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A Study of Pattern Recovery in Recurrent Correlation
Associative Memories

Richard C. Wilson and Edwin R. Hancock

Abstract—n this paper, we analyze the recurrent correlation
associative memory (RCAM) model of Chiueh and Goodman.
This is an associative memory in which stored binary memory
patterns are recalled via an iterative update rule. The update of
the individual pattern-bits is controlled by an excitation function,
which takes as its arguement the inner product between the stored
memory patterns and the input patterns. Our contribution is to
analyze the dynamics of pattern recall when the input patterns
are corrupted by noise of a relatively unrestricted class. We
make three contributions. First, we show how to identify the
excitation function which maximizes the separation (the Fisher
discriminant) between the uncorrupted realization of the noisy
input pattern and the remaining patterns residing in the memory.
Moreover, we show that the excitation function which gives max-
imum separation is exponential when the input bit-errors follow
a binomial distribution. Our second contribution is to develop
an expression for the expectation value of bit-error probability
on the input pattern after one iteration. We show how to identify
the excitation function which minimizes the bit-error probability.
However, there is no closed-form solution and the excitation
function must be recovered numerically. The relationship between
the excitation functions which result from the two different
approaches is examined for a binomial distribution of bit-errors.
The final contribution is to develop a semiempirical approach
to the modeling of the dynamics of the RCAM. This provides us
with a numerical means of predicting the recall error rate of the
memory. It also alllows us to develop an expression for the storage
capacity for a given recall error rate.

Index Terms—Associative memory, error rates, recurrent corre-
lation associative memory (RCAM), storage capacity.

. INTRODUCTION

. 0
ORRELATION memories have proved to be powerfui:
tools for binary pattern recognition and have been studi%

these is a measure of the similarity between the input pattern
and the individual memory patterns. This measure is usually
taken to be the inner product of the pattern-vectors, although
tensor-products have also been used. The second ingredient is
an excitation function which controls the step-size associated
with different levels of pattern similarity. In fact, when the
excitation function is the identity function, then the RCAM is
equivalent to the Hopfield memory [3]. When the excitation
function is the exponential then an interesting structure called
the exponential correlation associative memory (ECAM)
results [6]. This memory may be operated with both binary
and multivalued pattern-vectors [16]. Recently, Hancock and
Pelillo [20] have shown how both the Hopfield memory and
the ECAM can be viewed as performing maximum likelihood
pattern reconstruction via discrete relaxation operations [21].
A closely related structure is the bidirectional exponential
associative memory [17], [18]. Finally, it is important to stress
that the RCAM is of practical interest because of its suitability
for very large-scale integration (VLSI) implementation [5].
Although the RCAM is functionally identical to the Hopfield
memory when the excitation function is the identity, it is im-
portant to note that the philosophy underpinning the two mem-
ories is very different. In a Hopfield memory which storks
patterns each of lengtN bits, the memory patterns reside in an
N x N matrix of weights. As a resulV2 weights are required to
specify the memory. In contrast, the RCAM stores all of Mie
memory patterns as individual vectors and must explicitly com-
pute the full set of inner products when a pattern is presented
r recall. The model, therefore, requirééN bits of storage.
early, if the maximum number of patterns that can be stored in
opfield memory isV < N, then the RCAM model is more

in the literature for over 40 years. When presented with an 'npégmpact. There is also the added consideration of the overheads

pattern, the recall or output state of the memory is adjusted
the basis of similarity with a set of stored memory pattern
This idea can be traced back to the “lernmatrix” of Steinbu

[1]. Moreover, Willshaw’s early work on memory capaci'[yn

has had a seminal impact on the field. There have since b
a host of refinements and developments of the idea [5]-[
[12], [3]. The memory may be operated in both autoassociati

and heteroassociative modes. Of particular relevance to t

paper is the recurrent correlation associative memory (RCA

[6]. This is an autoassociative memory in which updating }

the output state is specified by two ingredients. The first

S8ociated with amount of space required to store the memory
atterns (memory data).
The amount of information that can be stored in a given
umber of bits of memory is clearly one of critical questions
th regard to associative memories. One of the most popular
proaches is to analyze the storage capacity, that is to say the
mber of patterns that can stored in the memory before the
Zall quality is compromised. However, this approach does
t address the issue of the density of information contained
the memory. A more satisfactory measure is the information
ensity [24], or the number of pattern bits that can be stored
per bit of memory data. For the Hopfield memory, the storage
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of the pattern-vector [4]. For instance, McEle&tel.[23] have
§F10wn that all of the patterns stored in the Hopfield memory are

recoverable provided thdf < (N/4log N) and that that the
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target memory pattern is within a Hamming distaite= N/2 Moreover, when the input bit-errors follow a binomial distri-
of the input pattern. However, other studies [24], [28], [26pution, then the excitation function is the exponential.

have suggested a limit a¥/ ~ 0.14N based on vanishingly  Our final contribution is to present a semiempirical approx-
small levels of noise. The density of memory bits in this casmation which can be employed to find an expression for the
is, therefore, 0.14 bits per synapse [24]. Since the synapiorage capacity corresponding to a specified recall error rate.
weights of the Hopfield memory require approximatgly N This also furnishes us with a numerical method for predicting
bits of storage, the density of memory pattern$.ist/log N  the error rate for given memory.

stored bits per memory bit. For comparison, the density of theThe outline of this paper is as follows. Section Il describes
RCAM is 1, and is superior in these terms. the process of pattern recall in the RCAM. Section Il describes

