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Abstract

This paper casts the problem of 2D point-set alignment and correspondence matching into

a unified framework. Our aim in providing this unification is to constrain the recovery of pose

parameters using relational constraints provided by the structural arrangement of the points.

This structural information is provided by a neighbourhood graph for the points. We cha-

racterise the problem using distinct probability distributions for alignment errors and corre-

spondence errors. The utility measure underpinning the work is the cross-entropy between

probability distributions for alignment and assignment errors. This statistical framework

interleaves the processes of finding point correspondences and estimating the alignment para-

meters. In the case of correspondence matching, the probability distribution models departures

from edge consistency in the matching of the neighbourhood graphs. We investigate two dif-

ferent models for the alignment error process. In the first of these, we study Procrustes align-

ment. Here we show how the parameters of the similarity transform and the correspondence

matches can be located using dual singular value decompositions. The second alignment pro-

cess uses a point-distribution model. We show how this augmented point-distribution model

can be matched to unlabelled point-sets which are subject to both additional clutter and point

drop-out. Experimental results using both synthetic and real images are given.

� 2003 Elsevier Inc. All rights reserved.

1. Introduction

Point pattern matching is a problem of pivotal importance in computer vision

that continues to attract considerable interest. The problem may be abstracted as
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either alignment or correspondence. Alignment involves explicitly transforming

the point positions under a predefined geometry so as to maximise a measure of cor-

relation. Examples here include Procrustes normalisation [13,1], affine template

matching [27], deformable point models [5] and various methods for matching 2D

point-sets to 3D models [3,7,11]. Correspondence, on the other hand, involves recov-
ering a consistent arrangement of point assignment labels. The correspondence prob-

lem can be solved using a variety of point assignment [20,22] and graph matching

[2,9,14,28] algorithms.

The problem of point pattern matching has attracted sustained interest in both the

vision and statistics communities for several decades. For instance, Kendall [13] has

generalised the process to projective manifolds using the concept of Procrustes dis-

tance. Ullman [23] was one of the first to recognise the importance of exploiting ri-

gidity constraints in the correspondence matching of point-sets. Recently, several
authors have drawn inspiration from Ullman�s ideas in developing general purpose

correspondence matching algorithms using the Gaussian weighted proximity matrix.

For instance Scott and Longuet-Higgins [20] locate correspondences by finding a sin-

gular value decomposition of the inter-image proximity matrix. Shapiro and Brady

[21], on the other hand, match by comparing the modal eigenstructure of the intra-

image proximity matrix. In fact these two ideas provide some of the basic ground-

work on which the deformable shape models of Cootes et al. [5] and Sclaroff and

Pentland [18] are built. This work on the co-ordinate proximity matrix is closely akin
to that of Umeyama [24] who shows how point-sets abstracted in a structural man-

ner using weighted adjacency graphs can be matched using an eigen-decomposition

method. These ideas have been extended to accommodate parametrised transforma-

tions [25] which can be applied to the matching of articulated objects [26]. More re-

cently, there have been several attempts at modelling the structural deformation of

point-sets. For instance, Amit and Kong [2] have used a graph-based representation

(graphical templates) to model deforming two-dimensional shapes in medical im-

ages. Lades et al. [14] have used a dynamic mesh to model intensity-based appear-
ance in images. Belongie et al. [19] have used so-called shape contexts based on

the chord length distribution associated with boundary points to recover point cor-

respondences and then estimate the transformation between two shapes.

In a recent paper Cross and Hancock [6] developed a unified statistical framework

for alignment and correspondence. The motivation for the work was that the dichot-

omy normally drawn between the two processes overlooks considerable scope for

synergistic interchange of information. In other words, there must always be bounds

on alignment before correspondence analysis can be attempted, and vice versa. The
approach adopted in developing this new point-pattern matching method was to em-

bed constraints on the spatial arrangement of correspondences within an EM algo-

rithm for alignment parameter recovery. This process has many features reminiscent

of Jordan and Jacob�s hierarchical mixture of experts algorithm [10]. The observa-

tion underpinning this paper is that although the method proved effective it fails

to put the alignment and correspondence processes on a symmetric footing. The re-

lational constraints were simply used to gate the contributions to the log-likelihood

function for the alignment errors.
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To overcome this shortcoming, in this paper we provide a new framework for the

maximum likelihood matching of 2D point-sets which allows a symmetric linkage

between alignment and correspondence. Specifically, we aim to realise interleaved it-

erative steps which communicate via an integrated utility measure. The utility mea-

sure is the cross-entropy between the probability distributions for alignment and
correspondence.

We consider two matching applications. The first of these involves Procrustes

alignment. By casting the cross-entropy in terms of matrices, we realise optimisation

via dual singular value decompositions. The first of these transforms the point-set

positions so as to locate an alignment that maximises the weighted correlation

between the point-set co-ordinates. The second singular value decomposition up-

dates the set of correspondence probabilities that maximise the weighted correlation

between the edge-sets of the adjacency graphs for the point-sets. These processes are
interleaved and iterated to convergence.

In the second application we apply the new matching framework to the non-

rigid alignment of point-sets which deform according to a point-distribution

model. This is a class of deformable shape model [4,12,18] recently developed

by Cootes et al. [5]. The idea underpinning point-distribution models is to learn

the modes of variation of point-patterns by computing the eigenmodes of the co-

variance matrix for a set of training examples. The eigenvectors of the co-vari-

ance matrix define directions in which the points can move with respect to the
mean-pattern. Once trained in this way, a point-distribution model can be fitted

to data by estimating the proportions of each eigenmode that minimise the dis-

tance between the data and the aligned model. When carefully trained, the meth-

od can be used to model quite complex point deformations. Moreover, the modal

deformations defined by the eigenvectors can be reconciled with plausible natural

modes of shape variation. While much effort has been expended in improving the

training of PDMs (point-distribution model), there are a number of shortcomings

that have limited their effective matching to noisy point-data. First, in order to
estimate the modal displacements necessary to align a point-distribution model

with data, the data points must be labelled. In other words, the correspondences

between points in the model and the data must be known a priori. Second, the

point-sets must be of the same size. As a result, point-distribution models cannot

be aligned reliably to point-sets which are subject to contamination or dropout.

Finally, information concerning the relational arrangement of the points is over-

looked. Our new matching framework provides a natural way of overcoming

these shortcomings.
Our aim in this paper is to present a statistical framework for aligning point-

distribution models. We depart from the conventional treatment in three ways. First,

we deal with unlabelled point-sets. That is to say we commence without knowledge

of the correspondences between the model and the data to be matched. Our second

contribution is to deal with the case in which the model and the data contain differ-

ent numbers of points. This might be due to poor feature location or contamination

by noise. Finally, we aim to exploit constraints on the relational arrangement of the

points to improve the fitting process.
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2. Point-Sets

Our goal is to recover the co-ordinate transformation that best aligns a set of im-

age feature points w with their counterparts in a model z. In order to do this, we rep-

resent each point in the image dataset by a co-ordinate position vector ~wwi ¼ ðxi; yiÞT
where i is the point index. In the interests of brevity we will denote the entire set of

image points by w ¼ f~wwi 8i 2 Dg where D is the point index-set. The corresponding

fiducial points constituting the model are similarly represented by z ¼ f~zzj 8j 2 Mg
where M denotes the index-set for the model feature-points~zzj.

Later on we will show how the two point-sets can be aligned using singular value

decomposition. In order to establish the required matrix representation of the align-

ment process, we construct two co-ordinate matrices from the point position vectors.

The data-points are represented by the matrix D ¼ ð~ww1 ~ww2 � � � ~wwjDjÞ whose columns
are the co-ordinate position vectors. The corresponding point-position matrix for the

model is M ¼ ð~zz1 ~zz2 � � � ~zzjM jÞ. The model-points are brought into alignment with

the data-points. Later we consider how this may be done using Procrustes analysis

and a point-distribution model. There are also alternatives not considered in this

paper, including affine and perspective transformations. The alignment transforma-

tion is specified by a vector of parameters. In the case of Procrustes analysis, these

parameters are the translation, scaling, and rotation of the points. In the case of

the point-distribution model, the parameters are the proportions of the eigenvectors
of the variance–covariance matrix of the training shapes. At iteration n of the

algorithm the parameter-vector is denoted by rðnÞ. The result of applying this trans-

formation to the set of model-points is an updated matrix of co-ordinates M ðnÞ ¼
ð~zzðnÞ1 ~zzðnÞ2 � � � ~zzðnÞjM jÞ.

One of our goals in this paper is to exploit structural constraints to improve the

recovery of alignment parameters from sets of feature points. To this end we repre-

sent point adjacency using a neighbourhood graph. There are many alternatives in-

cluding the N-nearest neighbour graph, the Delaunay graph, the Gabriel graph, and
the relative neighbourhood graph. Because of its well documented robustness to

noise and change of viewpoint, we adopt the Delaunay triangulation as our basic

representation of image structure [8]. We establish Delaunay triangulations on the

data and the model, by seeding Voronoi tessellations from the feature-points.

The process of Delaunay triangulation generates relational graphs from the two

sets of point-features. More formally, the point-sets are the nodes of a data graph

GD ¼ fD;EDg and a model graph GM ¼ fM;EMg. Here ED � D�D and

EM � M�M are the edge-sets of the data and model graphs. Later on we will cast
our optimisation process into a matrix representation. Here we use the notation
EDði; i0Þ ¼
1 if i ¼ i0 or if ði; i0Þ 2 ED;
0 otherwise

�

to represent the adjacency matrix for the data graph and
EMðj; j0Þ ¼
1 if j ¼ j0 or if ðj; j0Þ 2 EM;
0 otherwise

�
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be the corresponding matrix for the model graph. We represent the state of corre-

spondence between the two graphs using the function f : D ! M from the nodes of

the model graph onto the nodes of the data graph. To facilitate the matrix devel-

opment, we represent the correspondences by a matrix of assignment variables SðnÞ

whose elements convey the following meaning:
SðnÞ
i;j ¼ 1 if f ðnÞðiÞ ¼ j;

0 otherwise;

�
ð1Þ
where n is the iteration index.
3. Dual step matching algorithm

We characterise the matching problem in terms of separate probability distribu-

tions for alignment and correspondence. In the case of alignment, the distribution

models the registration errors between the data-point positions and their counter-
parts in the model. The correspondence process on the other hand captures the

consistency of the pattern of matching assignments to the graph representing the

point-sets. In Section 3.1 we will detail a method for modelling the distribution of

correspondence errors associated with the matrix of assignment variables SðnÞ, while

in Sections 4 and 5 we, respectively, model the distribution of alignment error asso-

ciated with Procrustes normalisation and the fitting of a point-distribution model.

For now, suppose that pðnÞi;j is the probability distribution associated with the align-

ment errors for nodes i of the data graph and node j of the model graph. From this
probability distribution we can compute the a posteriori probability P ðnÞ

i;j that node i
from the data graph is in alignment with node j from the model graph given the cur-

rent alignment parameters at iteration n. Similarly, qðnÞi;j is the probability distribution

associated with the matrix of correspondence indicators SðnÞ when node i is placed in

correspondence with node j. Again, QðnÞ
i;j is the a posteriori correspondence probab-

ility computed from this probability distribution given the matrix of correspondences

indicators SðnÞ at iteration n. With these ingredients the utility measure which we aim

to maximise in the dual alignment and correspondence steps is
E ¼
X
i2D

X
j2M

QðnÞ
i;j ln p

ðnþ1Þ
i;j

h
þ P ðnÞ

i;j ln qðnþ1Þ
i;j

i
: ð2Þ
In other words, the two processes interact via a symmetric expected log-likelihood

function. The correspondence probabilities weight contributions to the expected log-

likelihood function for the alignment errors, and vice versa. In our previous work,
we showed how the first term arises through the gating of the log-likelihood function

of the EM algorithm [6].

The alignment parameters and correspondence indicators are recovered via the

dual maximisation equations
rðnþ1Þ ¼ argmax
M

X
i2D

X
j2M

QðnÞ
i;j ln p

ðnþ1Þ
i;j ð3Þ
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and
Sðnþ1Þ ¼ argmax
S

X
i2D

X
j2M

P ðnÞ
i;j ln qðnþ1Þ

i;j : ð4Þ
At the point it is worth pausing to consider the relationship between our unified

matching framework and some alternatives. For the conventional EM algorithm the
alignment process aims to find the transformation parameters which satisfy the

condition
~rrðnþ1Þ ¼ argmax
M

X
i2D

X
j2M

P ðnÞ
i;j ln pðnþ1Þ

i;j : ð5Þ
By contrast the update equations for the Cross and Hancock [6] dual-step EM

algorithm are
~rrðnþ1Þ ¼ argmax
M

X
i2D

X
j2M

P ðnÞ
i;j Q

ðnÞ
i;j ln p

ðnþ1Þ
i;j ð6Þ
and
Sðnþ1Þ ¼ argmax
S

X
i2D

X
j2M

qðnþ1Þ
i;j P ðnÞ

i;j : ð7Þ
Hence the a posteriori correspondence probabilities are used to weight contributions

to the expected log-likelihood function for the alignment process. The correspon-

dences are recovered so as to maximise the a posteriori probability. Our new

framework therefore places correspondence and alignment on a more symmetric

footing.
3.1. Correspondences

To model the distribution of correspondence errors, we draw on the framework

developed in our recent paper [17]. In this paper we develop a model for the prob-

ability distribution for the observed set of correspondences between the nodes of

the data and the model graphs. Our model draws on the recent work of Wilson

and Hancock [28] and assumes that the observed data-graph nodes are derived from
the model-graph nodes through a Bernoulli distribution. The parameter of this dis-

tribution is the probability of correspondence error Pe. The idea behind this model is

that the data-graph node i can emit a symbol j drawn from the set of model-graph

nodes. The probability that this symbol is the correct correspondence is 1� Pe while
the probability that it is in error is Pe. To gauge the correctness of the emitted sym-

bol, we check whether the nodes i and i0 of the data-graph are matched to a valid

edge ðj; j0Þ 2 Em of the model-graph. To test for edge-consistency, we make use of

the quantity EDði; i0ÞEMðj; j0Þsi0j0 . This is unity if the label-assignment f ði0Þ ¼ j0 can
be made to node i0, in such a way that the data-graph edge ði; i0Þ 2 ED is matched

to an edge ðj; j0Þ 2 EM of the model-graph. When this condition is not met then

the quantity is zero.
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To recover the correspondences, we pursue the matrix decomposition method re-

cently proposed by Luo and Hancock [16]. To make this paper more self contained,

we briefly review the method in this section. What should be mentioned is that to

make this paper consistent, we have changed the notations which were used in the

above paper.
By accepting Wilson and Hancock�s[28] Bernoulli distribution model of corre-

spondences between two point-sets and introduce the following quantity
EDði0; iÞEMðj0; jÞsi;j ¼
1 ifði0; iÞ 2 ED and ðj0; jÞ 2 EM; and si;j ¼ 1
0 otherwise

�
ð8Þ
the probability distribution for the assignment variables is
qðnÞi;j ¼ Ka exp � l
X
i02D

X
j02M

EDði; i0ÞEMðj; j0Þsi0j0
#
;

"
ð9Þ
where Ka ¼ P jMj�jDj
e and l ¼ ln 1�Pe

Pe
are constants.

Our aim is to recover correspondences that maximise the quantity
Ec ¼
X
i2D

X
j2M

P ðnÞ
i;j ln qðnþ1Þ

i;j : ð10Þ
By substituting Eq. (9) into the above equation, the correspondence step reduces

to one of maximising the quantity
F c ¼
X
i2D

X
i02D

X
j2M

X
j02M

P ðnÞ
i;j EMðj; j0Þsðnþ1Þ

j0 ;i0 EDði0; iÞT; ð11Þ
where EDði; i0Þ and EMðj; j0Þ are the elements of the adjacency matrices for the data

and model graphs. In more compact notation, the updated matrix of correspondence

indicators Sðnþ1Þ satisfies the condition
Sðnþ1Þ ¼ argmax
S

Tr½ET
DP

ðnÞEMSðnÞT � ð12Þ
where P ðnÞ is a matrix whose elements are the alignment probability P ðnÞ
i;j . In other

words, the utility measure gauges the degree of correlation between the edge-sets of

the two graphs under the permutation structure induced by the alignment and

correspondence probabilities. Using the method outlined in [16], we recover the

matrix of assignment variables that maximises F c by performing the singular value
decomposition EDP ðnÞEM ¼ V DUT, where D is a diagonal matrix and U and V are

orthogonal matrices. The matrices U and V are used to compute a matrix

Rðnþ1Þ ¼ VEUT which maximises TrðET
DP

ðnÞEMSTÞ. The updated set of correspondence

indicators is
sðnþ1Þ
i;j ¼ 1 if Ri;j ¼ argmaxi0j0Ri0;j0 ;

0 otherwise:

�
ð13Þ
The a posteriori probabilities are updated in an expectation step. As outlined in

[16], the updated probabilities are
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Qðnþ1Þ
i;j ¼

qðnÞi;j p
ðnÞ
jP

j02M qðnÞi;j0p
ðnÞ
j0

; ð14Þ
where
pðnÞ
j ¼ 1

jDj
X
i2D

QðnÞ
i;j : ð15Þ
4. Rigid point-set alignment

In this paper, we tackle two kinds of point pattern matching problems. When the

deformation is rigid, we use the Procrustes alignment technique to match the point
sets. If there exists non-rigid deformation, the Procrustes alignment will fail to match

the point sets. We will derive a new alignment method to match point sets with non-

rigid deformations by appealing the point-distribution models. For the sake of com-

pleteness, we summarise the Procrustes alignment method next. Complete details of

the method can be found in a recent paper [17] where we develop an EM algorithm

for Procrustes alignment. It should be stressed that the method reported here differs

from that presented in this recent paper. Here, we are interested in augmenting the

alignment process with structural constraints provided by a neighbourhood graph,
and use the cross entropy between the probability distributions for correspondence

and alignment, rather than using the expected log-likelihood function as a utility

measure. In the next subsection, we extend this discussion to incorporate non-rigid

alignment by using a point-distribution model.

Alignment is achieved via maximisation of the quantity
Ea ¼
X
i2D

X
j2M

QðnÞ
i;j ln p

ðnþ1Þ
i;j : ð16Þ
By assuming the point sets alignment error to be distributed according to a
Gaussian, we have
pðnÞi;j ¼ 1

2p
ffiffiffiffiffiffi
jRj

p exp

�
� 1

2
~wwi

�
�~zzðnÞj

�T

R�1 ~wwi

�
�~zzðnÞj

��
; ð17Þ
where R is the covariance matrix for the alignment error. With this distribution at

hand, our next step is to minimise the quantity
F a ¼
X
i2D

X
j2M

QðnÞ
i;j ~wwi �~zzðnþ1Þ

j

� �T
~wwi �~zzðnþ1Þ

j

�
;

�
ð18Þ
where QðnÞ
i;j is the probability of point i in correspondence with point j.

We would like to recover the maximum likelihood alignment parameters by ap-

plying Procrustes normalisation to the two point-sets. This involves performing sin-

gular value decomposition of a point-correspondence matrix. In order to develop the
necessary formalism, we rewrite the weighted squared error criterion using a matrix
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representation. Suppose that QðnÞ is the jDj � jMj correspondence probability matrix

whose elements are the a posteriori correspondence probabilities QðnÞ
i;j . With this no-

tation the quantity F a can be expressed in the following matrix form:
F a ¼ Tr½DTD� � 2Tr½DQðnÞM ðnþ1ÞT� þ Tr½M ðnþ1ÞTM ðnþ1Þ�: ð19Þ

Since the first and third terms of this expression do not depend on the alignment

of the point-sets we can turn our attention to maximising the quantity
F̂Fa ¼ Tr½DQðnÞM ðnþ1ÞT�; ð20Þ

where M ðnþ1Þ is the revised matrix of aligned model point positions.

This quantity is in fact a weighted measure of correlation between the point-sets

under the current alignment estimate. Here it is the structurally based correspon-

dence probability matrix QðnÞ that weights the correlation. In our previously reported

work on using the EM algorithm to perform Procrustes alignment, we focused on

maximising the quantity DP ðnÞM ðnþ1ÞT. Hence, it is now the a posteriori correspon-

dence probabilities that fulfill the weighting function rather the alignment probabil-
ities.

The quantity F̂Fa can be maximised by performing a singular value decomposition.

The procedure is as follows. The matrix DQðnÞM ðnþ1ÞT is factorised into a product of

three new matrices U , V , and D, where D is a diagonal matrix whose elements are

either zero or positive, and U and V are orthogonal matrices. The factorisation is

as follows:
DQðnÞM ðnþ1ÞT ¼ UDV T: ð21Þ

The matrices U and V define a rotation matrix H which aligns the principal com-

ponent directions of the point-sets M and D. The rotation matrix is equal to
H ¼ VUT: ð22Þ

With the rotation matrix at hand we can find the Procrustes alignment which

maximises the correlation of the two point sets. The procedure is to first bring the

centroids of the two point-sets into correspondence. Next, the data points are scaled

so that they have the same variance as those of the model. Finally, the scaled and

translated point-sets are rotated so that their correlation is maximised.

To be more formal the centroids of the two point-sets are
h~wwi ¼
P

i2D~wwi

jDj ð23Þ
and
h~zzðnÞi ¼
P

j2M~zzðnÞj

jMj : ð24Þ
The corresponding covariance matrices are
RD ¼
P

i2D ~wwi � h~wwi
� �

~wwi � h~wwi
� �T

jDj ð25Þ
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and
RðnÞ
M ¼

P
j2M ~zzðnÞj � h~zzðnÞi

� �
~zzðnÞj � h~zzðnÞi
� �T

jMj : ð26Þ
With these ingredients the update equation for re-aligning the data-points is
~zzðnþ1Þ
j ¼ h~wwi þ

ffiffiffiffiffiffiffiffiffiffiffiffi
TrRD

TrRM

r
VUT ~zzðnÞj

�
� h~zzðnÞi

�
: ð27Þ
With the re-alligned point positions at hand, the a posteriori alignment probabil-

ities can be updated using the Bayes rule. The revised values are
P ðnþ1Þ
i;j ¼

pðnÞi;j p
ðnÞ
jP

j02VM pðnÞi;j0p
ðnÞ
j0

; ð28Þ
where
pðnÞ
j ¼ 1

jDj
X
i2D

P ðnÞ
i;j : ð29Þ
To conclude the section, we describe the algorithm for the unified correspondence

and rigid point-set alignment. The steps are as follows:

(1) Set the parameters. In this paper, we set r ¼ 30, N ¼ 10.

(2) Calculate the initial alignment probabilities and correspondence probabilities by

using the normalised Gaussian weighted inter-point distances measure
P ð0Þ
i;j ¼

expð��2i;j=2r
2ÞP

i2D
P

j2M expð�r2i;j=2r2Þ ;
where �2i;j ¼ ð~wwi �~zzjÞTð~wwi �~zzjÞ is the Euclidean distance between point i and
point j.

(3) Recover the optimal correspondences using Eq. (12) by SVD decomposition of

the matrix EDPEM. Set the correspondence indicators using Eq. (13).

(4) Update the a posteriori correspondence probabilities using Eqs. (14) and (15).

(5) Align the two point-sets using Eqs. (23)–(27).

(6) Update the a posteriori alignment probabilities using Eqs. (28) and (29).

(7) Repeat steps (3)–(6) until the maximum iteration N is reached, or the average

point-to-point Euclidean distance between the two point-sets is less than a pre-
defined threshold.
5. Non-rigid point-set alignment

In this section we consider how our unified framework for alignment and cor-

respondence can be applied to non-rigid deformations. We focus on point-distri-

bution models, which is based on the principal component analysis(PCA) of the
datasets.
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5.1. Point-distribution models

The point-distribution model of Cootes and Taylor [5] commences from a set of

training patterns. Each training pattern is a configuration of labelled point co-ordi-

nates or landmarks. The patterns of landmark points are collected as the object in
question undergoes representative changes in shape. To be more formal, each pat-

tern of landmark points consists of M-labelled points whose co-ordinates are repre-

sented by the set of position co-ordinates f~xx1;~xx2; . . . ;~xxMg ¼ fðx1; y1Þ; . . . ; ðxM; yMÞg.
Suppose that there are N patterns of landmark points. The tth training pattern is rep-

resented using the long-vector of landmark co-ordinates ~XXt ¼ ðx1; y1; x2; y2; . . . ;
xM; yMÞT, where the subscripts of the co-ordinates are the landmark labels. For each

training pattern the labelled landmarks are identically ordered. The mean landmark

pattern is represented by the average long-vector of co-ordinates
X̂X ¼ 1

N

XN
t¼1

~XXt:
The covariance matrix for the landmark positions is
T ¼ 1

N

XN
t¼1

ð~XXt � X̂X Þð~XXt � X̂X ÞT: ð30Þ
The eigenmodes of the landmark covariance matrix are used to construct the point-

distribution model. First, the eigenvalues k of the landmark covariance matrix are

found by solving the eigenvalue equation
jT � kI j ¼ 0;
where I is the 2M� 2M identity matrix. The eigenvector ~//ki corresponding to the

eigenvalue ki is found by solving the eigenvector equation T~//ki ¼ ki~//
ki . According to

Cootes and Taylor, the landmark points are allowed to undergo displacements rel-

ative to the mean-shape in directions defined by the eigenvectors of the covariance

matrix T . To compute the set of possible displacement directions, the K most sig-

nificant eigenvectors are ordered according to the magnitudes of their corresponding

eigenvalues to form the matrix of column-vectors U ¼ ð/k1 j/k2 j � � � j/kK Þ, where

k1; k2; . . . ; kK is the order of the magnitudes of the eigenvectors. The landmark points

are allowed to move in a direction which is a linear combination of the eigenvectors.

The updated landmark positions are given by
~XX ðnÞ ¼ X̂X þ U~rr;
where~rr is a vector of modal coefficients. This vector represents the free-parameters

of the global shape-model.
5.2. Landmark displacements

The matrix formulation of the point-distribution model allows the global shape-
deformation to be computed. However, in order to develop our EM-like matching
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method we will be interested in individual point displacements. We will focus our at-

tention on the displacement vector for the landmark point indexed i produced by the

eigenmode indexed k. The two components of displacement are the elements of long-

vector ~//k indexed 2i� 1 and 2i. We denote the displacement vector by
~uuki ¼ ð/k

2i�1;/
k
2iÞ

T
. For each landmark point the set of displacement vectors associ-

ated with the individual eigenmodes are concatenated to form a 2� K displacement

matrix. For the jth landmark, the displacement matrix is
Dj ¼ ~uuk1j j~uuk2j j � � � j~uukKj
� �

:

The point-distribution model allows the landmark points to be displaced by a vector

amount which is equal to a linear superposition of the displacement-vectors asso-

ciated with the individual eigenmodes. To this end let~rr ¼ ðr1; r2; . . . ; rKÞT represent a

vector of modal superposition coefficients for the different eigenmodes. With the

modal superposition coefficients at hand, the position of the landmark j is displaced
by an amount Dj~rr from its mean position
bzjzj ¼ 1

N

XN
t¼1

~zztj:
The aim in this section is to develop an iterative method for aligning the point-

distribution model. At iteration n of the algorithm we denote the aligned position of

the landmark point j by the vector
~zzðnÞj ¼ bzjzj þ Dj~rrðnÞ: ð31Þ
We wish to align the point-distribution model represented in this way to a set of

observed data-points. The data-points to be fitted are represented by an unlabelled

set of D point position vectors w ¼ f~uu1;~uu2; . . . ;~uujDjg. The size of this point set may

be different to the number of landmark points jMj used in the training of the
point-distribution model. The free parameters that must be adjusted to align the

landmark points with w are the modal coefficients~rr.
5.3. Alignment method

To develop a useful alignment algorithm we require a model for the measurement

process. Here we assume that the observed position vectors, i.e., ~wwi are derived from

the model points through a Gaussian error process. According to our Gaussian model
of the alignment errors
pð~wwij~zzj;~rrðnÞÞ ¼
1

2p
ffiffiffiffiffiffi
jRj

p � exp
�
� 1

2
~wwi �~zzðnÞj

� �T
R�1 ~wwi

�
�~zzðnÞj

��
; ð32Þ
where R is the variance–covariance matrix for the point measurement errors. Here

we assume that the position errors are isotropic, in other words the errors in the x
and y directions are identical and uncorrelated. As a result we write R ¼ r2I2 where I2
is the 2� 2 identity matrix and r2 is the isotropic noise variance for the point
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positions. With this model, the alignment step is concerned with minimising the

weighted square error measure
Ec ¼
XjDj

i¼1

XjMj

j¼1

QðnÞ
i;j ~wwi

 
�~zzðnþ1Þ

j

!T

~wwi

 
�~zzðnþ1Þ

j

!
: ð33Þ
With the point-distribution model displacement process detailed earlier, the weighted

squared-error becomes
Ec ¼
XjDj

i¼1

XjMj

j¼1

QðnÞ
ij ~wwi

�
� ẑzj � Dj~rrðnþ1Þ

�T

~wwi

�
� ẑzj � Dj~rrðnþ1Þ

�
: ð34Þ
Our aim is to recover the vector of modal coefficients which minimize this weighted

squared error. To do this we solve the system of saddle-point equations which results

by setting
oEc

o~rrðnþ1Þ ¼ 0: ð35Þ
After applying the rules of matrix differentiation and simplifying the resulting sad-

dle-point equations, the solution vector is
~rrðnþ1Þ ¼
XjMj

j¼1

DT
j Dj

 !�1 XjDj

i¼1

XjMj

j¼1

QðnÞ
ij ~ww

T
i Dj

(
�
XjMj

j¼1

ẑzTj Dj

)
: ð36Þ
Further simplification results if we note that the landmark covariance matrix T is

symmetric. As a result its individual eigenvectors are orthogonal to one another, i.e.,
~//aT~//b ¼ 0 if a 6¼ b. As a result the modal coefficient for the eigenmode indexed kk is
~rrðnþ1Þ
k ¼

XjDj

i¼1

XjMj

j¼1

QðnÞ
i;j

XK
k¼1

~wwT
i~uu

kk
i �

XjMj

j¼1

XK
k¼1

ẑzTj~uu
kk
j : ð37Þ
Finally, we update the a posteriori alignment probabilities. This is done by substi-

tuting the revised parameter vector into the conditional measurement distribution.
Using the Bayes rule, we can re-write the a posteriori alignment probabilities using

the measurement density function
P ðnþ1Þ
i;j ¼

pðnÞ
j p ~wwij~zzj;~rrðnÞ
	 
PjMj

j0¼1 p
ðnÞ
j0 pð~wwij~zzj0 ;~rrðnÞÞ

; ð38Þ
where
pðnÞ
j ¼ 1

jDj
X
i2D

P ðnÞ
i;j : ð39Þ
Upon substituting the Gaussian distribution appearing in Eq. (32), the revised

alignment probabilities are related to the updated point positions in the following

manner:
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P ðnþ1Þ
i;j ¼

pðnÞ
j exp � 1

2r2 ~wwi �~zzðnÞj

� �T
~wwi �~zzðnÞj

� �� �
PjMj

j0¼1 p
ðnÞ
j0 exp � 1

2r2 ~wwi �~zzðnþ1Þ
j0

� �T
~wwi �~zzðnþ1Þ

j0

� �� � : ð40Þ
As in the previous section, we present a summary of the algorithm for correspon-

dence and non-rigid point-set alignment. To be compact, we have omitted steps (1)–

(4) which are identical to the rigid case discussed in the previous section. Only steps

(5)–(7) are different.

(1)–(4) As for the rigid point-set alignment method described in the previous section.

(5) Calculate the covariance matrix of landmark positions using Eq. (30), and com-
pute the eigenvalues and the eigenvectors of the covariance matrix.

(6) From the eigenvectors compute the optimal alignment parameters as described

in Section 5.2, using Eqs. (36) or (37).

(7) Compute the optimal alignment using Eq. (31).
6. Experiments

In this section, we provide some experimental evaluation of the new unified ap-

proach to correspondence and alignment. We separately experiment with rigid and

non-rigid point-set alignment. In the case of rigid point-sets we use the iterative Pro-

crustes alignment method outlined in Section 4. When dealing with non-rigid point-

set alignment we use the point-distribution model outlined in Section 5.

6.1. Procrustes alignment

We commence by considering the Procrustes alignment process which we detailed

in Section 4. For the experimental evaluation of the method we use a sequence of

images of a model house taken from the CMU/VASC database. The images used

in our study are shown in Fig. 1 and correspond to different camera viewing direc-

tions. Here we are concerned with matching the Delaunay triangulations of corner-

features. We use the corner detector recently reported by Luo et al. [15] to extract

point features. The detected corner features and their Delaunay triangulations are

overlaid on the images.
We match the first house image in the sequence to the remaining nine images in

the sequence. Fig. 2 shows the first six alignment results using the unified matching

method described in this paper. From left to right, and from top to bottom, the pan-

els in Fig. 2, respectively, show the alignment of the first image to the remaining im-

ages in the house sequence. We display the results of the alignment process by

overlaying the Delaunay graph of the feature points extracted from the first image

in the sequence on the remaining grey-scale images in the sequence. Table 1 summa-

rises the alignment errors obtained by using the proposed unified matching method
(referred to as UM). From these results it is clear that the method fails after the sixth

image in the sequence.



Fig. 1. Delaunay graphs overlaid on the toy house images.
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Fig. 2. House image alignment results (UM).
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Table 1

Alignment errors of the unified matching (UM) method

House index 0 1 2 3 4 5 6 7 8 9

UM — 1.07 1.90 4.75 5.17 6.87 23.4 24.8 27.1 36.3
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We have compared the alignment results obtained with the new unified matching

method and those obtained by using the EM algorithm to perform iterative Procrus-

tes analysis[17] (referred to as IP). Here we investigate the effect of removing the

structural constraints (i.e., the graph) from the matching process. The EM algorithm

does not use structural information to constrain the alignment process and aims to

recover the set of alignment parameters that maximise the quantity DP ðnÞM ðnþ1ÞT

rather than DQðnÞM ðnþ1ÞT. In other words the weighting of the correlation between
the point position matrices is controlled by the matrix of a posteriori alignment

probabilities P ðnÞ rather than the matrix of correspondence probabilities QðnÞ.

In Fig. 3 we show the alignment error as a function of the index number of the

matched image in the sequence. The two curves show the results of applying the

EM algorithm (IP) and the unified method (UM). From this data, it is clear that uni-

fied method outperforms the EM Procrustes method and the graph matching meth-

od with respect to improved alignment error.

Next we turn our attention to the effect of the unified method on correspondence.
In Figs. 4–8 we show the resulting correspondences with segments connecting the
Fig. 3. Comparison of the IP and UM methods—alignment error.



Fig. 4. Correspondences between the first and the second images.

Fig. 5. Correspondences between the first and the third images.
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points in the first image with their correspondences in subsequent images in the

house sequence. Table 2 summarises the results. We can see that from the sixth image

there is a significant number of false correspondences.
To conclude this subsection, we compare the unified method with the iterative

Procrustes method and a purely structural graph matching method [16]. The graph



Fig. 6. Correspondences between the first and the fourth images.

Fig. 7. Correspondences between the first and the fifth images.
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matching method aims to iteratively find the matrix of correspondences Sðnþ1Þ which

maximise the quantity ET
DQ

ðnÞEMSðnþ1ÞT. We denote the results obtained with this
method by GM.

We compare three measures of performance. These are the fractions of correct

correspondences, false correspondences, and missed correspondences. From the per-

formance curves in Figs. 9–11, we conclude that the graph matching method (GM)

outperforms the iterative EM Procrustes alignment method (IP) although it has



Fig. 8. Correspondences between the first and the sixth images.

Table 2

Correspondence allocation results of the UM method

House index 0 1 2 3 4 5 6 7 8 9

Correct — 29 28 29 29 26 7 4 4 5

False — 0 0 0 0 2 17 26 20 16

Missed — 1 2 1 1 2 6 0 6 9

Fig. 9. Comparison of the IP, GM, and UM methods—correct correspondences.
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Fig. 10. Comparison of the IP, GM, and UM methods—false correspondences.

Fig. 11. Comparison of the IP, GM, and UM methods—missed correspondences.
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relatively more false correspondences. However, the unified matching method (UM)

is the best with respect to all three performance measures.

6.2. Point distribution model fitting

We have experimented with our new point-distribution model alignment method

on an X-ray angiogram image sequence of a beating heart. Here the feature points

are hand-labelled locations of maximum curvature on the outline of the heart.
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There are 16 feature points in each image. In total we have used 19 frames to train

the point-distribution model. The mean shape is shown in Fig. 12a superimposed on

one of the images from the sequence; the different frames used for training are shown

in Fig. 12b. In Fig. 13 we show the modal displacements corresponding to the first

six eigenmodes.
An example of the alignment of the PDM to an image which was not part of the

training set is shown in Fig. 14. The sequence shows the PDM iterating from the

mean shape to the final alignment. The different panels in the figure show different

iterations of the algorithm. The process converges in 10 iterations. In this example

there is no initial correspondence. The final set of correspondences obtained are

shown in Fig. 15. These are all correct.

In Figs. 16 and 17 we illustrate the structural aspect of the matching process.

Fig. 16 shows the Delaunay graphs for the model point-set image and another image
from the sequence. The second image contains clutter which is introduced by non-

perfect segmentation. In Fig. 17 we show the result obtained when we align the

points in the model with those in the second image. Here we use the positions of

the points from model to initialise the fitting of the point-distribution model. The

crosses represent the initial positions of the model landmark-points. The lines repre-

sent the displacements of these points resulting from the alignment of the PDM. No-

tice that none of the feature-points is displaced in error so that it is brought into

correspondence with the noise point.
In Figs. 18 and 19 we illustrate the effect of removing the adjacency graph from

the point representation and the correspondence step from the matching process.

To meet this goal we simply fit the point-distribution model so as to minimise the

quantity
EEM ¼
XjDj

i¼1

XjMj

j¼1

P ðnÞ
i;j ln pðnþ1Þ

i;j

h i
: ð41Þ
Fig. 12. Overlapped mean shape and training images.



Fig. 13. Eigenmodes of the training images.
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This means that we use the EM algorithm to estimate the vector of modal param-

eters ~rr. Fig. 18 shows the triangulated point-sets. The second point set contains a

clutter point. When the EM algorithm is used to align the PDM, then this clutter

point is matched in error to one of the landmark points. However, when our new

unified matching framework is used to match the augmented PDM, then the clutter

point finds no correspondence in the model.



Fig. 14. Alignment results of the heart images.

Fig. 15. Correspondences of the heart images.
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Next, we turn our attention to some of the quantitative properties of the method.

In Fig. 20 we show the final RMS alignment error on the number of eigenmodes (or-

dered according to the size of their respective eigenvalues) used in the alignment pro-

cess. Here there is slow improvement once we use more than 20% of the eigenmodes
in the fitting process.



Fig. 16. Graph structure of two point sets with clutter.

Fig. 17. Correspondence result of two point sets with clutter.

Fig. 18. Graphs for algorithm comparison.
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Fig. 19. Comparison of EM-PDM and GRAPH-PDM.

Fig. 20. The effect of number of modes used to alignment error.
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In Figs. 21a and b, we investigate the effect of clutter on the matching process. In

Fig. 21a we show the evolution of one of the fitted PDM parameters with iteration

number. The dotted curve is the result obtained with the EM algorithm, while the

solid curve is the result obtained when we use the new method reported in this paper.

The main feature to notice is that both methods converge to the same parameter val-

ues, but that the convergence of the graph-based method is faster. In Fig. 21b we re-

peat this experiment when random noise points are added to the data. Here we

should recover the same parameter values as in Fig. 21a. Both algorithms result in



Fig. 21. Comparison of PDM parameter value: (a) without clutter; (b) with 18.75% clutter.
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a significant parameter error. However, the graph-based method gives a final result

which is closer to the correct answer. Moreover, its convergence is again much faster

than the EM method.

Next, we investigate the effect of added clutter on the alignment error. Fig. 22

shows the alignment error as a function of iteration number for the EM algorithm

and the graph-based method. In Fig. 22a the fraction of added clutter is 6.25%. Here

both methods converge to a result in which the alignment error is consistent with

zero. However, the graph-based method converges at a much faster rate. Fig. 22b
repeats this experiment when the fraction of added clutter is 18.75%. Now both

methods are subject to a substantial alignment error. However, in the case of the

graph-based method this is smaller than that incurred by the EM method.



Fig. 22. Comparison of the alignment error: (a) 6.25% clutter; (b) 18.75% clutter.
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7. Conclusions

In conclusion, we have shown how the processes of point-set alignment and cor-

respondence analysis can be unified using a symmetric entropy. For the problem of

Procrustes alignment, we have shown that by drawing on a Gaussian model of point-
position errors and an exponential model of correspondence assignment errors, we

are able to cast the two problems as maximisation of weighted correlation measures.

In both cases the point matches can be recovered using singular value decomposi-

tion. Our new measures of point-set similarity naturally combine the ideas already

developed by Scott and Longuet-Higgins and Umeyama in a single statistical utility

measure. An experimental study reveals that the proposed method outperforms that
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of the iterative Procrustes alignment method(IP) [17] and the matrix factorisation

graph matching method(GM) [16] in terms of its ability to recover alignment param-

eters and correspondence.

In the case of point-distribution model alignment, we have made two contribu-

tions. First, we show how the point-distribution models can be augmented with point
adjacency information. Second, we show how to fit the resulting model to noisy and

unlabelled point-sets using a unified approach to correspondence and alignment. The

method is shown to operate effectively when the landmark points are both unlabelled

and subject to structural corruption. Although the performance is slightly degraded

by increasing the clutter level, it is still reasonably rapid to converge and robust to

point-set contamination.
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