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Shapiro, Shepard, and Wong [Phys. Rev. Lett. 62, 2377 (1989)] suggested that a scheme of
multiple phase measurements, using quantum states with minimum “reciprocal peak likelihood,”
could achieve a phase sensitivity scaling as 1/Nt°t, where Nio; is the mean number of photons
available for all measurements. We have simulated their scheme for as many as 240 measurements
and have found optimum phase sensitivities for 3 < Nyoe < 120. A power-law fit to the simulated data,

yields a phase sensitivity that scales as 1/
not a good measure of sensitivity.
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PACS numbers: 03.65.Bz, 42.50.Dv, 89.70.4+c

Precise determination of small changes in the phase of
light has been an important tool for physics and measure-
ment science for over a hundred years [1] and continues in
that role today [2]. Even with this long history, we have

begun only recently to understand the ultimate bounds

on how efficiently we can measure phase.

For interferometers using coherent states of light, the
Poisson counting statistics produced by the independent
arrivals of photons at the detector yields an optimum
phase sensitivity A®
mean total number of photons available during the time
the phase to be determined is stable. The 1/21/Niot be-
havior, called the “shot-noise” limit, is not fundamental.

NO .850.01

= 1/2+/Nio;, where Ny, is the -

It has been shown experimentally [3] that interferome- -

try with squeezed states can beat the shot-noise limit, as
was predicted theoretically [4]. The optimum sensitivity

for squeezed-state interferometry is believed [5] to scale.

as A® ~ 1/Nyot, with a multiplicative constant of order
unity.

The theorstical basis for handling phase measure-
ments quantum mechanically has generated controversy.
Although there have been many approaches to the
quantum-mechanical phase [6-10], a common feature
has been the introduction of a probability distribution
P(¢]|@) for the phase ¢, which is derived from the quan-
tum state |¢3). Here ®, the phase shift to be determined,
can be thought of as a parameter that gives the “loca-
tion” of |Ys)—on a phase-space diagram or, more gen-
erally, along a curve in Hilbert space. The goal of phase
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. We conclude that reciprocal peak likelihood is

measurements is to determine ® as precisely as possible;

-the A® quoted above for interferometric measurements
are precise statements of the statistical confidence in an
experimentally determined value of ®.

In order to address fundamental limits on phase mea-
surements, Shapiro, Shepard, and Wong (SSW) [11] (see
also Ref. [12]) assumed and analyzed ideal phase mea-
surements, whose statistics are given by P($|®). The

_question of how well we can determine ® then reduces to

finding the optimal shape of P(¢|®), given a constraint
on the number of photons. Using their familiarity with
ordinary parameter estimation, SSW sought the quan-
tum state whose phase distribution has the highest peak.
To ensure normalizability, they introduced a cutoff in the
number-state basis and so found a family of states

zn<I>

[Ye)ssw = AZ (1)
with normalization constant A = v/6/m + O(M~1). The
phase distribution for the SSW state (1) is
- : 2
= A2 M e—in(¢—®)

P. = -

ssw (9]@) o nZ=0 ey (2)

These states have a mean photon number

(n) = —1+6[y+In(M +1)]/m® +O(M™Y), (3)

determined solely by the cutoff M, where v ~ 0.57721 is
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Euler’s constant.

The parameter @ gives the location of the peak of the
SSW phase distribution (2). Figure 1 shows examples of
the SSW distribution for small values of (n). For (n) 2 2
the distribution takes on a universal shape in the domain
¢ — @] > 1/M:

A2 ,
Pssw (6|®) = S| In(1 — e™*@=®)2 - n

For |¢ — ®| S 1/M the photon-number cutoff softens the
logarithmic singularity into a Gaussian peak with height

Pssw(®|®@) = ((n) + 1) /2mA? . (5)

For (n) Z 2 the picture is that of a universal shape,
consisting of broad tails and a runup to a central peak,
whose height ~ (n)% and width ~ 1/M are the only fea-
tures that depend on (n).

By analogy with the efficiency of maximum-likelihood
(ML) estimation to locate the edge of a rectangular distri-
bution, SSW introduced the “reciprocal peak likelihood,”

= o onA?
o= (_ﬂSBqI))SWP((}S{@)) SSW W ’ (6)

as their measure of phase sensitivity and concluded that
the sensitivity of ideal phase measurements using their
states scales as 1/(mean photon number)?. A single sam-
pling of Pssw(¢|®), however, yields almost no informa-
tion about ®, because of the broad tails. In contrast,
for mean photon number (n} > 1, the phase probabil-
ity distribution of a coherent state or a squeezed state
is very nearly a Gaussian, with central peak at ¢ = @
and standard deviation 1/2(n)'/2 for a coherent state or
~ 1/{n) for an optimized squeezed state. A Gaussian has
no broad tails, almost all of the probability being con-
centrated within a few standard deviations of the central
peak; a single sampling provides an estimate of @, which
is good to within a few standard deviations.

