:
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Theorem 6 (Uhlmann) If the two density operators ρ1 and ρ2 on the infinite separable
Hilbert space H satisfy the following relation,

ρ1 =
∞∑
j=1

pjUjρ2U
†
j , (B.9)

∞∑
j=1

pj = 1, (B.10)

where Uj are partial isometries whose initial space includes closure of the range of ρ2, kerUj
⊥ ⊃

Ranρ2, then the non-zero eigenvalue of ρ1 is majorized by ρ2.

Proof Suppose ρ1 =
∑∞

k=1 μk |ek〉 〈ek| and ρ2 =
∑∞

i=1 λi |i〉 〈i|. Define a partial isometry
as V =

∑∞
i=1 |i〉 〈ei|, whose initial space is given by Ranρ1, and whose final space is given by

Ranρ2. Then UjV is a partial isometry whose initial and final space are given by Ranρ1 and
Uj(Ranρ2), respectively. Actually, it is trivial that UjV is a zero operator on Ranρ

⊥
. Now

suppose |Φ〉 ∈ Ranρ1, then we obtain ‖UjV |Φ〉 ‖ = ‖ |Φ〉 ‖ from the condition V |Φ〉 ∈ Ranρ2.
Next, define Fourier’s coefficients of Uj |i〉 as uhji, that is, Uj |i〉 = UjV |ei〉 =

∑∞
h=1 u

h
ji |eh〉,

and ∞∑
h=1

|uhji|2 = 1. (B.11)

Then, we can rewrite Eq.(B.9) as,

∞∑
k=1

μk |ek〉 〈ek| =
∑
ij∈N2

pjλi(
∞∑
h=1

uhji |eh〉)(
∞∑
l=1

u∗lji 〈el|) . (B.12)

Taking the inner product between |en〉,

μn =
∑
ij∈N2

pjλi|unji|2 =
∞∑
i=1

λi

∞∑
j=1

pj |unji|2 . (B.13)

We define Dni as Dni =
∑∞
j=1 pj |unji|2. (B.11) guarantees that

∑∞
n=1Dni = 1. Since

∞∑
i=1

|unji|2 =
∞∑
i=1

| 〈en|UjV |ei〉 |2 ≤ ‖UjV |en〉 ‖2

≤ ‖Uj‖2
op‖V ‖2

op‖ |en〉 ‖2 = 1 , (B.14)

where ‖·‖op is the operator norm and
∑∞
i=1Dni ≤ 1. Therefore, using the necessary condition

of the double stochastic matrices and the weaker condition of (B.7) forD, we derive μ = Dλ ≺
λ. The theorem is proven.
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Appendix C Proof of Theorem 1 (Nielsen’s theorem in infinite-dimensional
systems)

In this appendix, based on Appendix A and B, we prove Nielsen’s [7] theorem for infinite
dimensional systems.

Before we show the proof of Nielsen’s theorem of ε-convertibility in infinite-dimensional
systems, we first show that the necessary part of the original proof of Nielsen’s theorem [7]
can be directly extended to infinite-dimensional systems by means of the Lo-Popescu and
Uhlmann theorems we have already proven in the last section.

Lemma 2 The necessary condition for convertibility of an infinite-dimensional state |Ψ〉 to
another state |Φ〉 under LOCC operations is given by λ ≺ μ, where λ = {λ}∞i=1 and μ = {μ}∞i=1

are the sequences of Schmidt coefficients of the states |Ψ〉 and |Φ〉, respectively.

Proof Suppose |Ψ〉 can be converted to |Φ〉 by LOCC, then By Lo-Popescu’s theorem,
ρΦ = pmMmρΨM

†
m where

∑∞
m=1 pm = 1, ρΨ = tr B(|Ψ〉 〈Ψ|) and ρΦ = tr B(|Φ〉 〈Φ|). Then,

according to the same method of Nielsen’s original proof, we derive ρΨ =
∑∞

m=1 pmUmρΦU
†
m,

where Um is a partial isometry originating in the polar decomposition of Mm
√
ρΨ. Since

kerU⊥
m = kerMm

√
ρΨ

⊥ ⊃ Ranρψ [5], by Uhlmann’s theorem we get λ ≺ μ. �

By means of this lemma, we can prove the necessary part of Nielsen’s theorem in infinite-
dimensional systems. For the sufficient condition, we fully use the properties of ε-convertibility.

