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Abstract

We develop an evidence-combining framework for extracting locally consistent di!erential structure from curved
surfaces. Existing approaches are restricted by their sequential multi-stage philosophy, since important information
concerning the salient features of surfaces may be discarded as necessarily condensed information is passed from stage to
stage. Furthermore, since data representations are invariably unaccompanied by any index of evidential signi"cance, the
scope for subsequently re"ning them is limited. One way of attaching evidential support is to propagate covariances
through the processing chain. However, severe problems arise in the presence of data non-linearities, such as outliers or
discontinuities. If linear processing techniques are employed covariances may be readily computed, but will be unreliable.
On the other hand, if more powerful non-linear processing techniques are applied, there are severe technical problems in
computing the covariances themselves. We sidestep this dilemma by decoupling the identi"cation of non-linearities in the
data from the "tting process itself. If outliers and discontinuities are accurately identi"ed and excluded, then simple,
linear processing techniques are e!ective for the "t, and reliable covariance estimates can be readily obtained.
Furthermore, decoupling permits non-linearity estimation to be cast within a powerful evidence combining framework in
which both surface parameters and re"ned di!erential structure come to bear simultaneously. This e!ectively abandons
the multi-stage processing philosophy. Our investigation is "rmly grounded as a global MAP estimate within a Bayesian
framework. Our ideas are applicable to volumetric data. For simplicity, we choose to demonstrate their e!ectiveness on
range data in this paper. ( 2001 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Since the advent of sensor technology capable of vol-
umetric imaging, three-dimensional scene analysis has
become a critical area of investigation in computer vi-
sion. The main types of data under study are range
images, which consist of an array of sensed depth values,
and density slice data generated by techniques such as
magnetic resonance imaging, or X-Ray computed to-
mography. Conventionally, researchers have adopted
a four-stage strategy to scene interpretation [1}6]. First-
ly, surface points are estimated. Whilst unnoccluded sur-

faces are detected directly in range imagery, in the case of
slice data intensity features must be tracked over a num-
ber of adjacent slices in order to establish their persist-
ence [7,8]. In practice, the features are usually 3D edges
which present themselves as intensity discontinuities [3].
As with 2D edges, hysteresis linking is applied to improve
the connectivity of the detected features. For example,
Monga et al. [1] have developed an extension of the
Canny}Deriche edge detector [9,10] to 3D slice data
processing. Once feature detection has been performed
the next stage involves "tting a parametric model of local
surface to the putative surface points. Commonly, a con-
ventional least-means-squares approach is adopted
[6,11], although Monga et al. [1] use a Kalman "lter in
a weighted least-squares approach. In the third-stage
local surface estimates obtained by the "tting process are
de"ned to improve their consistency. Sander and Zucker
have recently introduced a relaxation process designed to
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improve the consistency of di!erential structure of neigh-
bouring points [6]. In practice, the algorithm employed
updates charts via a least-means-squares estimate.
Finally, with re"ned di!erential structure to hand, identi-
"cation of global surfaces based upon curvature informa-
tion can proceed [6,11}13].

It is this sequential multi-stage philosophy, and its
band limitation of information, that restricts the e!ec-
tiveness of most existing approaches to 3D scene inter-
pretation. Viewed as a system of "nite information band-
width, as necessarily condensed data representations are
passed from stage to stage, important information con-
cerning the salient features of surfaces may be discarded.
This is particularly critical for surfaces containing "ne
curvature detail. Moreover, since the data representa-
tions are e!ectively static, and invariably lack any
measure of evidential signi"cance, the scope for subseq-
uently adapting them is limited. As a concrete example,
and as we will demonstrate in this paper, given a poor
initial segmentation of volumetric feature points it may
prove highly advantageous to disregard outliers or sur-
face discontinuities in the estimation of di!erential struc-
ture. Critical to this approach is a means of assessing the
evidential impact, or lack thereof, of each feature point in
the overall assessment of a consistent curvature descrip-
tion.

One way to address this need and to establish a metric
of statistical signi"cance at each stage is to propagate
covariance through the processing chain [1,4,14]. Whilst
this may be a correct procedure, there are severe di$cul-
ties associated with its practical application. Whilst
covariance computation and propagation is indeed feas-
ible when the processing stages involve linear operation,
in many practical situations the covariance estimates are
unreliable due to the inherent non-linearity of the in-
formation being processed. On the other hand, if more
powerful non-linear processing techniques are employed
there are severe technical problems in the computation of
the covariances themselves. Conventional attempts at
resolving this dilemma must choose between linear or
non-linear algorithms, based upon some compromise
position between algorithm e!ectiveness and the reliabil-
ity of the computed covariances.

In contrast, we e!ectively sidestep this dilemma by
estimating and excluding non-linearities from the "t pro-
cesses. While this approach is identical to the stated aim
of robust statistics [15}18], and relates to regularisation
technique [19], there is a key aspect to our approach
which leads to major advantages over other methods.
Speci"cally, we decouple non-linearity estimation from
the "tting process. Then, provided non-linearities can be
reliably identi"ed and excluded, linear processing tech-
niques will be appropriate and e!ective for the "t, and
reliable covariance estimates can be readily computed
and propagated. This contrasts with regularisation and
robust "tting techniques in which non-linearity estima-

tion and data "tting are performed simultaneously. As a
consequence, non-linear algorithms are required, and
computation of covariance is often intractable. Further-
more, our decoupling facilities more accurate identi"ca-
tion of non-linearities in the data since evidence from
multiple sources can be utilised, without worrying about
introducing additional complexity into the "tting algo-
rithm. Robust and regularisation methods are generally
restricted to using "t-residuals alone, since incorporation
of higher-order features soon makes analysis unmanage-
able. However, higher-order features are necessary to
properly identify non-linearities [20].

In the work reported here we apply our ideas to
surface parameter estimation and surface re"nement,
both of which may be considered as "tting problems. In
relation to surfaces, non-linearities may arise from gross
data outliers, or points which lie across genuine surface
boundaries or discontinuities. Our goal is to identify such
points (which we term irregularities) so that they may be
excluded prior to the "t, thereby facilitating the e!ective
use of linear processing operations. Of course, before
reliable estimates of irregularities can be made, a reason-
able estimate of the underlying surface is required. Evi-
dently, such information may not be available, since it is
the underlying surface that we are trying to determine in
the "rst place. We solve this dilemma by basing estimates
of irregularity upon the most recently available surface
estimates. Since surface estimates will themselves be in-
#uenced by which data is excluded from the "ts, the
implication is that surface estimation should be a recur-
sive process which is iterated until convergence. The idea
is that improved estimates of irregularities will in turn
lead to better surface estimates, and vice versa. Further-
more, by casting the estimation of irregularities in terms
of a uni"ed evidence combining framework in which
both surface parameters and re"ned di!erential structure
information come to bear simultaneously, we e!ectively
abandon the conventional sequential, multi-stage philos-
ophy. Speci"cally, information from one level can be
utilised to improve estimates at the other level* i.e., the
parameter estimation process and the re"nement process
become coupled.