SSW argued that many samplings of Psgw(4|®) could

Fosu(910)
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FIG. 1. SSW distribution Psgw{¢|®), with peak at ® =0
and with mean photon numbers (n) = 0.56 (dotted line), 1.02
(dashed line}, and 2.00 (solid line).
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determine the peak’s location accurately. To perform
N measurements, however, requires N copies of the-
SSW state and thus a mean ftotal number of photons
Niot = {(n)N. We interpret SSW'’s proposal as a sugges-
tion that the phase sensitivity of multiple SSW measure-
ments scales as A® ~ 1/NZ2 ..

We investigate this suggestion by performing Monte
Carlo simulations of multiple SSW phase measurements.
We assumie that N field modes, which we call “pulses,” -
are prepared in the same SSW state and are shifted in
phase by the same amount ®. An ideal phase measure-
ment is performed on each. The measurements yield N
results ¢1,...,¢n (our N “samples”), from which we
must estimate the actual phase shift ©. Because SSW’s
work is based on ML estimation and because ML esti-
mation is optimal asymptotically in N, we use the ML
estimator for @,

OyLE = arg _pmax L(p1,...,on|®), {7)
where
o N
L(¢1,.--,én|®) = Y In Pogw(e5|®) (8)
=1 , -

is the log-likelihood. This entire process—preparing and
phase shifting the pulses, collecting the phase data, and
estimating ®—is a single “experiment” —an idealization
of a multiple-measurement laboratory experiment. The
ultimate result of an experiment is a single number, the
ML estimate PpmpE.

An experimenter wants to know how much confidence
should be placed in the estimate ®y1,p. Thus we seek to
determine the probability distribution P(®ypg|®) of the

. ML _estimator, given an actual phase shift ®. This “es- _

timator distribution” contains all statistical information
about the estimator. To summarize important informa-
tion in a single number, we give the one-sided 68.26%
confidence interval (A®)gge;, defined by saying that the
estimator has a 68.26% probability to lie within an in-
terval of width 2(A®)egy, which brackets symmetrically
the actual phase shift ®. Such a confidence interval is
unquestionably a good measure of phase sensitivity. We
use the one-sided 68.26% confidence interval because it
corresponds to 1 standard deviation of a Gaussian.

The asymptotic behavior of ML estimation is known
from Fisher’s theorem [13]: As N — oo the estimator
distribution approaches a Gaussian with standard devi-
ation

A2 = |VFF. 7 ©)

Here F, the Fisher information [13], is determined by
the phase distribution. For the SSW distribution, F is a
function only of (n) (or M) and increases roughly linearly
with M. ML estimation is also asymptotically efficient:
The Cramér-Rao lower bound [13] states that for a very
broad class of estimation techniques, A® > 1/4/NF for
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FIG. 2. Log-log plot of 68% confidence intervals (A® )¢z
(in radians) vs number of pulses N for SSW states with
{n) = 2.00 (error bars represent 95% confidence in the plot-
ted confidence intervals). The dashed line gives the (N F)~1/2
Cramér-Rao lower bound on the standard deviation A® of
any estimator, with the Fisher information F' calculated for
(n) = 2.00. - ' '

all sample sizes N.

Monte Carlo simulation proceeds by doing a sufficient

number of experiments for particular values of (n) and
N to map out the estimator distribution P(®p1g|0) for
those values. Since the simulations are demanding of
computer time, we have only been able to do a sufficient
number of numerical experiments for representative val-
ues in the range (n) < &6, N < 240, and Nyo < 480.

Figure 2 shows the convergence of the 68% confidence A

interval with increasing numbers of pulses IV for the SSW
state with (n) = 2.00. For N S 3 the ML estimator
distribution P(@mre|0) is so wide that it is sensitive to
the finite 27 range of phases. At the other extreme, for
N 2 50 the asymptotic 1/+/ NF behavior of Fisher’s the-
orem takes over as the confidence intervals become small
enough to probe the 1/M width of the central peak. Be-
tween these two regions lies a region of “universal con-
vergence,” where ML estimation is unable to “see” the
narrow central peak. In this region the confidence inter-
vals are determined by the universal shape of the SSW
distribution, and hence the convergence of the confidence
intervals must follow some universal form independent of
(n). Unfortunately, we have been unable to discover the
scale-invariant shape that characterizes this preasymp-

totic universal convergence. A power-law fit to our data .. .

for {n) =3, 4, and 5, with 3 < N < 40—all of which data

are comfortably within the preasymptotic region—yields -

a 1/N113 scaling for the preasymptotic 68% confidence
intervals.