Proof (Theorem 1)
Only if part: If |Ψ〉 is ε-convertible to |Φ〉 for any ε > 0, there exists a sequence of states

{|Φ′
n〉}∞n=1 which strongly converges to |Φ〉 (for pure states the topology of the trace norm is

stronger than the strong topology of Hilbert space). Then, from Lemma 2, λ ≺ μ
′
n where μ

′
n

and λ are the Schmidt coefficients of |Φ′
n〉 and |Ψ〉 for all n ∈ N. Because Schmidt coefficients

are continuous in the strong topology,
∑n

i=1 μ
′
n,i ≥

∑n
i=1 λi means

∑n
i=1 μi ≥

∑n
i=1 λi where

μi are the Schmidt coefficients of |Φ〉.
If part: When the Schmidt ranks (the number of non-zero Schmidt coefficients) of both

|Ψ〉 and |Φ〉 are finite, the proof is identical to the one for finite-dimensional systems. By the
definition of Schmidt decomposition, we can assume |Ψ〉 and |Φ〉 have the same Schmidt basis
without loss of generality. In what follows, we divide the proof for the remaining cases into
two parts: the case where |Ψ〉 has finite Schmidt rank, and the case where both of the states
have infinite Schmidt ranks.

1) The case that |Ψ〉 has infinite Schmidt rank and |Φ〉 has finite Schmidt rank:
Suppose the Schmidt rank of |Φ〉 is given by N . In what follows, we assume ε is arbitrary,
but satisfies ε < μN . Since for any Schmidt coefficient {λi}∞i=1, we have limn→∞ nλn = 0.
Therefore, there exists an N1(ε) such that nλn < ε/2 for any n ≥ N1. On the other hand,
since

∑∞
i=1 λi = 1 , there exists an N2(ε) such that

∑∞
i=n λi < ε/2 for any n ≥ N1. Suppose

M = max(N1, N2, N), then we define {μ′
i} as follows:

For 1 ≤ i ≤ N − 1 : μ′
i = μi

i = N : μ′
N = μN − (

(M −N)λM +
∑∞

n=M+1 λn
)

N + 1 ≤ i ≤M : μ′
i = λM

M + 1 ≤ i : μ′
i = λi
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We define |Φ′〉 as |Φ′〉 =
∑∞
i=1

√
μ′
i |i〉 ⊗ |i〉. Then, by definition, λ ≺ μ

′ ≺ μ. Moreover, we
obtain

‖ |Φ〉 − |Φ′〉 ‖2 = |(M −N)λM +
∞∑

n=M+1

nλn|2

= |(M −N)λM |2 + |
∞∑

i=M+1

λi|2

≤ ε2 . (C.1)

Therefore, for any neighborhood of |Φ〉, we can find a |Φ′〉 such that |Ψ〉 → |Φ′〉.
2) The case that the Schmidt ranks of |Ψ〉 and |Φ〉 are infinity:

By easy calculation we can show that for any ε, there exists a natural number N1(ε) such
that if |Φ′〉 =

∑∞
i=1

√
μ′
i |i〉 ⊗ |i〉 satisfies μ′

i = μ, i ≤ N1(ε), then ‖ |Φ〉 〈Φ| − |Φ′〉 〈Φ′| ‖tr < ε.
Since

∑n
i=1 λi < 1 and limn→∞ nλn = 0 for any n ∈ N,

lim
N2→∞

[N2(ε)∑
k=1

λk − (N2 −N1)λN2

]
= 1 . (C.2)

Thus, there exists a natural number N2(ε) ≥ N1(ε) + 1 such that

N2(ε)∑
k=1

λk − (N2 −N1)λλN2
≥
N1(ε)∑
i=1

μi , (C.3)

and
N2(ε)−1∑
k=1

λk − (N2 −N1 − 1)λN2−1 ≤
N1(ε)∑
i=1

μi . (C.4)