We formulate the recovery of consistent di!erential
structure as a global MAP estimate within a Bayesian
framework. The assumption of uniform measurement
probability density functions for irregularities leads to a
weighted least-mean-squares technique for surface para-
meter estimation and surface re"nement, respectively.
These linear algorithms facilitate the characterisation of
surface parameters and charts in terms of well-de"ned
probability density functions related to uncertainties in
the data, as required by the Bayesian principles that
underpin the research. The weights embody evidence of
irregularity, and e!ectively exclude those points identi-
"ed as non-linearities in the data from the linear "ts.
Thus, as improved surface estimates lead in turn to better
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Fig. 1. Illustration of the surface estimation processes and their
relationships.

Fig. 2. Representation of the di!erential structure of a local
surface.

irregularity estimates, so the linear processes become
increasingly e!ective, and covariance estimates ever more
reliable.

In this paper we develop our problem formulation,
modelling strategy and algorithms. We identify the im-
portant advances the resultant technique o!ers over the
methods introduced by Sander and Zucker [6]. In par-
ticular, we emphasise four key features not present in [6]:
(1) the propagation of uncertainty throughout processing
levels, (2) a mechanism for estimating and weighting
against irregularities, (3) the ability to re-adjust surface
estimates during processing, and (4) the coupling of para-
meter estimation and re"nements processes.

There are a number of important features which di!er-
entiate our re"nement technique from the method intro-
duced in Ref. [6]. Firstly, the technique incorporates
uncertainty. The in#uence of a neighbourhood chart on
the update equations is weighted by the uncertainty in its
di!erential structure. Secondly, the algorithm is robust.
Neighbourhood charts estimated to be irregular with
respect to the underlying di!erential structure at i are
weighted against in the "t. Thirdly, the covariance of
each chart is iteratively re"ned based upon the propaga-
tion of uncertainties from its neighbourhood. Fourthly,
our re"nement process is coupled with the parameter
estimation process. This arises since estimates of irregu-
lar data points depend upon estimates of consistency at
the level of re"nement. Thus, changes in di!erential
structure through contextual re"nement lead to re-es-
timation of data irregularity, which in turn leads to a
re-estimation of surface parameters. An illustration of the
di!erent processes and their relationships in the complete
system is given in Fig. 1.

The structure of this paper is as follows. In Section 2
we describe the standard representation of di!erential
structure which we employ. In Section 3 we introduce
and develop our global MAP approach. The recursive
process for surface parameter estimation, its assumed
local surface model, and the resulting robust algorithm
are described in Section 4. Before consistence can be
imposed, di!erential structures and their associated
covariances must be derived from surface parameters and
covariances. We show how to do this in Section 5.
The relaxation of re"nement process, its model compo-
nents and algorithm are then outlined in Section 6.
Results of the applications of the technique to range
data are illustrated in Section 7, before some concluding
remarks about the work and the direction of future
research.

2. Local representation of di4erential structure

Following [6] we choose as our local representation of
di!erential structure the augmented Darboux frame. The
frame contains the set of elements comprising the basic

local di!erential geometry of a surface. These elements
can be described with the aid of Fig. 2 which shows the
local neighbourhood of a point labeled i, at location X

i
,

on a surface S.
Suppose ¹

i
is the plane tangent to the surface at the

point i, and D
i
is the plane orthogonal to ¹

i
containing

the unit normal vector to i, N
i
. As D

i
is rotated about

N
i
it intersects S in a contour called the normal section.

The curvature of the normal section at i is called the
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normal curvature, K
i
. The two special directions in ¹

i
for

which K
i

takes on maximum and minimum values,
K

Mi
and K

mi
are referred to as the principal directions,

M
i

and m
i
. Thus, N

i
, M

i
and m

i
form an orthogonal

coordinate system established using the local di!erential
structure. The scalar quantities K

Mi
and K

mi
are referred

to as the principal curvatures at i. Following the conven-
tion of Ref. [6], the augmented Darboux frame at i is
given by the set

"
i
"(X

i
,N

i
,M

i
,m

i
, K

Mi
,K

mi
). (1)

Throughout this paper we refer interchangeably to the
set of di!erential structure components for a point, as
given in Eq. (1), as its chart.

3. Global MAP estimation

The basis of our approach is to formulate the recovery
of consistent di!erential structure as a global MAP esti-
mate. In this section we introduce our MAP estimation
scheme and show how it leads to separate processes for
surface parameter estimation, and chart re"nement. Fur-
ther, we show that optimisation can be realised by the
iterative re-assignment of single charts. This has the de-
sirable e!ect of permitting a manifestly global process to
be realised in terms of local computations.

Our starting assumption is that we are given the esti-
mated locations and associated covariances of putative
surface points, as returned by some 3D feature detection
process. Let the estimated locations and covariances,
de"ned in the global coordinate system be denoted by the
sets Xg"MXg

1
,2,Xg

N
N, and =g"M=g

1
,2,=g

N
N re-

spectively, where N is the number of putative surface
points. Further let the estimated local di!erential struc-
tures for the points be denoted by the set ""

M"
1
,2, "

N
N. Our goal is to "nd the best set of self-

consistent charts which is compatible with the estimated
location. We formulate this task as "nding the chart
assignments over the entire set of points which maximises
the a posteriori probability of the joint chart assignment
P("DXg), i.e., the MAP estimate. The formulation follows
along the lines described in detail in Ref. [21] in applica-
tion to discrete relaxation.

The optimisation procedure over the space of possible
global chart assignments, ), may be written as the deci-
sion rule:

make the global assignment ""u if

P(""uDX
g
)'P(""u( DXg) ∀u( 3), u( Ou. (2)

Now, we have chosen a standard representation of
di!erential structure. This is necessary in order to take
advantage of the relaxation re"nement scheme introduc-
ed in Ref. [6]. However, there is no direct link between
this representation of di!erential structure and the esti-

mated locations of putative surface points. Rather, we
have to link the two indirectly by introducing surface
parameterisations into the MAP estimate at each point.
Using the theorem of probability we expand P(""wDXg)
over the space of possible global parameter value assign-
ments, '

P(""wDXg)"P
(|'

P(""w,/DXg) d/

"P
(|'

P(""wD/,Xg)P(/DXg) d/. (3)

Our basic assumption is that the integral in Eq. (3) can
be approximated by the contribution from the best-"t
global parameter values, /b. Speci"cally, we assume

P(""wDXg)"P
(|'

P(""wD/,Xg)P(/DXg) d/

+P(""wD/b)P(/bDXg), (4)

where /b"M/b
1
,2,/b

N
N is such that

P(/bDXg)'P(/DXg) ∀/3', /O/b. (5)

From the Bayes rule, the quantity of interest in the
MAP estimation process becomes

P(""wDXg)+P(""wD/b)P(/bDXg)

"

p(/bD""w)P(""w)P(/bDXg)

p(/b)
. (6)

Ignoring the joint density of the denominator, p(/b),
and, for the moment, the conditional probability
P(/bDXg), since they are both independent of the charts,
there are two quantities which in#uence the decision
process stated in Eq. (2). Firstly, there is the joint condi-
tional density, p(/bD"), which models the process by
which parameter values have been obtained from local
di!erential structures. Secondly, there is the a priori
probability of the chart assignments, P(""w), which
models the consistency of the di!erential structures.

To develop our iterative procedure consider two
realisations of the global assignments in which the chart
at point i takes on the values of a and b, respectively. The
ratio of the a posteriori probabilities of the two assign-
ments is given by

P("
i
"a,"@DXg)

P("
i
"b,"@DXg)

"

p(/bD"
i
"a, "@)P("

i
"a,"@)

p(/bD"
i
"b,"@)P("

i
"b,"@)

, (7)

where "@ is the set of N!1 charts, M"
1
,2,"

i~1
,

"
i`1

,2,"
N
N. If we assume that the observational pro-

cess for parameter values is conditionally independent,
then we can rewrite the ratio in Eq. (7) as

P("
i
"a,"@DXg)

P("
i
"b,"@DXg)

"

p(/b
i
D"

i
"a)P("

i
"a, "@)

p(/b
i
D"

i
"b)P("

i
"b, "@)

. (8)
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This formula is the basis of our MAP estimate. Eq. (8)
suggests a two-stage realisation of the MAP estimation.
The stages may be thought of as corresponding to surface
parameter estimation and surface re"nement, respective-
ly. Firstly, the best-"t parameter values, /b"

M/b
1
,2,/b

N
N, should be computed for the N putative

surface points returned by the 3D feature detector. We
develop a robust, recursive scheme to do this in the next
section. Once this has been achieved the algorithm sug-
gested by Eq. (8) is to make the assignment to the ith
chart, "

i
""b

i
, which maximises the quantity

p(/b
i
D"

i
)P("

i
,"@). (9)

By systematically repeating the procedure at all
N points the MAP estimate will monotonically increase
to its global optimum.

Before we can commence with the relaxation re"ne-
ment process there are two main concerns to address.
Firstly, we need to be able to compute best-"t parameter
values (and their covariances). We show how to do this in
the next section. The second prerequisite is to character-
ise the relationship between our two surface representa-
tions, i.e., the parameters and the charts, in terms of the
conditional probability density functions in Eq. (9). We
establish the link between the two levels in Section 5. We
will return to the global MAP estimate, and the relax-
ation re"nement process, in Section 6.

4. Surface parameter estimation

In this section we commence development of our
weighted, least-squares technique for estimating best-"t
parameter values for a patch model of a local surface. By
using separate probability density functions to character-
ise the measurement process of points which obey and
violate smoothness assumptions, we obtain a robust
technique. Further, by basing estimates of violation on
previous estimates of best-"t parameters and di!erential
structure, we arrive at a recursive "t process which may
be coupled to the surface re"nement stage.

In "tting a parametric model at the ith point we seek to
"nd the parameter values /

i
"/b

i
which maximises

P(/
i
DXg). By application of Bayes rule, and assuming that

the data are conditionally independent of one another,
then we have

P(/
i
DXg)"

<
j
p(Xg

j
D/

i
)P(/

i
)

p(Xg)
. (10)

Ignoring the joint measure density in the denominator,
since this is a static property, there are two terms of
interest in Eq. (10). Firstly, there is the a priori probabil-
ity of surface parameters, P(/

i
). A number of approaches

are possible for modelling this quantity. For example,
high curvatures could be penalised. A more common

approach is to assume that all parameter values are
equally likely (the maximum entropy assumption). This is
the approach we adopt. Secondly, and of more concern
to us here, is the conditional density, p(Xg

j
D /

i
), which

models the a$nity of the estimated location of the jth
point to the realisation of the local parametric model for
the ith point.

At this point it is worth stressing the novelty of our
approach by underlining the modelling demands that it
imposes. Much research in 3D scene interpretation has
focused on developing strategies for extracting curvature
information from smooth surfaces [1}6,11,22]. Our goal
is di!erent since we would like to be able to cope with
situations where smoothness assumptions break down
(e.g. in the presence of outliers, or across ridge and ravine
lines, say). The least-means-squares approach of Refs.
[6,11], or the precise Kalman "lter applications in Ref.
[1], are unsuitable for our purposes. We require a robust
parameter estimation technique, which will neither over-
smooth across boundaries, nor be oversensitive to out-
liers. The basis for accommodating this prerequisite it to
distinguish between the conditional measurement densit-
ies for points which obey our smoothness assumptions
(we refer to such points as regular points), and points
which violate smoothness (these are the non-linearities in
the data which we refer to as irregular points). It is the
irregularities which we wish to exclude from the "t. If this
can be reliably achieved then simple, essentially linear,
"tting techniques will be e!ective, and the covariances of
the estimated parameters can be readily and reliably
computed and propagated. We will return to this issue
later in this section. For the moment we have three
modelling requirements: the conditional measurement
densities of regular and irregular points, respectively, and
an estimate of the probability of smoothness violation.
We now consider each in turn.

4.1. Measurement probability density for regular points

We now introduce the parametric model for local
smooth surfaces and the appropriate measurements to
take for parameter estimation. We characterise these
measurements by a probability density function. We con-
sider the local surface at just a single point, but the
process is identical for all points returned by a 3D de-
tector. The development proceeds in a local coordinate
system. We map data locations and covariances back
into global coordinates at the end of the subsection. In
the local coordinate system we denote data point coordi-
nates by the set X1"(X1

1
,X1

2
,2,X1

M
), where M is the

number of data points involved in the parametric "t, and
X1

i
"(x1

i
, y1

i
, z1

i
)T, is the local 3D coordinate of an indi-

vidual point.
Following Refs. [1,6], we choose as our local paramet-

ric model of smooth surface the parabolic quadric patch
since this is the simplest form which is appropriate for the
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computation of curvatures. We assume that the esti-
mated locations of regular points are noisy estimates
from a smooth parametric surface which can be ex-
pressed in terms of the position variables, u and v,

h(u, v)"(u, v, w(u, v)), (11)

where w(u, v) is the mapping from a u}v plane of the local
coordinate system onto the surface. We can approximate
w(u, v) in the vicinity of the local origin using a Taylor
expansion. Since our ultimate goal is the computation of
curvature we take the simplest expansion appropriate for
this purpose, i.e., we terminate the expansion at the
second-order terms,

w(u, v)"wD
0,0

#

Lw

Lu K
0,0

u#
Lw

Lv K
0,0

v

#

1

2

L2w

L2u K
0,0

u2#
L2w

LuLv K
0,0

uv#
1

2

L2w

L2v K
0,0

v2. (12)

We can now be speci"c about the physical meaning of
our parameters by re-writing Eq. (12) as

w(u, v)"A(u, v)/, (13)

where

A(u, v)"(1
2
u2, uv, 1

2
v2, u, v,1)T (14)

and / is a vector of surface derivatives,

/"A
L2w

L2u K
0,0

,
L2w

LuLv K
0,0

,
L2w

L2v K
0,0

,
Lw

Lu K
0,0

,
Lw

Lv K
0,0
B

T

"(a, b, c, d, e, f )T. (15)

Parameters a, b and c relate to the curvature of the
surface (at u"v"0), parameters d and e relate to the
surface normal, and the parameter f relates to surface
position. In line with the conventional approach adopted
elsewhere, we assume that the appropriate measurements
to take in estimating parameters are the residuals
r"r

1
,2, r

M
, given by

r
j
"A(xl

j
,yl

j
)/!zl

j
(16)

and that a Gaussian distribution, with zero mean is
appropriate for the residuals. That is,

p(r
j
D j3Sf

i
)"

1

J2pp2
rj

expA!
r2
j

2p2
rj
B. (17)

In a manner similar to that employed in Ref. [1], we
relate the uncertainty of the measurement for point j to
the covariance of its location, =1

j
, de"ned in the local

coordinate system. This is achieved via the "rst order
approximation

p2
rj
"E[*r

j
*rT

j
]"J

j
=l

j
JT
j
, (18)

here J
j

is the 1]3 Jacobian matrix for the transforma-
tion, given by

J
j
"A/

L
Lxl

j

A(xl
j
, yl

j
),/

L
Lyl

j

A(xl
j
, yl

j
),!1B

"(axl
j
#byl

j
#d, bxl

j
#cyl

j
#e,!1). (19)

We now show how to propagate data locations and
covariances back into the global coordinate system. If
a data point is at a location (xg

j
, yg

j
, zg

j
)T in global coordi-

nates then to express it on the local coordinate system
(P,Q,N) at location O we compute

A
xl
j

yl
j

zl
j B"RA

xg
j
!O

x

yg
j
!O

y

zg
j
!O

z B, (20)

where

R"A
P
x

P
y

P
z

Q
x

Q
y

Q
z

N
x

N
y

N
zB. (21)

Assuming that the covariance in the location of a point
as returned by the 3D feature detector is also given in the
global coordinate system, then the corresponding 3]3
matrix,=1

j
, in the local coordinate system (P, Q,N) at O,

is given by

=l
j
"R=g

j
RT. (22)

We have now described all the elements required by
the measurement probability density function for regular
points. We have assumed that regular points are noisy
estimates from a smooth surface which can be approxi-
mated locally by parabolic quadric patch. We further
assumed that the appropriate measurements to take were
"t-residuals, and that they follow a Gaussian distribution
with zero mean. We then related the standard deviation
of the residual measurement for a point to the covariance
of its location. We now turn our attention to characteris-
ing irregular points.

4.2. Measurement probability density for irregular points

We adopt a very di!erent modelling strategy for ir-
regular points, i.e., outliers or points across surface
boundaries. Speci"cally, we assume a uniform probabil-
ity density for their measurements, i.e.,

p(r
j
D j NSf

i
)"q

1
. (23)

This approach has the dual advantages of being
simple, and facilitating the estimation of parameter
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covariances (we will justify this later in Section 4.5). The
consequence of assuming a uniform distribution is that
estimated irregularities are ignored by the surface "t
algorithm (see Section 4.4). This is in line with the philos-
ophy adopted in the application of standard robust es-
timation technique [15,17,18].

4.3. Estimation of irregular points

We have now speci"ed measurement density functions
for both regular and irregular points. However, as yet we
have no mechanism for determining which density func-
tion is appropriate. Therefore, there are two distinct
estimates of interest: P( j3Of

i
), the probability that joint

j is an outlier with respect to the local surface at i, and
P( j3Bf

i
), the probability that j lies across a boundary

from i. Under the independence assumption the prob-
ability of irregularity is

P( j NSf
i
)"P( j3Of

i
or j3Bf

i
)

"P( j3Of
i
)#P( j3Bf

i
)!P( j3Of

i
)P( j3Bf

i
). (24)

Of course, it is only possible to make reliable estimates
of irregular points if a good estimate of the underlying
surface itself is available, and vice versa. However, the
underlying surface may not be available since it is the
very thing that we are attempting to compute. One ap-
proach is to base the estimation of an irregularity at some
time step, n say, upon the most recently available (stable)
surface estimates. This is the approach taken here. Since
estimates are made prior to each re-estimation of the
surface parameters we are decoupling non-linearity es-
timation from the "t process itself. This has important
consequences. First of all, it permits the use of powerful
techniques for estimating irregularity, without worrying
about introducing additional complexity into the "tting
algorithm. In turn, the power of the irregularity estimator
means that relatively simple "tting techniques are e!ec-
tive. As a consequence, after "tting has terminated, re-
liable covariances for surface parameters may be readily
computed and propagated to the surface re"nement level.
We now consider the outlier process and the boundary
process in turn.

4.3.1. Outlier process
We commence by specifying more precisely what we

mean by an outlier, and describe how it can be identi"ed.
Conventionally, robust estimation techniques have based
outlier detection solely upon "t-residual measurements.
However, Parent and Zucker [20] have shown in relation
to 2D images that high-order features up to and includ-
ing curvature variation are necessary to properly dis-
criminate between the in#uence of nearby curves. An
analogous situation arises for surface in 3D, and provides
the motivation for including high-order features into the
outlier model. One approach might be to extract orienta-

tions and curvatures from surface-"t parameters. Unfor-
tunately, we take the view that high-order derivatives are
highly susceptible to noise [20], and we prefer to extract
them from the re"ned charts later on in processing, since
they provide for more stable and consistent estimates.

We consider a point j to be an outlier with respect to
the underlying local surface at point i if it lies o! the
surface, or if its associated (re"ned) chart is inconsistent
with the true di!erential structure at i. We state more
precisely what is meant by consistency of di!erential
structure in Section 6. The basic idea that we wish to
exploit is that, by extrapolating outwards from the local
surface patch point i, it is possible to obtain a prediction
for the appearance of the di!erential structure at point j,
giving rise to a measure of compatibility or consistency.
This prediction can then be compared with the actual
chart estimate at point j. Since the representation of
di!erential structure we employ incorporates informa-
tion up to and including curvature, so derivatives up to
curvature variation are implicitly included in the consist-
ency measure by virtue of the extrapolation process. The
consistency measure is formulated within the Bayesian
framework which underpins our approach.

Under the assumptions outlined above, the probability
of an outlier is

P(n)( j3Of
i
)"P( j3Of

i
D r(n~1)

j
,"e(n~1)

ij
,"(n~1)

j
). (25)

Applying Bayes rule then

P(n)( j3Of
i
)"

p(r
j
D j3Of

i
)P("

j
,"e

ij
, j3Of

i
)

p(r
j
D j3Of

i
)P("

j
,"e

ij
, j3Of

i
)#p(r

j
D j NOf

i
)P("

j
,"e

ij
, j NOf

i
)
,

(26)

where "e
ij

is the result of extrapolating the chart at the
point i to the jth point (see Section 6), and we have
temporarily dropped the (n!1) su$xes on the right-
hand side of Eq. (26). The conditional measurement dens-
ities in Eq. (26) are available from Sections 4.1 and 4.2.
The joint chart probabilities relating to consistency of
di!erential structure are given in Section 6.

4.3.2. Boundary process
The approach we have taken to modelling surface

boundaries is simple, computationally attractive, and
works well for the range data applications reported in
Section 7. We estimate points lying across depth discon-
tinuities alone, based upon the di!erence between the
depths returned by the 3D feature detector, and the
depths predicted by the surface parameters. Speci"cally,
we take

P(n)( j3Bf
i
)"expA!

(z
j
!zp

ij
)2

2p2
z

B, (27)
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where p2
z
is a weighted estimate of the variances in surface

position, given by

p2
z
"

+
k
P(n~1) (k3Sf

i
) (z

j
!zp

ij
)2

+
k
P(n~1) (k3Sf

i
)

, (28)

where z
j

is the z-value of the jth point, and zp
ij

is the
z-value predicted by the ith patch.

We recognise the limitations of this approach. In par-
ticular, only depth discontinuities are estimated, no
structural information is taken into account, and
measurements are viewpoint-dependent. Work currently
in progress addresses these issues. For example, we are
considering an orientation discontinuity process, and the
incorporation of boundary models based on spatial co-
herence.

4.4. Algorithm

We have now met our three modelling requirements as
speci"ed at the start of this section, namely, appropriate
measurement probability density functions for regular
and irregular points, respectively, and a method for esti-
mating the probability that data is regular. We are now
in a position to specify the "t algorithm itself. Restating
Eq. (4.1), the requirement is to "nd /

i
"/b

i
which maxi-

mises

P(/
i
DX)"

<
j
p(X

j
D/

i
)P(/

i
)

p(X)
, (29)

where, from Sections 4.1 and 4.2,

p(X
j
D/

i
)"G

kprj
exp(! r

2
j

2p2
rj
) if j3Sf

i
,

q
1

if j NSf
i

(30)

and k is a constant. Given that the joint probability
density in the denominator is independent of the para-
meters, and assuming that the prior probability of para-
meter values, P(/

i
), is constant over all possible values,

then the logarithm of Eq. (30) can be written as

E(n)
i

(/
i
DX)"!+

j

w(n)
ij A

r2
j

2p2
rj

!lnA
k

p
rj
BB

#(1!w(n)
ij

) ln q
1
#c

1
, (31)

where c
1

is a constant, and we have made the substitu-
tion

w(n)
ij
"P(n)( j3Sf

i
) (32)

which is available from Section 4.3. Now, in line with our
approach of decoupling irregularity estimation from the
"tting process, then w(n)

ij
is constant throughout optimisa-

tion of Eq. (30). As a consequent, the quantity to maxi-
mise takes on a relative simple form. It is e!ectively

a weighted least-means estimate, with a correction term
since measurement uncertainty depends upon patch
parameters:

E(n)
i

(/
i
DX)"!+

j

w(n)
ij A

r2
j

2p2
rj

!logA
k

p
rj
BB#c

2
. (33)

Maximisation of Eq. (33) may be carried out by gradi-
ent descent. The procedure at each iteration is to update
parameter values,

/P/#*/, (34)

where

*/"!g+
p
E(n)
i
"g+

j

w(n)
ij AA+p

r
j

r
j

p2
rj
B

#A+p
p
rjA!

1

p
rj

!

r2
j

p3
rj
BBB. (35)

Unfortunately, instabilities can occur in the gradient
descent procedure where the surface gradient is large
[23]. To alleviate this problem, and in line with the
predominant approach in the literature [1,6,11,12], we
break optimisation into two phases. The phases corres-
pond to (1) surface position and surface normal estima-
tion, and (2) surface curvature estimation. To be more
speci"c, in the "rst phase we "x those parameters relating
to second-order surface derivatives (refer to Eq. (15)) to
zero, i.e., a"b"c"0, and concentrate solely upon
estimating the zeroth- and "rst-order parameters, d, e
and f. Gradient descent takes place in the global coordi-
nate system. Once complete, estimates of surface position
and surface normal can then be extracted from the para-
meters (see Section 5.1) and used to establish a local
coordinate system such that, by de"nition, the gradient at
the origin with respect to the parameters is zero, and the
problem of instability is mitigated. This is achieved sim-
ply by aligning the w-axis with the surface normal, and
setting the origin to lie on the surface. We can then
proceed to estimate the parameters relating to curvature
in relative safety, provided "rst-order parameters are
"xed at zero in the local frame during this second phase.

At this point it is worth stressing four key features of
the novel "tting algorithm which di!erentiate it form the
most commonly used paradigm for surface parameters
estimation [1,6,11]. Firstly, the algorithm incorporates
measurement uncertainty. Clearly, from Eq. (35), points
whose measurement uncertainty, p

rj
, is relatively high

will have less bearing on the estimation process. Monga
et al. [18] have demonstrated that improved patch para-
meters can be obtained by including measurement uncer-
tainties into a Kalman "lter technique. Within our
formation measurement uncertainties are incorporated
into a gradient descent paradigm. Secondly, our algo-
rithm is robust. We have a mechanism for estimating and
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excluding data outliers or data points which lie across the
surface discontinuities. This contrasts both with the
least-means-squares approach of [6,11] and the Kalman
"lter application of [18]. Thirdly, the "t process is recur-
sive. The idea is that improved estimates of irregularities
will in turn lead to better surface patch estimates, and
vice versa. This process should be contrasted with the
technique of Sander and Zucker [6] wherein surface
patches are extracted in a one-o! process, and remain
static thereafter. Fourthly, estimation and re"nement
processes become coupled. Therefore, improved chart
estimates also facilitate improved surface estimates, and
vice versa.

4.5. Summary of xt procedure

A summary of the main processing steps in the surface
"tting process for a single data point is given here. The
procedure is identical for all points, and may be carried
out in parallel.

(1) Estimate surface position and surface normal by
"tting a plane to data points in the global coordinate
system. (2) Determine the local coordinate system
whose w-axis is aligned with the surface normal and
whose origin lies on the surface. (3) Estimate surface
curvature by "tting a parabolic quadric patch to data
points in this local coordinate system. (4) Make re-
estimates of data irregularities based upon the extracted
parameters and (re"ned) charts, if available. (5) If the new
estimates are di!erent from the old estimates go to step 1,
else stop the "tting procedure.

Once "tting has been terminated covariances may be
computed. We now show how to do this.

4.6. Computing the covariance for best-xt parameters

We now derive a relationship between the covariance
of estimated parameters and the uncertainties in the
putative surface point locations. To proceed, we assume
that all data points are regular, i.e., noisy estimates from
an underlying smooth surface. Of course, in general, this
will not be the case, and we will weight against irregular
points at the end of the section. We assume that applica-
tion of Eq. (35) solves the set of M simultaneous equa-
tions,

AI (x, y)/!z"0, (36)

where the M]6 matrix

AI (x, y)"(A(x
1
, y

1
),2, A(x

i
, y

i
),2, A(x

M
, y

M
))T (37)

and

x"(x
1
,2, x

i
,2,x

M
)T,

y"(y
1
,2, y

i
,2, y

M
)T,

z"(z
1
,2, z

i
,2, z

M
)T. (38)

We further assume that the estimated locations of
regular points are related to their true, underlying values
by

x"x5#*x,

y"y5#*y,

z"z5#*z, (39)

where

*x"(*x
1
,2, *x

i
,2,*x

M
)T,

*y"(*y
1
,2, *y

i
,2,*y

M
)T,

*z"(*z
1
,2,*z

i
,2,*z

M
)T. (40)

Then, by substituting Eq. (39) into Eq. (36) we have

AI (x5#*x, y5#*y) (/#*/)"z5#*z. (41)

Taking a Taylor expansion, and ignoring terms which
are second order and above in the subsequent expression,
we obtain

AI (x5, y5)*/#(/+
x
AI (x5, y5))*x#(/+

y
AI (x5, y5))*y"*z.

(42)

Rearranging terms we have

*/"AI ~1(x5, y5)B(/,x5, y5,*x,*y,*z), (43)

where B is the M]1 column,

B(/,x5, y5,*x,*y,*z)

" (b
1
(/,x5, y5,*x,*y,*z),2, b

M
(/,x5, y5,*x,*y,*z))T

(44)

whose ith entry, b
i
, is given by

b
i
(/, x5, y5,*x,*y,*z)

"A/
L

Lx5
i

A(x5
i
, y5

i
),/

L
Ly5

i

A(x5
i
, y5

i
),!1B (*x

i
, *y

i
, *z

i
)T

. (45)

From Eq. (43) the covariance of /,=
(

is then

=
(
"E[*/*/T]"AI ~1E[BBT](AI ~1)T, (46)

where, for brevity, we have written

AI ,AI (x, y),

B,B(/,x, y,*x,*y,*z). (47)

M. Turner, E.R. Hancock / Pattern Recognition 34 (2001) 903}922 911



Now, assuming that the uncertainties in data points
locations are independent of one another, i.e.

E[(*x
i
,*y

i
,*z

i
) (*x

i
,*y

i
,*z

i
)T]"G

=l
j

if i"j,

0
3C3

if iOj,
(48)

then, from Eqs. (48) and (19), the entries, C
ij
, of the

M]M matrix C"BBT, have expected values,

E[C
ij
]"J

i
E[(*x

i
,*y

i
,*z

i
) (*x

i
, *y

i
, *z

i
)T]JT

j

"G
p2
ri

if i"j,

0 if iOj
(49)

and the expression for the covariance of parameters takes
on a relatively simple form,

=
(
"=[*/*/T]"A~1D(A~1)T"(ATD~1A)~1, (50)

where D is an M]M diagonal matrix whose ith diagonal
entry, d

i
"p2

ri
. It is easily shown that =~1
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(51)

where all summations are over the data points in the "t,
labelled i"1,2, M, and,

e
i
"

1

p2
ri

. (52)

We have thus far assumed that all data points are
regular. To make the estimate of covariance robust we
simply re-de"ne the weights, e

i
, as,

e
i
"

P(i3Sf)

p2
ri

. (53)

We have now given the necessary details to compute
the surface parameters' covariance matrix. The
covariance has been linked to the uncertainties in the
"t-residual measurements. The residual uncertainties
were themselves related to the covariances of data point
locations in Section 4.1. We have excluded estimated
irregular points from the estimate, in line with our robust
approach.

5. Calculation of charts and their covariances

In the previous section we were concerned with a para-
metric representation of local surface. We showed how to
compute best-"t surface parameters and their covarian-
ces. In this section we move on to our second level of
surface representation, namely local di!erential struc-
tures or charts. Such a presentation is necessary given
our stated aim of taking advantage of the relaxational
re"nement scheme introduced in Ref. [6], which imposes
consistency at the level of di!erential structure. However,
in contrast to the work reported in Ref. [6], we are
interested in incorporating uncertainty (and model ro-
bustness, see Section 6) into the re"nement stage. As
such, not only charts but also their covariances are re-
quired. In this section we show how they can be obtained
from the parameter values and covariances returned by
the "tting process.

5.1. Chart elements in terms of patch parameters

In this section we state how to compute elements of
basic di!erential structure from surface parameters. The
process is identical to that described in Refs. [6,11]. We
include it here for the sake of completeness only, and
recognise that the reader may wish to move directly on to
Section 5.2. To begin, we detail the process when para-
meters are de"ned in some arbitrary local coordinate
system (with axes labelled u, v and w, respectively). We
then show how the expressions for chart elements are
successively simpli"ed if the local coordinate system is
transformed such that (1) its origin lies on the (estimate)
surface and its w-axis is aligned with the surface normal,
and (2) its u- and v-axis are rotated to be in alignment
with the principal directions of the surface. The "rst
transformation is utilised during the "tting process. The
second transformation is required on termination of the
"t, but prior to parameters covariance estimation. It
leads to a particular simple expression for chart elements,
and importantly, greatly simpli"es the computation of
chart covariances.

According to Section 4.1, the local parameterisation of
a surface, S, can be expressed as

h(u, v)"(u, v, w(u, v)), (54)

where taking terms up to and including second order in
the Taylor expansion for w(u, v), we obtain the parabolic
quadric patch.

w(u, v)"au2#buv#cv2#du#ev#f. (55)

We wish to compute the elements of basic di!erential
structure as de"ned in Section 2, i.e. the set
(X,N,K

M
,K

m
,M,m). We consider each element in turn.

The location of the estimated surface is given by

X"(0, 0,w(0, 0))"(0, 0, f ) (56)
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and its normal to the surface, N, is given by

N"

(!w
u
,!w

v
,1)

J1#w2
u
#w2

v

. (57)

Further, it can be shown [24] that,

dNA
du

dvB"AA
du

dvB (58)

with
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and
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,

R"1#w2
v
, (60)

where the eigenvalues of A are the principal curvature,
K

M
and K

m
, and the eigenvectors of A are the principal

directions M and m. Explicitly, the principal curvature
and principal directions are given by
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(61)

where s is de"ned by

s"J(a
11

!a
22

)2#4a
21

a
12

. (62)

The expressions in Eq. (61) give the elements of di!er-
ential structure in a general local coordinate system.

Now consider the particular case of determining the
di!erential structure for a local parameterisation
(u, v,w(u, v)) in which the w-axis is aligned with the surface
normal, N, and the origin of the local frame lies just on
the surface. In such a case by de"nition,

(w
u
D
0, 0

,w
v
D
0, 0

,wD
0, 0

)"(d, e, f )"(0, 0, 0) (63)

and the elements of di!erential structure are given by

X"(0, 0, 0),

N"(0, 0, 1),

K
M
"a#c#J(a!c)2#b2,

K
m
"a#c!J(a!c)2#b2, (64)

M"G
(a!c#J(a!c)2#b2, b), a*c,

(b, a!c!J(a!c)2#b2), a(c,

m"G
(!b, a!c#J(a!c)2#b2), a*c,

(a!c!J(a!c)2#b2, b), a(c.
(65)

Suppose that the local tangent plane is now rotated
about the w-axis so as to coincide with the principal
directions, M and m, as given in Eq. (65) this implies that
b"0 and the elements of di!erential structure have
a particularly simple form

X"(0, 0, 0),

N"(0, 0, 1),

K
M
"a,

K
m
"c,

M"G
(1, 0), a*c,

(0, 1), a(c,

m"G
(0, 1), a*c,

(1, 0), a(c.
(66)

We now have a way of manipulating the local coordi-
nate system so that the resultant parameter values lead to
simple expressions for the elements of di!erential struc-
ture. The transformations described in this section are
utilised both during and after the "tting process. Refer
back to the "tting procedure outlined in Section 4.5. The
"rst phase in the process is the "tting of a plane to data
points in the global coordinate system. The resultant
estimated parameter value will be of the form /"

(0, 0, 0, d, e, f )T, since the second-order parameters are
"xed to zero. The second phase concerns estimation of
curvature. Unfortunately, as stated previously, estima-
tion is unstable at high gradients. To alleviate this

M. Turner, E.R. Hancock / Pattern Recognition 34 (2001) 903}922 913



problem we transform the local coordinate system so
that its w-axis is aligned with the surface normal, and its
origin lies just on the surface. Then, by de"nition, the
estimated surface gradient at the origin will be zero. The
appropriate transformation can be determined using
Eq. (61). In this local coordinate system the set of para-
meter values will be /"(0, 0, 0, 0, 0, 0)T. After estimating
curvatures the parameters will be of the form
/"(a, b, c, 0, 0, 0)T. By computing the principal direc-
tions from Eq. (65), and subsequently rotating the u- and
v-axis about the w-axis so that they align with these
directions, the parameter values will be transformed (66).
Furthermore, by computing parameter covariances in
this particular coordinate system, calculation of chart
covariances will be greatly simpli"ed, as we illustrate
below.

5.2. Covariance of chart elements in terms of covariance
of parameters

We make the simplifying assumption that all the ele-
ments of di!erential structure are independent. While
this assumption is naive and frequently violated, it makes
computation feasible. This is the approach taken in Refs.
[6,11]. (In fact, in Refs. [6,11] uncertainties are ignored
all together). So, our reduced task is to relate the
covariance of each element of di!erential structure to the
covariance of surface parameters. We achieve this
through "rst-order approximations.

Under our independence assumption, the 14]14
covariance matrix for di!erential structures,=" , is

="

"A
A
=

X
0
3C3

0
3C3

=
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B 0
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B 0
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=
KM

0

0 =
Km
BB , (67)

where=
X
,=

N
,=

M
and=

m
are 3]3 covariance matrices

associated with estimates of surface position, surface nor-
mal and surface principal directions, respectively, and
=

KM
and=

Km
are the variances on principal curvatures.

We will not go through the process of calculating all the
elements of =" here. The general procedure for each
element, ¹"F

T
(/), say, is to make the "rst-order ap-

proximation,
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As an illustrative example, the covariance for surface
normal is computed by noting that
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. (70)

Given that the parameter values are of the form
(a, 0, c, 0, 0, 0) then
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which is in a particularly simple form. =
N

follows dir-
ectly from Eq. (69).

We now have described how to instantiate chart ele-
ments and their covariances. We now return to our
global MAP estimation scheme, and to the surface re"ne-
ment process for improving the consistency of instan-
tiated charts.

6. Surface re5nement

Recently, Sander and Zucker have introduced an iter-
ative minimisation procedure for local surface re"nement
[6]. The basis for their algorithm is to optimise the local
consistency of di!erential structure. The basic idea is
that, since the surface at each point is represented by a
parabolic quadric patch, it is possible to extrapolate
outward from a point j, say, to its neighbour i, in order to
get an idea of what the di!erential surface at i looks like
according to j. If the di!erential structure extrapolated to
i is close to the actual di!erential structure there, then
chart i is said to be consistent with the chart at j (note
that i consistent with j, does not necessarily imply j con-
sistent with i). Now, in imposing consistency, Sander and
Zucker perform the extrapolation procedure for a set of
neighbours to each point and update each chart via a
least-means-squares estimate. Chart consistency forms
the basis for our re"nement strategy and we adopt their
extrapolation method. Details of the method are beyond
the scope of this paper but may be found in Ref. [6].
However, by contrast, we wish to avoid the ad hoc
least-squares approach to minimisation adopted in Refs.
[6,11] since it is well known that it oversmooths at
genuine surface discontinuities and boundaries and it is
over sensitive to outliers. We require a robust technique,
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which also incorporates uncertainty. Our approach fol-
lows that employed at the level of surface parameter
estimation, and similarly, we arrive at a weighted-least-
mean-squares "t. The linearity facilitates the straightfor-
ward computation and propagation of covariances, while
the weights embody increasingly reliable estimates of
non-linearity (i.e., irregularity). Consequently, the linear
"tting techniques become ever more appropriate and
e!ective as irregularities are more reliably estimated and
excluded from the "t.

We now return to our global MAP estimate which was
introduced in Section 2. The appropriate ratio in the
MAP estimate is

p(/b
i
D"

i
"a)P("

i
"a, "@)

p(/b
i
D"

i
"b)P("

i
"b, "@)

. (72)

There are two quantities of interest here. Firstly, there
is the conditional probability density function, p(/b

i
D"

i
),

which models the process by which the surface para-
meters for a point have been obtained from its chart. We
cannot immediately link charts and parameters, since
they comprise di!erent surface representations. However,
in Section 5, we showed how to compute a chart and its
covariance from the set of best-"t parameter values and
its covariance. This allows us to express the conditional
density function as the Gaussian distribution:
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where "(
i

is the chart computed from the best-"t para-
meters values /b

i
and=(

i
is its corresponding covariance.

The second quantity of interest in Eq. (72) is the joint
probability, P("

i
, "@), which models the consistency of

di!erential structure. Following a standard approach
[6,22], we assume pairwise interactions for charts. The
ratio of joint probabilities relevant to the MAP estimate
can then be written as
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where N
i

is some neighbourhood set for point i. We
model the joint probability that they are pairwise consis-
tent, i.e. i is consistent with j and j is consistent with i.
That is,
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where "e
ji

is the extrapolation of the chart at point j to
point i. Substituting Eq. (75) into Eq. (74) gives
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Unfortunately, incorporation of the conditional prob-
ability P("

j
D"e

ij
) into Eq. (76) leads to an intractable

non-linear update equation of "
i
. This arises because the

extrapolation method itself is non-linear, drawing on
second derivative approximations of local structure. We
are currently investigating the use of a linear extrapola-
tion scheme to overcome this problem. However, in the
work reported here we have taken the extreme step of
ignoring this term completely. This is equivalent to as-
suming that the consistency of a chart depends solely
upon extrapolations from, and not to, its neighbours.
This assumption it also made by Sander and Zucker in
their relaxational re"nement technique. (In fact, asym-
metry of compatibility is frequently admitted in relax-
ation schemes.) It ensures that the re"nement algorithm
is linear, hence covariances can be easily updated.

Using Bayes rule, and assuming, a priori, that all
single-chart assignments are equiprobable, then we can
rewrite Eq. (76) as
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Our development of a robust technique at the level of
surface re"nement proceeds along similar lines to those
adopted at the surface "t level. We wish to estimate
which charts violate the local smooth surface model so
that they do not bias the "t. The approach taken is to
distinguish between charts which obey smoothness as-
sumptions (which we term regular charts), and those
which violate smoothness (which we term irregular
charts), and to treat each di!erently. We have three
modelling components: the probability density functions
of extrapolations from regular and irregular charts, re-
spectively, and an estimate of smoothness violation itself.
A brief outline of each is now given.

6.1. Extrapolation density function of regular charts

For regular charts we assume a Gaussian distribution
for their extrapolations
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where here, and throughout the rest of this section, we
dropped the su$x labelling the chart covariance.

6.2. Extrapolation density function of irregular charts

For irregular charts we assume a uniform probability
distribution
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ji
D"

i
, j NSr

i
)"q

2
. (79)
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6.3. Estimation of irregular charts

The chart at point j is deemed to be irregular with
respect to the underlying surface at i, if its di!erential
structure is inconsistent with the structure of the true
surface. Obviously, the true di!erential structure is not
available* it is what we are trying to compute. Taking
a similar approach to that employed at the level of
surface "t in estimating irregular data, we base chart
irregularity upon the most recent surface estimates avail-
able. As a consequence, we are decoupling the estimation
of chart irregularities from the re"nement itself. Estima-
tion takes place prior to re"nement, and estimates re-
main "xed during a re"nement iteration. This means we
need not worry about introducing additional complexity
into the re"nement algorithm. In particular, we can safely
extrapolate from the ith chart to its neighbourhood,
without introducing non-linearity into the algorithm. We
have
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Application of the Bayes rule gives
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where we have dropped the su$xes on the right-hand
side of Eq. (81).

We have not incorporated a boundary process in the
re"nement stage in the work reported here and we take

P(n)( j3Sr
i
),1!P(n)( j3Or

i
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However, we are currently investigating the intro-
duction of shape-index labels [25,26] to characterise
boundary structures, using a dictionary-based relaxation
labelling technique [21,27].

6.4. Algorithm

We have now described the three modelling compo-
nents requested in Section 6.1, and are in a position to
specify the algorithm for relaxational re"nement of con-
sistency. Referring back to our global MAP estimate in
Eq. (77), the aim is to "nd "

i
""b

i
which maximises
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Maximising Eq. (83) is equivalent to solving, for "
i
, the

equation
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where we have made the substitution
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This equation can be rewritten, to emphasise its
weighted least-means-squares nature
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and M is the number of points within the neighbourhood
set N

i
. This has the solution
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with covariance
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We have now elucidated our algorithm for iterative
surface re"nement to improve the consistency of di!eren-
tial structures based upon the propagation of contextual
information. By systematically repeating the update al-
gorithms (88) and (89) at all N putative surface points, the
MAP estimate will increase to its global optimum, as
required.

7. Experimentation

Our research goal is to develop a framework for inter-
preting the di!erential structure of 3D scenes represented
in terms of density slice data, rather than range data. This
is due to its greater 3D coverage and wealth of informa-
tion concerning the sensed scene. However, in the experi-
ments reported in this paper we have taken range data as
our input. The main reasons for this are the saving in
computation over slice data, and the ease with which
range data can be visualised. In fact, data for experi-
mentation originated from the estimated locations of 3D
feature points returned by a multi-frame feature tracking
technique [28] applied to cranial MRI slice data. To
convert the data into range form we projected a ray from
each point (i, j) in a discrete 2D grid onto the set of 3D
feature points, and measuring the distance, d(i, j), to the
"rst &hit'. Fig. 3 shows the range data obtained by projec-
ting onto the front and back views of the 3D data points.
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Fig. 3. Range data generated for front and back views of head.

Our technique requires as input not only the estimated
locations of putative surface points, but also estimates of
their associated covariances. In experiments we took the
covariance of range data points (in the global coordinate
system with the z-axis aligned with the depth direction)
to be of the form

=
i
"A

0 0 0

0 0 0

0 0 p2B. (90)

Techniques for estimating p are available, but in all the
experiments reported here we took p"0.1. We took
neighbourhood regions for both parameter estimation
and surface re"nement to be 7]7 pixels, and the step size
used in the gradient descent procedure in Section 4 was
0.1 throughout. Two further parameters must be chosen
before experimentation can proceed. These are q

1
and q

2
,

the height and of the uniform distributions assumed for
outliers at the levels of "t and re"nement, respectively. In
estimating q

1
we choose that value which gives a suitably

low probability of a point being classed as an outlier if its
"t residual is zero. Referring to Eq. (26), if the residual is
zero and assuming no prior information is available, then
we have

P( j3Of)"
q
1

2pp2
j
#q

1

. (91)

In experiments we have taken the probability of an
outlier for zero "t residual to be 0.001 and hence
q
1
"(2pp2)/999. The parameter q

2
is determined sim-

ilarly.
We have applied both least-squares estimators and our

robust techniques to the height data in Fig. 3. We use two

images in our experiments. The top view is of the front of
a head and includes features such as eye-sockets and ears.
The bottom view is of the back of the head. The results of
our experiments are shown in Figs. 4}9. In each case we
present our results in four panels. The top panel is the
reconstructed height data. The second panel shows the
reconstructed surface orientation. In the third panel we
show the extracted mean anf Gaussian curvature labels.
Finally, the bottom panel shows the principal curvature
direction. Elements of di!erential structures estimated at
the level of surface parameter estimation and surface
re"nement are not given.

Fig. 4 shows the estimated di!erential structures after
application of the standard one-pass least-squares es-
timator to the front-of-head data. Fig. 5 shows the corre-
sponding results obtained after "ve time steps (i.e. four
re-estimations of irregular data) by our robust surface
parameter estimation technique. It is clear from the
"gures that the robust approach avoids many of the
problems of oversmoothing and oversensitivity to noise
associated with the least-squares estimator. For example,
compare the surface normals in the two "gures. The
improved performance of our technique is particularly
evident where smoothness assumptions break down, for
example, at the sides of the head and around the ears and
eyes. Notice how the data outliers above the right eye are
well handled in our method but that the conventional
approach is oversensitive to them. The results for surface
re"nement are illustrated in Figs. 6}9. Figs. 6 and 8 dis-
play the re"ned di!erential structures for front and back
of head, respectively, after 5 iterations of the least-squares
approach to imposing consistency. The corresponding
results for our technique are given in Figs. 7 and 9. Again,
it is clear that the robust method handles genuine surface
boundaries and the e!ects of noise rather well, whereas
the conventional method oversmooths.
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Fig. 4. Di!erential structure using least-means estimator for surface "t (front of head).

Fig. 5. Di!erential structure using robust estimator for surface "t (front of head).
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Fig. 6. Di!erential structure using least-means estimator for surface re"nement (front of head).

Fig. 7. Di!erential structure using robust estimator for surface re"nement (front of head).
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Fig. 8. Di!erential structure using least-means estimator for surface re"nement (back of head).

Fig. 9. Di!erential structure using robust estimator for surface re"nement (back of head).
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8. Discussion

In this paper we have formulated a technique for
extracting locally consistent di!erential structure for sur-
faces, as a step towards our goal in establishing a frame-
work for 3D scene interpretation. Our approach incorp-
orated standard models of local (smooth) surfaces at the
levels of surface "t and surface re"nement, namely the
parabolic quadric patch and consistency of di!erential
structure, respectively. Its novelty stemmed from (1) its
formulation as a global MAP estimate within a Bayesian
framework, and (2) the decoupling of the irregularity
estimation process from the "ts themselves. This led to
iterative, robust techniques wherein evidential support
for data representations was readily computed and re-
adjustable. As processing proceeded, more reliable
evidential support led to better surface estimates, and
vice versa. By application to range data we demonstrated
that the resultant technique can overcome some of the
problems of oversmoothing and oversensitivity to noise
associated with least-squares estimators.

In our view, there are two main shortcomings asso-
ciated with the work reported here. Firstly, there is no
representation of boundary structures in our formulation
[17]. Secondly, in moving from surface parameter to
chart representations of surface (as required by the extra-
polation method adopted) some information is lost (in
particular we are forced to assume that chart elements
are independent). We are currently addressing both these
issues. In particular, we are (1) developing and incorpor-
ating a boundary-labelling process [21,27] based on the
spatial coherence of shape-index labels [25,26], and (2)
introducing an extrapolation scheme which acts on the
surface parameter representation.

A further concern is to apply our method of 3D slice
data. Of interest is the possibility of developing a uni"ed
evidence-combining scheme which can be applied dir-
ectly to the raw slice images. Evidential support for data
representations at any one of the feature detection, para-
meter estimation or surface re"nement levels would be
determined by information from all the other levels si-
multaneously. This would increase the scope for their
e!ective adaptation. In this way, the band limitation of
the conventional sequential multi-stage philosophy to
3D scene interpretation would be mitigated.
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