The universal convergence in the preasymptotic region
is easier to see in Fig. 3, where we plot 68% confidence in-
tervals for selected values of Nio;. Points with the same
Niot are joined by straight line segments. By follow-
ing the confidence intervals with N;o¢ fixed, we can see
the effect of changing the split between the number of
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FIG. 3. Log-log plot of 68% confidence intervals (A®)gge;
(in radians) vs number of pulses N for selected values of Niot.
Error bars are suppressed, and points with the same Nyt are
joined by line segments. For each Nio there is an optimum
number of pulses which gives the best phase sensitivity.

pulses, N, and the mean number of photons per pulse,

(n). As we split up the photon-number resources into
pulses, the preasymptotic universal convergence gives ini-
tially an improvement i the 68% confidence intervals,
until they approach the Cramér-Rao lower bound. Then
the curves turn up into the asymptotic 1/v/NF behav-
ior of Fisher’s theorem, which here has an upward slope
because Nioy is fixed. The optimal split occurs at the
“knee” between the preasymptotic universal convergence
and Fisher’s asymptotic behavior.

_Figure 4 plots the optimized 68% confidence inter-
vals, obtained by using the optimal split of resources
from Fig. 3, against the mean total number of photons
available, i.e., against the constrained quantity Nio;. A
straight-line fit yields

(AB)asss ~ 1/NGE*OOL o - (10)

“for the optimized 68% confidence intervals over the range
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FIG. 4. Log-log plot of optimized 68% confidence intervals
(A®)gso (in radians; optimum number of pulses from Fig. 3)
vs mean total number of photons Nio; (error bars represent
95% confidence in the plotted confidence intervals). The best-
fit line corresponds to (A®)ege = 0.97 Ng2-55.
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3 < Niot < 120 that is accessible to our simulations.
Over this range the convergence rate of confidence inter-
vals, obtained from ML estimation, is significantly slower
than the 1/N2, scaling which SSW extracted from the
reciprocal peak likelihood. We conclude that recipro-
cal peak likelihood is not a good measure of sensitivity.
Others [14-16] have argued that reciprocal peak likeli-
hood is not a good measure of phase sensitivity, but our
work, by finding the sensitivity of multiple SSW measure-
ments, demonstrates the inadequacy of reciprocal peak
likelihood. Furthermore, over the range of our simula-
tions, we find that multiple SSW measurements do not
have a phase sensitivity as good as the 1/Ni, scaling of
squeezed-state interferometry.

The relevant scale in the SSW distribution is the
central-peak width 1/M ~ e~ (m/6, This width is ex-
ponentially small in (n) [14], but many pulses are re-
quired to locate the central peak with an accuracy ap-
proaching the width, because of the small probability
~ {n)2/M ~ (In M)2/M under the peak. Indeed, the
central-peak width is, crudely speaking, the phase sensi-
tivity at the knee transition from preasymptotic universal
convergence to asymptotic Fisher behavior.

Optimal SSW. measurements for a fixed N, require
many pulses N with only a few mean photons per pulse,
{n). This behavior should be contrasted with that for
coherent states and squeezed states, for which the near-
Gaussian phase distribution means that the sensitivity
of multiple measurements using ML estimation improves
as 1/v/N. For coherent states, with phase standard de-
viation 1 /2(71,)1/ 2, the multiple-measurement sensitivity
1/2((n)N)Y/2 = 1/2\/7Vtot is independent of how the
photon-number resources are split between the number
of pulses and the number of photons per pulse. For opti-
mized squeezed states, with standard deviation ~ 1/(n},
the optimum sensitivity is attained by using a single pulse
that carries all the photons.

The large-Niot confidence-interval convergence rate
cannot be obtained directly from our simulations. If the
form of the preasymptotic universal convergence were

known, then its approach to the 1/+/NF Cramér-Rao

lower bound for a particular {n) would give us the opti-
mum number of pulses for that (n); extrapolations based
on various assumptions for the universal convergence will
be discussed elsewhere [17]. Alternatively, working back-
wards from a knowledge of where the asymptotic Gauss-
ian approximation to the ML estimator breaks down [18]
can give a direct way to attack the large-Ny, behavior
[17,19].

‘We do not know at present how to formulate the gen-
eral question of quantum limits on phase sensitivity, be-
cause it becomes entangled in difficult issues of estima-
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tion theory for multiple measurements. Nonetheless, our
work shows that there are surprises lurking in multiple-
measurement schemes—we did not expect SSW states to
achieve even the shot-noise limit—and it indicates that
any investigation of the ultimate phase sensitivity must
allow for a “divide-and-conquer” strategy that divides up
the available photons among many measurements of the
same phase datum.
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