We examine in the two cases N2(ε) = N1(ε) + 1 and N2(ε) > N1(ε) + 1 separately.
a) The case thatN2(ε) = N1(ε)+1: The inequalities (C.3) and (C.4) guarantee

∑N1(ε)
k=1 λk =∑N1(ε)

k=1 μk. If we define 1 ≤ k ≤ N1(ε), μ′
k = μk, k ≥ N1(ε)+1 and μ′

k = λk, {μ′
i}∞i=1 satisfies∑k

i=1 λi ≤
∑k
i=1 μ

′
i ≤

∑k
i=1 μi for all k ∈ N.

b) The case that N2(ε) > N1(ε) + 1: We define δ as

δ =
[N1(ε)∑
i=1

λi +
N2−1∑

k=N1(ε)+1

(λk − λN2) −
N1(ε)∑
i=1

μi

]
/(N2(ε) −N1(ε) − 1) . (C.5)

Then, since δ ≥ 0, we can define μ′
k as the following,

μ′
k = μk for 1 ≤ k ≤ N1(ε),

μ′
k = λN2(ε) + δ for N1(ε) + 1 ≤ k ≤ N2(ε) − 1,

μ′
k = λk for N2(ε) ≤ k

then we have

∞∑
i=1

μ′
i =

N1(ε)∑
i=1

μi +
N2(ε)−1∑
k=N1(ε)+1

(λN2(ε) + δ) +
∞∑

k=N2(ε)

λk

= 1 . (C.6)
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Therefore, the {μ′
i}∞i=1 are well defined Schmidt coefficients.

First, we show
∑N

i=1 μ
′
i ≤

∑N
i=1 μi for all N . Since this condition is trivial for N ≤ N1 and

N2 ≤ N by definition of {μ′
i}∞i=0, we only need to check this condition for N1+1 ≤ N ≤ N2−1.

Suppose there exists an N ′ such that N1 + 1 ≤ N ′ ≤ N2 − 1 and
∑N ′

i=N1+1 μ
′
i >

∑N ′

i=N1+1 μi.
Then, since μ′

i = λN2 + δ for all N1 + 1 ≤ i ≤ N2 − 1 and μi ≥ μi+1, we can easily see
μ′
N ′ > μN ′ . That is,

∑N
i=N1+1 μ

′
i >

∑N
i=N1+1 μi for all N ′ ≤ N ≤ N2−1, and we can conclude∑N2−1

i=N1+1 μ
′
i >

∑N2−1
i=N1

μi which is a contradiction. Therefore, for all N1 + 1 ≤ N ≤ N2 − 1,∑N
i=N1+1 μ

′
i ≤

∑N
i=N1

μi.
Second, we show

∑N
i=1 λi ≤

∑N
i=1 μ

′
i for all N . Since this condition is trivial for N ≤ N1

and N2 ≤ N , we only check for N1 + 1 ≤ N ≤ N2 − 1. In this case, we calculate

N∑
k=1

μ′
k −

N∑
k=1

λk =
N1∑
k=1

μk +
N∑

k=N1+1

(λN2 + δ) −
N∑
k=1

λk

=
N2 −N − 1
N2 −N1 − 1

[(
N1∑
k=1

μk −
N1∑
k=1

λk) −
N∑

k=N1+1

λk]

+
N −N1

N2 −N1 − 1

N2−1∑
k=N+1

λk . (C.7)

From Eq. (C.4), we obtain

N1∑
k=1

λk +
N2−2∑
k=N1+1

(λk − λN2) ≤
N1∑
k=1

μk . (C.8)

Thus, for the Eq.(C.7) may be bounded by

N∑
k=1

μ′
k −

N∑
k=1

λk

≥ N2 −N − 1
N2 −N1 − 1

[
N2−2∑

k=N1+1

(λk − λN2−1) −
N∑

k=N1+1

λk

]
+

N −N1

N2 −N1 − 1

N2−1∑
k=N+1

λk.