Having established that the storage density of the RCAM @ir two-component pattern model and approximations which
larger than that of the Hopfield memory, the important questiamplify the pattern distributions. In Section IV, we consider
which arises is that of how many of tiid memory patterns can how the probability of bit errors after one iteration can be used
be uniquely recalled? There is a suggestion that the exponas-a measure of pattern recall performance. We also show how
tial version of the memory (ECAM) can store a number of pathis performance measure can be optimized with respect to the
terns which is exponential in the length of the pattern vector [@xcitation function. Unfortunately, the problem is not tractable
However, the analysis of Chiueh and Goodman requires that theclosed form and the optimal excitation must be recovered
noise-corrupted input pattern must have a Hamming distanuemerically. For this reason, in Section V we develop a sim-
that is closer to the target memory pattern than any of the @er performance measure which is reminiscent of the Fisher
maining memory patterns. Itis our aim here to examine the peliscriminant measure. We demonstrate that the simpler perfor-
formance of the RCAM under more general models of noissiance measure is optimized by an exponential excitation func-
However, to approach this problem, we must abandon the idean. Section VI provides experiments with the two excitation
of perfect pattern recall. Since the input pattern may be arlfimctions and develops an empirical model for estimating the
trarily far from the target memory pattern, recall errors will alstorage capacity under conditions of fixed output error rate. Fi-
ways occur at some rate. As a result, it is the recall error ratally, Section VIl offers conclusions and suggests directions for
which is of importance in the analysis of the memory. future investigation.

Our overall aim in this paper is to provide an analysis of the
problem of pattern recall in the RCAM. We adopt a probabilistic
framework where we model the distribution of inner-products
for noise corrupted pattern vectors. We show that the recall perdn this paper, we are interested in the the RCAM. This is an
formance of the memory is governed by two probability disassociative memory that can be used for binary pattern recogni-
tributions. The first of these is a model which describes disttion. From a computational standpoint, the memory can be used
bution of patterns which lead to the correct recall of the target iteratively recall previously stored binary patterns when pre-
memory pattern. We refer to this component as the foregrouseinted with their perturbed or noisy variants as input. Suppose
distribution. The second model component describes the distiatx! = (z!,z%,... 2%)7 is the pattern vector residing on
bution of bit errors associated with the recall of patterns othtite input of the memory at iteratian The pattern-vector is of
than the target from the memory. We refer to this second procéssgth vV and each component is drawn from the binary set
as background. 0 ={-1,+1}. Atiterationt + 1, the updated realization of the

Because of the complexity of the iterative process whidlecalled pattern-vectorig’+! = (zi+" 25+ . 217 The
governs the recall of patterns from the RCAM, we can n®RCAM containsZ stored memory patterns which are available
model the foreground and background distributions at arlfér recall. Each memory pattern is also a binary vector of length
trary epochs. However, we can draw some conclusions abdut If d is the pattern index, then we denote the contents of the
the performance of a memory from the initial update stememory by the set of binary pattern-vectdds= {s(¥):d =
Using the two component model we consider various ways. .., Z}.
in which the degree of pattern discrimination may be used toThe updating of the recalled pattern vectors is controlled by
assess the recall performance of the RCAM. We investigateo factors. The first of these is the similarity between the cur-
two alternatives. The first of these is the Fisher discriminangnt recall-state of the memory and each of the stored memory
the second is the probability of bit-errors on the recall patterpatterns. The similarity between the current output pattern and
With these two heuristic performance measures to hand, e individual memory patterns, is measured using the inner-
can attempt to identify the excitation function which resultgroduct, or dot productx®, s(¥)) between the pattern-vectors.
in the best performance with respect to these measures. THi® dot product is related to the number of bit-differences or
is achieved by searching for the excitation function which opiamming distance
timizes each of our two performance measures. When recall
performance is gauged using the bit-error probability, then the
optimal excitation function can only be recovered in numerical H (Xt-/ S(‘i)) =
form. The disadvantage is that the excitation function must be
recalculated for each different configuration of the memory. Orhe Hamming distance is important, since it will be used to
the other hand, when the Fisher discriminant is used, then gimplify the description of the probability distributions in a later
optimal excitation function may be estimated in closed-fornsection of the paper.

Il. PATTERN RECALL IN THE RCAM

[N - (Xt7s(’l))] .

N | =
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The second component of the pattern update procedure isSuppose that the observed input pattefris generated by the
excitation functionf ((xt,s(?))). The excitation function con- target memory pattersi®). Sincex! is a noise corrupted realiza-
trols the contributions that the individual memory patterns makien of s(°), we must admit the possibility that may in-fact ap-
to the overall update direction for the recall state of the memopear to be more similar to one of the remaining, alternative, pat-
In other words, the excitation function provides a distance dirns stored inthe memory. In this situation, iterative recovery of

pendant weight for each of the memory patterns. the original pattern may be impossible. It is for this reason that
With these ingredients the recall pattern is iteratively modihe recall from the memory will never be completely error-free.
fied according to the following update rule [5]: Here we aim to relate the storage capacity of the memory to the

error-rate for the recovery of patterns.
xt* = sgn Z [f (<Xt7s(d)>) _ ﬂ &) ) _Wlthout ?Or;yloss of generality, we will study theT upda_lte of the
biti whens;”” = +1. In other words, the correct bit-assignment

deD . . .
at site: is +1. Under these circumstances, we can write

where
-1 —
F=2> 1 (6s™) Wi =4 3 £(6s) b~ (D1 - 1)
deD deD;+
is the mean value of the excitation function over the set of + f ((xt.s(°)>) -7

memory patterns. This is in addition to the update rule in [5],

and is intended to compensate for constant shiftg,in.e., . _

f(z) — f(z) + c has no effect on the memory. When the ~ Wi (¢) = > s D)) D7 (] (4)
number of positive and negative bits is the same, the operation deD;

is identical to [5].

The memory isautoassociativén the sense that it recalls anwhere D" = D" — {s°} is the set of memory patterns that
output pattern which is close to, but not necessarily identical @ssign the bit+-1 to the sitei when the target patters(®) is
one of the memory patterns. The excitation functfda the key excluded. In the next section we will examine the probability
to the recall performance of the RCAM. Its role is to determin@istributions of these two decision variables.
the weight given to different values of the inner-product between
the output state of the memory and the stored memory patterns. [Il. PATTERN MODEL
For example, the choickt) = ¢ results in the Hopfield network
[3]. In contrast, the choicé(t) = exp(kt) (wherek is a positive
real-valued constant) results in the ECAM model.

As we discussed earlier, we wish to consider situations where
the observed pattern-vectef is derived from a stored memory
pattern through the action of a bit-error process. The bhit-cor-

It has been shown [5] that given a suitable choiceffathen .
the stored memory patterns are the fixed-points of the RCAF\Hpted pa“e”.‘ Is presented to the memory for re_caII. In order to
model the action of the RCAM, we must first provide a model of

update process. Therefore, provided that the input patteEEs

are sufficiently close to the memory patterns, then the upda ee bit-error process, which is responsible for generating the ob-

; served pattern-vector from the relevant memory pattern. If this
process will converge to one of the memory patterns. The main

) . . ; : .~ pattern corruption model is known, then we can attempt to de-
requirement is thatf(.)i—n, ] is monotonically increasing. . o : .
More importantly to the goals of this paper, the choice Signan excitation functioyf that endows the RCAM with good
o . SRS - recall properties. This endeavour is the focus of attention in the
the excitation functionf is critical in determining the recall

performance of the RCAM. latter part of this paper.

- Since we intend to pursue a probabilistic analysis of the
To develop a statistical model of the memory, the setofstorﬁqolemor we must define some statistical oroperties of the
patternD = D} U D; is subpartitioned into two subsef" Y, brop

and D-. The partitionD+ contains the items in which thi® stored memory patterns. Obviously, the population statistics of

com é)r;ent ofthe memior attern takes on the vajue +1 the stored pattern sets can vary and this in turn will significantly

SimiFarIy D- contains th%s?e patterns whos# componer'1t affect recall. With this caveat in mind, we confine our attention
i

takes on the complementary valsie— —1. With this notation, to sets of stored memory patterns that satisfy the following

the update process is captured by the two decision variablesresmcuons' i .
» The number of stored patterns is large and the probability

WH(t) = Z F(xt s@DY) — |DF|F distributions governing the bit-configurations are well be-
deDt haved.
B : b () o » The memory pattern-vectors are independently identically
Wi (t) = Z (x5 s') = D[ f- 2 distributed (i.d.d.) random variables. In other words, the
deD; memory pattern vectors are sequences of random variables

G overned by an identical probability distribution.
The components of the recall output-vector at the site indéxed 9 V ) yani icalp HHty distr l,“_
are updated as follows: When this is the case, we can apply the central limit theorem to

the population statistics of the stored patterns, and pursue a set
1 _ { +1, if W) > W (t) 3) of approximations which will allow us to determine probability

v —1, otherwise ) distributions for the pattern classes. It is important to be aware

2
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that the applicability of the central limit theorem depends aand foreground distributions. By making the appropriate sub-
the distribution off ({(x?, s)). In particular, this distribution must stitutions, we can re-write this error probability in terms of the
satisfy the Lindeberg condition [29]. single variablex = A f /o in the following manner:

Our model of the pattern corruption process focusses on +o0 r 1 e (r — a)?
the distribution of the quantitie®’;" (¢) and W, (¢). We can v (a) = / dr/ dq% exp [—3] exp [——}

invoke the central limit theorem to determine the distributions 2 9)

+ — .
of W;(t) andW;(?) since they are the sums of a large number 4 i cjear that the quantityr represents the separation be-

of iden'FicaIIy distribyte_d rqndom-vEtriables. As a res_ult, WE Cqfyeen the foreground and background distributions. Moreover,
approximate tge d!str:::])éutlon OVYZ’ (Qt) t.)y _f‘ ?austrlan r:”'th it is related to the Fisher class seperation criterion for the prob-
mean zero and varianee. = [D~ |o}. Similarly, W™ (t) has iy gistributions for the two decision variables. Since
a Gaussian distribution with meahf = f((x!,s(®))) — f oy T
and variancer} = (|D*| — 1)o%. Again, provided that the o= s ) — F (10)
memory patterns are large in number and randomly distributed, o
then we can make the following approximation: depends only on the excitation functignand the number of
stored patterngD|, it is these factors which determine the re-

) 2 o2 |D|a]% 5) call ability of the memory (given our background pattern model

- =Y T g and subsequent assumptions). The overlap function also has the
] S important property of being monotonically decreasing with in-
We can, therefore, write the probability distributions for the tWEreasinga. This means that increasing the valuecoill de-
decision variables using the Gaussian approximations crease the probability of making an error when updating the bit

assignments. In other words, the quantitycan be used as a

2
PW(t) =w) = L exp [_w} heuristic measure of the recall “quality” of the memory. Finally,
oV2m , 20 a good analytical approximation tq«)s is
1 w
PW=(t) =w) = xXp | —— | - 6 1
(W (t) = w) . 27rexp[ 202} (6) V(a):§[1_erf[2iﬂ”, (11)

These two distributions have identical variance. The distribu- Fig. 1 shows a typical examples of this function plotted as a
tion mean for the correct choice of bit assignment update fisnction of the Hamming distandé,. between the original pat-
offset with respect to distribution for the incorrect choice, btern and its current realization. The overlap functiowhich
an amountf ((x?,s(®))) — £. Itis this separation which makesgoverns the update process is a monotonically increasing func-
it possible to determine which distribution gave rise to the cution of «.. This leads us to the conclusion that reducinwill
rent bit assignment. The offset and variance of the distributiolesad to an overall improvement in the bit-error rate.
determine the error probability of the bit update.

IV. MEASURING RECALL PERFORMANCE OF THE
A. Error Probability After One Update EXCITATION FUNCTION

Once we have the approximate probability distributions for The recall performance of the RCAM (or alternatively the
the bit assignment updates, we can calculate the probabilitystbrage capacity) has been studied previously in [5]. For the
making an erroneous update at the site indexddhe incorrect ECAM, Chiueh and Goodman [5] find the storage capacity in
choice is made wheW;” (t) > W;t(¢) and errors occur with the case where the input patterns are partially corrupted, but still
probabilityr = P(W; (t) > W (¢)). This probability is equal closer in terms of dot-product to their original source than to any

to the cumulative overlap of the two distribution, i.e., other memory pattern. There are, therefore, two limitations to
these studies. First, each concentrates on a specific realization
P(W7(t) > W,L-Jr t)) = of the RCAM. In this section, we are interested in measuring

) ()
°° Y _ the performance of RCAM with arbitrary excitation functions.
+(h) —
[m dw /700 dvP(W;(t) = w)P(W;~(t) = v). (7) Second, the restrictions on the properties of the input patterns
quite limiting. In fact, in these cases, choosing the closest pat-

Substituting for the two distributions from (7), we find tern would result in perfect recall.
N ) In general, we would expect the memory to be exposed to
oo w 1 . . . . . .
(o, Af) = / dw/ dv  exp [_U_z} a.dlversrty of input pgtterns with varying levels of cqrrupnon.
oo Jooe 270 20 Viewed as a population, we can capture the collective proper-

(w— Af)? ties of the input patterns using a probability distribution over the
T} - (®) inner-product’x?, s(¥). To further develop this idea, we intro-
duce a two-component model of the distribution of inner prod-
In the above expression, we have made explicit the fact that tets between the pattern vectors. The first component models
error-probabilityr is a function of the separatiof f between the distribution of inner products between the target memory
the means of the two distributions and their common varianpattern and the perturbed or noise corrupted input pattern. Sup-
o2. We refer to the function as theoverlap function|ts role pose thaty((x?,s(¥) = w) is the noise distribution of inner-
is to quantify the amount of overlap between the backgroupdoducts for the source pattern indexédNe assume that the

exp {_
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Fig. 1. Overlap function plotted against the Hamming distalicebetween the source pattern and its current realization.

source patterns are randomly distributed, i.e., there is nothiwbere
salient concerning the choice of index pattelnThe second

model component involves additionally considering the distri- (f(u) = f).
bution of the inner-product between the different patterns stored

within the memory. This background distribution function is

We can locate the optimal excitation function with respect to
represented by((x?,s(®) = u). b P

o . ) i . this measure by minimizing the value @f; with respect to the
Our problem |s_|ntr|n5|cally dls_crete in nature since the iNNiscrete representation of the excitation functforone way of
product takes on integer values in the interval betweanand meeting this goal is to solve the set of stationary-point equations

N _Ra’Fher, ”‘af‘ attempting to recover a _contmuously defm%ir the different values of,,. This involves differentiating) ¢
excitation function, we instead recover a discrete representatwi% respect tof,, for each value ofi € {— N N} inturn

of the excitation functioq. Accordingly, we lef, = ,ﬂu) de- The family of stationary-point equations is obtained by setting
note the value of the excitation function when the inner produg&ch of the resulting derivatives to zero. In other words

takes on the integer value drawn from the se{—N,—N + '

1,...,N — 1, N}. Further, we use the shorthapd andr,, to

denofe the noise (or foreground) and background distribution 9Qs -0 (13)
functionsq((xt,s(?) = u) andr((x?,s(D) = w). With this O
notation

for all values ofk € {—N,..., N}. To compute the required

’ ’

_ N derivatives we exploit the chain rule and write
f = Z /r’llf’ll'
u=—N N
0Qf ov(aw,) Oay
While we cannot compute the final error rate for the output O Z O Of (14)
of the RCAM, one good heuristic is the expectation value of u== '

bit-error probability after one application of the RCAM. With
the discrete problem representation adopted above, this quarigpstituting for/(«.,, ) anda,,, the set of stationary-point equa-
is given by tions becomes

N

N
Qr= > qurow) (12) % > quexp[—al] Af,=0. (15)
=—N

u=—N u=—N
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Fig. 2. Optimal functions for the RCAM. The exponential function(scale on right) maxin@izeswhereas the optimal function(left scale) minimizes the
expectation of bit-error probability after one iteration.

We find that this condition is satisfied when of the memory is the slope of the shoulder of the bit-error prob-

9 ability function. The shoulder of the function occurs whers

[——’;] . (16) close to zero. Here, the error function can be approximated in
g the following linear way:

Each value off, must be found by solving a transcendental 9

equation. In fact the solution is not possible in closed-form and erfz ~ T (17)

we must resort to numerical methods to determine the excitation

function. The shape of this function is dependent on both thinder this approximation, we can write

number of stored patterns and the number of bits in the pattern

vector and, therefore, must be recalculated when these quanti- 1 & fu—f

ties change. An example of this function is shown in Fig. 2. @r=3 Z Gu [1 B ] :

(18)

2 Sy 2mo

V. PATTERN SPACE MODELS Hence, we can turn our attention to locating the excitation func-

The main drawback to the use of the expectation-value of tH%n which maximizes the quantity
bit-error probability as a measure of recall quality is that it de- R 1 _
pends on a series of error-functions and these in turn lead to Qf = = Z Qu(fu — f)- (29)

a transcendental equation for the excitation function which in- u=—N
volves exponentials. Although these transcendental equati?rr]]sOther words, the measure of recall quality depends on the

n Ived numerically, we would lik xplor mor, : ' .
actable route 1o the exciation fanction. Or approach 1 J1° 1210 Of the Separatio of the foreground and background
follows. We commence by simplifyin the. uality measqy Grstributions patterns to their spread or width. The separation

N . y Simp g the quality P measure is, therefore, reminiscent of the Fisher discriminant.
This involves making a Taylor approximation to the error-func-"p -y 1 i ohservation, we tum our attention to finding
t!ons. Next, we construct a pattern-spaC(_a model for the d'Str'thé excitation function which maximizes the quadratic Fisher

tion for the foreground and background inner-products. discriminant measure of pattern separation
We commence by considering the dependence of the bit-error P P
probabilityr(«)) on the quantityv. For small and large values of

N N 2
a the error probability, respectively, approaches unity and zero. (), — Z qua® = % [ Z Gu(fu f)] . (20)
ag

N

The critical factor in determining the pattern recovery behavior

u=—N u=—N
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This performance measure is equal to the average squared TABLE |
offset between the foreground and background patterns, divided VALUES OF Q.
by the variance or squared width of the distributién To make — . .
these relationships explicit, we can rewrite the measure as Discriminant Function | Quality Factor @,
S2 t 19
s = —— 21 2
@ T (21) et 105273
whereS is the average offset from the mean ot 120622
N
S = w(fu—f 22 . _ . .
u;N Gulfu=1) (22) must specify two points which fall on the function. For the pur-
pose of recovering the optimal excitation function, the choice
andZ is the variance of the background distribution f =1andf, = qo/ro is convenient.
N To proceed, we now solve the saddle-point equationgfor
T = Z ru(fu — )% (23) with respect to the discrete function valugs The details are
— provided in Appendix B. For the simplified recall performance

] o ] measurd) ;, the optimal excitation function is given by
The quantityS? plays the role of a within-class variance for

the input pattern vectors. The quantity on the other hand, fu= Ju (25)
can be viewed as the between-class variance. The quéntity Tu
is, hence, closely related to the Fisher class separation measuie general family of optimal functions is, therefore
from statistical pattern recognition. It should be noted that the
guantity@ does not represent the performance of the memory fu= o + b. (26)
in terms of storage capacity. T

Table | lists the values of), for some familiar functions. The corresponding value ¢f; (the maximum possible value of
Here, we have used patterns of length 30 bits and have assui@ellis given by
that r,, follows a binomial distribution with a mean value of
three bit-errors per pattern. These results suggest that the expo- Qur = Gy 27)
nential makes a better choice than the linear function, in keeping opt
with known storage capacity results.

As we mentioned earlier in the introduction, and central to
the motivation of this paper, is the observation that the choie Pattern Space Models
of excitation function is critical in determining the performance To recover the optimal excitation function using the solution
of the RCAM. For example, the Hopfield network is equivalergiven in (25), we must provide concrete models-pfandg,, .
to an RCAM when the excitation function is linear in the innei other words, we must exploit a model of the pattern-space
product, i.e..f({x,s?)) = —(x,s(¥). It has been shown [4] in which the RCAM operates. We consider the specific case in
that this memory has a a rather poor storage limit of .14 which the bit-errors on the input pattern are memoryless. Sup-
patterns wheréV is the length of the bit-patterns. Other authorpose that each bit of the stored patteff? is flipped with a
[11] have suggested that the exponential function results in @niform probability P.. Under these circumstances, the distri-
exponential storage capacity (*V). By choosing the correct bution of Hamming distance is binomial, i.e.,
excitation function, it appears possible to greatly increase the I

i (d)y _ - h _ N—h

storage capacity. P.(H(x,s'Y) =h) = AT h)!h!P“ (1-P.) . (28)
Substituting for the definition of Hamming distance the distri-

Given the separation criteriap,, we can attempt to find the bution for the inner product between the input and the target
excitation function which maximizes the separation betweenemory pattern is
the foreground and background pattern distributions. We

A. Optimal Excitation Function fo€),

u/2
commence from the result proven in Appendix A, namely that () .\ _ N! P.(1—p.yN/?2 1-P. /
; , . ! Y T al(x, s\ ) =)= gy [P (UL —— |-
a family of functions, not a single function, all give identical el e
values of@Q, and, hence, identical performance for pattern re- (29)

covery, subject to our model of pattern distributions. Moreover, To describe the distribution of inner-product for the memory
in Appendix A we show that simplified recall performancéatterns we require model of the structure of the pattern space.

measureQ, (and, in fact, the overall performance of anylhe basic assumption is that the patterns are random configu-
RCAM) remains invariant under similarity transformation  rations of bits. If we confine our attention to the case when the

) different bits occur with equal probability, we obtain the fol-
fr=af+0 (24)  lowing distribution for Hamming distance:

N!
T2N(N —h)Ihl

of the excitation functionf. Herea and b are arbitrary con-

(d)y —
stants. In order to define such a similarity transformation, we Pp(H(x,s'7) = h)

(30)
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Fig. 3. Comparative recall error rates for the exponential and numerical excitation function.

Again substituting for the Hamming distance, the required dig. Optimal Functions

tribution for the inner product is The more precise quality measugg, which is related to

N! 31 the expectation value of the bit error probability, must be opti-
2N¥!¥! : (31) mized by numerical means. Moreover, the solution to the asso-

. o ) . Ciated equation varies with the number of patterns stored in the
With theses two distribution models, the optimal excitatiog,emory. For this reason, the resulting excitation function is less

r((x,8D) = u) =

function is flexible than the exponential excitation function which results
N2 [1=P. u/2 from the distribution analysis. In Fig. 2, we compare the two
fu=[Pe(1=P.)] ) oN excitation functions. The two curves show the Hamming dis-

tance dependance of the excitation functions. The numerical ap-
exp “1n P, . (32 proximation to the optimal function is computed f8r = 0.1,
2 1-P, N = 30 and withZ = 400 stored patterns. The numerical ex-

. . . . S citation function clearly differs from the exponential at lower
This is precisely the exponential function which is known tg

id d vatt ; In fact values of the Hamming distance. It is interesting to note that
ptrotv| tf? Vﬁ[:‘y goodpa srrll rec.ct>v$ry pf)er otrmancel; n aﬁt,)we L excitation is approximately linear and of negative slope for
state that the exponential excitation lunction works wellbecaugg, Hamming distances. This is reminiscent of the Hopfield
it maximizes the expectation value of the Fisher separation

Lo femory excitation function. However, in this region patterns
tween the foreground and background pattern distributions. T I almost certain to converge to the correct stored pattern. The
excitation function applies only when the distribution of errorg

mall Hamming distance behavior, therefore, has little impact

on the input pattern is binomial. It is important to stress th% . .
. : Lo ’ the error rate of the memory. At larger Hamming distances,
after one iteration of the RCAM, the distribution of errors doe, Y 9 g

S . : . the excitation functions decays almost exponentially.
not remain binomial, and the error probability will change. To underline this point Fig. 3 compares the bit error rates for

the numerical excitation function and the exponential excitation
function. This quantity of interest is the bit-error rate for the re-
In this section, we provide some experimental evaluation oélled patterns, or in other words, the probability that any bit in
the proposed excitation functions. We commence by compariagecalled pattern is in error. The bit error rate is plotted as a
the excitation function obtained by numerical optimization witfunction of the number of stored patterns. The results have been
the exponential function. Next, we study the overlap propertiebtained for patterns of length 30 bits. The input pattern noise
of the resulting memory. Finally, we present some results whichgenerated by randomly flipping bits with probability 0.1. For
show the error-rate achievable with the two excitation functionthe numerical excitation function, the error rate increases lin-

N
P.(1— 1)
2

VI. COMPARISION OF THEEXCITATION FUNCTIONS
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Fig. 4. Overlap function and the bit error rate before the first iteration of the RCAM.

early with the number of stored patterns. This function is tunedat«’ < « then the action of the memory is to further corrupt
to N = 30 bits andZ = 1000 patterns. By contrast, for the ex-the pattern, i.e., to increase the number of bit-errors or Ham-
ponential excitation function the bit error probability increasesiing distance. In consequence, the memory will diverge from
approximately with the square root 4f. When we operate the the target pattern and correct pattern recall will not occur. Fur-
RCAM with the numerical excitation function, then it performsher suppose that, is the break-even value of the inner-product
well provided that the appropriate value Bfis used. In fact, which satisfies the equation

under these conditions it gives performance that is comparable

to that obtained with the exponential excitation function. The _

exponential excitation functign performs well for a much larger ta = N1 = 2v(aw,)) (34)

range of values of. The error-probability is the cumulative area under the distribu-

tion functiong, up to this break-even point. More formally, the

. . . i recall error-rate is given by
As we discussed in Section IlI-A, the expectation value of

the bit error probability after the first iteration of the RCAM is Uq
given by the overlap function(«,, ). We can writev(«,,) in the R= Z Qu- (35)
following analytical form: u=—N

B. Predicting the Error Rate

1 Of course,q, is a discrete function, an® only exists at the
v(aw) = 9 [1 —erf (m)} : (33) integer values ofi, . In order to evaluate the error-rate at nonin-
teger values ofi, we generate a smoothly interpolated function

Fig. 4 shows’ as function of Hamming distance. This func-R’ which passes through the values®f The predicted error
tion represents the bit-error transfer function from the originahte isR/(u, ). There is an obvious limitation of this analysis.
pattern to the updated pattern after one iteration of the RCAMhe update process is governed by the distribution of errors and

We can determine the approximate error-rate of the memanrgt by the expectation value of the bit-error probability. As a re-
using the following argument: Suppose thét., ) is probability  sult, patterns that become increasingly corrupt during early iter-
of choosing the incorrect bit-assignment for an input patteations may be restored at later epochs. This effect becomes less
which has inner-produat with the desired target pattern. Theapparent when the error function has a sharp shoulder, i.e., the
expected number of bit-errors, i.e., the Hamming distance afteainsition is abrupt. This process is illustrated in Fig. 4. Patterns
application of the RCAM is given b¥7’ = Nv(«, ). Asaresult above the shoulder will (on average) diverge from the incorrect
the expectation value of inner-producafter one iterative appli- solution, whereas those below it converge to the correct solution
cation of the memory is given by = N[1—-2v(«,)]. Provided after sufficient iterations of the RCAM update rule. Fig. 5 shows
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Fig. 5. Predicted and measured error rates for the exponential RCAM.

recall error rate plotted as a function of the number of storedthe inner-product,,. This value is plotted in Fig. 7 as a func-
patterns. The two curves are the observed recall error rate &iod of the pattern lengtiv for » = 0.01.

the predicted recall error rate. In both cases the memory has afrom the plot, it is clear that there is an approximately linear
exponential excitation function and the RCAM has parametarationship betweefy, and the length of the pattern-vectr

P, = 0.1 andN = 30. The predicted curve deviates from thdor the range of bit-pattern lengths studied. The equation of the
actual error rate for low numbers of stored patterns because tiest-fit line isu, = 0.1702N + 1.663. Substituting this linear
Gaussian approximation is increasingly inaccurate in the regioalationship into (34), we find that

At higher loading levels, the experimental and predicted values

agree well. 1 —2v(a,,) = 0.6596. (36)

C. StorageCapacity for a Fixed Error Rate

The purpose of the next experiment is to determine the IJg_ewrmng this equation, we find

lationship between the length of the pattern-vecta¥d and

the number of stored patterng) when the output error rate is f(0.6596N) — f 2

fixed at some predetermined level. In other words, we assume Z = <20ferf—1(0_1702)>

that some low output error rate is acceptable and determine how

many stored pattgrns we can accomodate for a given Iengtk‘:%ﬁ, the ECAM, we can approximate the storage capacity by

pattern-vector. This may be seen as the analog of the storage ca-

pacity studies of the Hopfield memory and the ECAM. Fig. 6

gives the results of such a study on the ECAM. The storage ca- Z = aexp (bN In {1 — PP’D .

pacity is evaluated for an output bit-error raterof 0.01, and Pe

input patterns with random bit-flipping errors which occur with

probabilities 0.05, 0.1, 0.125, and 0.15. Note the log-scale bi§ing the data presented in Fig. 6, we find that- 0.043 +

the y-axis of the plot. These results show a very clear exponeh009 andb = 0.117 + 0.003. In other words, for an output

tial relationship betwee# andN. error rate ofr = 0.01, the storage capacity of the ECAM is
We can develop a simple empirical model which provides fur-

ther insight into the pattern recall process. For a predetermined 7 = 0.043 exp (0.117]\7 I [1 - PBD '

(37)

error-ratev(a,, ), we can use (35) to determine the critical value

e
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Fig. 7. Critical Hamming distance (corresponding to critical inner-produgtagainst the pattern-length. Over this range, they are close to linearly related.

VIl. CONCLUSION resented by Gaussians with the same variance, but separated by
a factor dependent on the current number of bit errors presentin
We have shown that the RCAM model of associative recallife input pattern. It is this separation, which allows recovery of
governed by two distributions; a foreground distribution reprghe correct pattern.
senting the correct label update and a background distributiorStudy of the first iteration reveals two “quality” measures
which leads to an erroneous update. When a large numbemdfich we can use to determine the expected performance of
patterns are stored in the memory, these distributions can be tig- RCAM. The first of these involves the expectation value
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of the separation between background and foreground distritrder this perturbation, the mean value of the excitation func-
tions and leads us to conclude that the exponential RCAMtisn changes by an amount

the best choice for large storage capacity. The second quality

measure in the expectation of bit-wise error rate after the first 7’ =f+mA (39)
iteration of the RCAM. Consideration of this measure leads to a

numerical solution for an optimal function which performs simignije. to first-order inA. the numerator and denominator of the

larly to the exponential. However, the exponential is more rObUdiEaIity measure), are perturbed in the following way:
when presented with widely different storage requirements.

Finally, study of the bit error rate after one iteration of the r_

. S'=S+ (qx —rr)A
memory revealed a method of computing the pattern recall error
rate for an RCAM. This method was shown to accurately pre-
dict the error rates of the exponential RCAM. By studying the ] o
storage capacity of a memory at a fixed output error-rate, ¥ @ result, to first-order the changedh is given by
derived an expression for the storage capacity of the ECAM at

T =T =+ 2kakA =+ 2Tk?A + ... (40)

-1

) ~ _
an output error rate of 0.01. Q. :S_ 14 2(Qk rE)A 1+ Zrk(fk + HA
T S T
APPENDIX A A ol e 4+ HA
FAMILY OF FUNCTIONS GIVES CONSTANT (Q =Us [1 + 2(% S KA _ 2 k(fkT /) } . (41)

An important step toward the optimal excitation function is to
consider the family of functions that leaginvariant. In this Since the derivative af), is zero at the local maxima ¢}, the

Appendix, we prove the following lemma. first-order change must also vanish. As a result
Lemma: Q — @ under the transformatiofi — a f + 0. B
Proof: Let f/ = af +b o —re _rilfe = f) (42)
N S T
— - /
f= t_ZNp(t)f (t) Earlier we proved that (42) is solved by a family of functions re-

lated by a similarity transform. The family of equations may be

. = further simplified by constraining two of the remaining degrees
- t:z_:N p(t)(af(t) +b) =af +b of freedom. Specifically, we impose the constraints
N — 2 — . q0
= an{ro-7}] f=1 n= 3)
Q = t=—N Po
B N
S p(t) {f’(t) — 7’} To proceed with our development, we substitute§and?’
t=—N into the condition for th&),; to be maximized. As a result
N 12
X e {s-7}] v v
N (g —m) D peff—l=m(fi=1) Y afe—1. (44)
ZN;n(t)a2 {r) -1} =N =N
=Q. We would like to simplify matters by eliminating the summation

over the individual values of the inner product. Accordingly, we

_ As aresult of this lemmay remains invariant under a Sim-note that the above equation holds for arbitrary values. o
ilarity transform (i.e., translation and scaling) of the excitatiogonsequence, we may write

function. Any excitation function that is related to an optimal

excitation function under the similarity transform is, hence, also N
optimal. (qr+1 — Pr+1) ( Z pefi = 1) =
t=—N
APPENDIX B N
MAXIMAL VALUE OF Q, Prt1(frr1 — 1) ( > afi- 1) - (49)
t=—N

In this Appendix, we consider the effect of first-order pertur-

bations of the excitation functiofi. This leads to an optimal ;g o a simple matter to eliminate the summations by substi-

solution to the saddle-point equations fr _ _tution between (44) and (45). After straightforward algebra, we
We commence by changing just one of the discrete functl(ﬂﬂd that

valuesf; by an amountA. The perturbed function is specified
as follows:
Prt+1fr+1 =

A, ft=k 1
fi = { fi, otherwise’ (38) p— (gk+1 — Prt1)Tk Sk — ThQl+1 + Prt1qx] . (46)
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We have now obtained a recurrence relationfoandg;, which  [11] P. A. Chou, “The capacity of the Kanerva associative memory is ex-
holds for arbitraryk. We can, therefore, use the recurrence re- ~ Pponential,” inNeural information Processing Systeris Z. Anderson,

. Ed. New York: AIP, 1988, pp. 184-191.
lation to compute the value @k +» fi+2. As aresult [12] P. Whittle, “Artificial memories: Capacity, basis rate and inference,”

Neural Networksvol. 10, pp. 1619-1626, 1997.
pk+2fk+2 _ [13] C. C. Wang, S. M. Hwang, and J. P. Lee, “Capacity analysis of the
1 asymptotically stable multi-valued exponential directional associative
_ _ memory,”|IEEE Trans. Syst., Man, Cyberwol. 26, pp. 733-743, June

p— [(qh+2 — Pra2)Th fre — ThGQrr2 + Drr2qr] . (47) 1096,

[14] Z.B. Xu, G. Q. Huy, and C. P. Kwong, “Asymmetric Hopfield-type net-
works; Theory and applications¥eural Natworksvol. 9, pp. 483-501,
1996.

[15] Z.Y. Chen, C. P. Kwong, and Z. B. Xu, “Multiple valued feedback and

i _ recurrent correlation neural networkdyeural Comput. Applicatvol.
Pitnf k1+ " 3, pp. 242—250, 1995.
- - gL ) 1. [16] C. C. Wang and J. P. Lee, “The decision making properties of discrete
qr — Tk [(qk+n pk+")rkfk Tkt + pk+an] (48) multiple exponential bi-directional associative memori¢g&EE Trans.
Neural Networksvol. 6, pp. 993-999, July 1995.
_ [17] H.C. Shi, Y. X. Zhao, and X. H. Zhuang, “A general model for bidirec-
When we take the case= 0, then tional associative memorieslEEE Trans. Syst., Man, Cybern, &ol.
1 128, pp. 511-519, June 1998.
_ [18] C. C. Wang, C. F. Tsai, and J. P. Lee, “Analysis of radix searching of
Pnfn = 7 — Po [(gn = Pn)Pofo = Pogn + Prdo] - (49) exponential bidirectional associative memorifoc. Inst. Elect. Eng.
Comput. Digital Techniquesol. 145, pp. 279-285, 1998.
This f la all ¢ te th d H [19] C.C. V,\’/ang, “The r_najority theorem of centralized multiple BAM's net-
is formula allows us to compute the produgtf,,. However, works,” Inform. Sci, vol. 110, pp. 179—193, 1998.
substituting forfo = qo/po in (49), we find [20] E.R.Hancock and M. Pelillo, “The Bayesian interpretation of the expo-
nential correlation associative memorfattern Recognition Lettvol.
In 19, pp. 149-159, 1998.
fn=—. (50)  [21] E.R.Hancockand J. Kittler, “Discrete relaxatioRattern Recognition
Dn vol. 23, pp. 711-733, 1990.
[22] C. Mazza, “On the storage capacity of nonlinear neural networks,”

The general family of optimal functions is, therefore, of the form Neural Networksvol. 10, pp. 593-597, 1997.

[23] R.J. Eleice, E. C. Posner, E. R. Rodemich, and S. S. Venkatesh, “The
capacity of the Hopfield associative memoryEEE Trans. Inform.

More generally, we may write

fn= aq—" + b. (51) Theory vol. IT-33, pp. 461-482, Apr. 1987.
Pn [24] F. T. Sommer and P. Dayan, “Bayesian retrieval in associative memories
with storage errors,JEEE Trans. Neural Networksol. 9, pp. 705-713,
The corresponding maximum value @f is given by July 1998.

[25] A. Jagota, G. Narasimhan, and K. W. Regan, “Information capacity of
binary weights associative memoriedyeurocomputingvol. 19, pp.

N2 35-58, 1998.
Qopt = Z - 1. (52)  [26] D. Burshtein, “Typical error pattern recovery of the Hopfield memory
n=—nN Pn under error tolerant conditions|EEE Trans. Inform. Theorwol. 44,
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