=
N2−2∑
k=N+1

λk − (N2 −N − 2)λN2−1

≥ 0.

Thus, for N1 + 1 ≤ N ≤ N2 − 1, we have
∑N
k=1 λk ≤ ∑N

k=1 μ
′
k.

Finally, for any natural number N , we obtain

N∑
k=1

λk ≤
N∑
k=1

μ′
k ≤

N∑
k=1

μk . (C.9)

We define |Φ′〉 by using Schmidt coefficients {μ′
i}∞i=1. Then, since μ′

k = λk for all k ≥ N2(ε),
we can convert |Ψ〉 to |Φ′〉 by means of the LOCC operation which is derived by the original
(finite dimensional) Nielsen’s theorem [7]. Moreover, since μ′

k = μk for all k ≤ N1(ε), |Φ′〉
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satisfies ‖ |Φ′〉 〈Φ′| − |Φ〉 〈Φ| ‖tr < ε. Therefore, for any neighborhood of |Φ〉, we can find a
|Φ′〉 such that |Ψ〉 → |Φ′〉, where |Φ′〉 is defined by using Schmidt coefficients {μ′

i}∞i=1.
�

Appendix D Proof of Theorem 2

In this appendix, based on Appendix A, B and C, we prove Vidal’s [8] theorem infinite
dimensional systems.

Proof If part: The proof of Vidal’s theorem in [19] is most suitable to extend this part
to infinite-dimensional systems. Suppose λ ≺ω pμ, then {νi}∞i=1 defined by the condition
ν1 = 1−p(1−μ1) and νi = pμi for i �= 1 satisfies the conditions λ ≺ ν and ν ≤ μ. If we define
the state |Ω〉 as the state whose Schmidt coefficients are {νi} and whose Schmidt basis is same
as |Φ〉’s, then, by Nielsen’s theorem in infinite-dimensional systems, for any small ε > 0, |Ψ〉
can be transformed to |Ω′〉 by LOCC with certainty, where ‖ |Ω′〉 〈Ω′| − |Ω〉 〈Ω| ‖ ≤ ε. Then,
|Ω′〉 can also be transformed to |Φ′〉 by the local measurement E =

∑∞
i=1

√
νi

μi
|i〉 〈i| with

probability p, where ‖ |Φ′〉 〈Φ′| − |Φ〉 〈Φ| ‖tr ≤ ε.
Only If part: At first, since the first half of theorem 2 of [8] is directly extended to infinite-

dimensional systems, Vidal’s monotone En(|Ψ〉) =
∑∞
i=n λi is a monotonic function of LOCC

in mean value. In other words, if |Ψ〉 can be transformed to |Φi〉 with probability pi in LOCC,
then En(|Ψ〉) ≥ ∑∞

i=1 piEn(|Φi〉).
If for a set of |Ψ〉 and |Φ〉, and any ε1 > 0, there exists a |Φ′〉 such that ‖ |Φ′〉 〈Φ′| −

|Φ〉 〈Φ| ‖tr < ε1 and |Ψ〉 can be converted to |Φ′〉 by some SLOCC with probability p′ which
satisfies p′ ≥ p and λ ≺ω pμ is not true, that is for some k1 Ek1(|Ψ〉) < pEk1(|Φ〉). Then,
there exists a sequence |Φn〉 and pn which satisfies limn→∞ |Φn〉 = |Φ〉 and pn ≥ p for all
n ∈ N. Moreover, there also exists a sequence of SLOCC operations which transforms |Ψ〉 to
|Φn〉. Then, by monotonicity of Ek(|Ψ〉) we have Ek(|Ψ〉) ≥ pnEk(|Φn〉) for all k ∈ N. Since
1−En(|Ψ〉) is finite sum of eigenvalues of the reduced density operator, En(|Ψ〉) is continuous
in the whole Hilbert space and for all n. Thus, by taking the limit of the inequality, we have
Ek(|Ψ〉) ≥ pEk(|Φ〉) for all k ∈ N. This is a contradiction. �


