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Abstract

This paper investigates spectral approaches to the problem of point pattern matching. We make two contributions. First, we consider
rigid point-set alignment. Here we show how kernel principal components analysis (kernel PCA) can be effectively used for solving the
rigid point correspondence matching problem when the point-sets are subject to outliers and random position jitter. Specifically, we show
how the point- proximity matrix can be kernelised, and spectral correspondence matching transformed into one of kernel PCA. Second, we
turn our attention to the matching of articulated point-sets. Here we show label consistency constraints can be incorporated into definition
of the point proximity matrix. The new methods are compared to those of Shapiro and Brady and Scott and Longuet-Higgins, together
with multidimensional scaling. We provide experiments on both synthetic data and real world data.
© 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The problem of point pattern matching is to find one-
to-one correspondences between two given data-sets and
serves as an important part in many computer vision tasks.
Graph spectral methods [1] have been used extensively for
locating correspondences between feature point-sets, e.g.
Refs. [2,3,23,25,27]. In Ref. [2], Scott and Longuet-Higgins
first use a Gaussian weighting function to build an inter-
image proximity matrix between feature points in different
images being matched and then perform singular value
decomposition on the resulting matrix in order to locate
correspondences from the singular values and vectors of
the proximity matrix. This method fails when rotation or
scaling between the images is too large. To overcome this
problem, Pilu [4] incorporates a feature similarity mea-
sure into the algorithm. This is implemented by including
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a neighbourhood correlation measure into the proximity
matrix (the “correlation-weighted matrix”). The correspon-
dences are then located using singular value decomposition
operations. Shapiro and Brady [3] also improve the Scott and
Longuet-Higgins method by constructing intra-image prox-
imity matrices for the individual point-sets being matched
with an aim to capturing relational image structure. In the
latter approach, the eigenvectors of the individual proximity
matrices are used as the columns of a modal matrix. Corre-
spondences are located by comparing the rows of the modal
matrices for the point-sets under match. This method can
be viewed as projecting or embedding the individual point-
sets into an eigenspace, and seeking matches by looking for
closest embedded point correspondences. Carcassoni and
Hancock have attempted to improve the robustness of the
Shapiro and Brady method to point-jitter by using robust
error kernels instead of the Gaussian [5]. They have also
overcome problems due to differences in the structure of the
point-sets by using spectral clusters [6]. Multidimensional
scaling has also been used to solve this problem by perform-
ing Procrustes alignment in the eigenspace [7]. However,
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these two latter approaches involve iterative computation
which may be more time-consuming. This observation leads
us to seek point matching algorithms that are both robust to
noise and structural error, and that are computationally more
efficient.

The location of correspondences between feature points
belonging to non-rigid objects is not only a more challeng-
ing but also a potentially more important task. Many ex-
isting approaches rely on such correspondence information.
For example, the point distribution model (PDM) of Cootes
and Taylor [8] requires reliable one-to-one feature point cor-
respondences over a sequence of examples for the purposes
of learning the modes of shape variation. The factorisation
method of Tomasi and Kanade [9] also requires accurate
correspondence information to separate motion and shape.
Without an accurate means of locating the feature corre-
spondences, the recovered model will be inaccurate. For in-
stance, in point distribution models then the covariance ma-
trix will represent the distribution of correspondence errors
rather than the modes of shape variation. In the case of fac-
torisation [9], then there will be errors in both the estimated
motion and the recovered shape. In the literature, many at-
tempts have been described to recover accurate correspon-
dences for non-rigid motion. For example, in Ref. [10] the
softassign method is used to compute correspondences in a
manner that is robust to outliers.

Of course there is a wealth of information that can be
exploited to improve and refine the point-correspondence
process. If absolute position is used, then the detailed trans-
formation between point-sets must be recovered. This is of
course straightforward if the point-sets are known to undergo
a rigid transformation, for example affine or perspective, or
if there is a well-defined non-rigid transformation that can
be applied, for example a spline-warp or a diffeomorphism.
One way of avoiding the need to know the transformation
geometry is to characterise the point-sets using information
concerning their relational arrangement. Examples include
proximity graphs [11] and proximity matrices [3,2] for rigid
feature points. Since in non-rigid motion, structural defor-
mation is one of the motion properties, additional informa-
tion must be provided if the graph spectral approach is to be
used. An interesting source of information that can be used,
but has received relatively little attention, is that provided by
label consistency constraints. In many types of image, the
points can be assigned semantic labels to distinguish their
identity. An example would be to assign labels to distinguish
the limb types of articulated objects. Using this information
the consistency of pairwise relations can be tested against a
scene constraint model. Hence, correspondences which are
inconsistent with the model can be rejected.

In this paper, we aim to develop a point pattern match-
ing method which allows label consistency constraints to
be incorporated into the point correspondence process. Our
idea is to use a weighted adjacency matrix to represent each
data-set. Here the weight reflects the label consistency in-
formation in addition to the common pairwise proximity re-

lationship. We use the label consistency weights to improve
the matching process. The idea is that by guiding the cor-
respondences of the feature points using label consistency
constraints that apply to the rigid components, more effec-
tive matching results can be obtained. To do this we draw
on ideas from probabilistic relaxation labelling [12,13,14].
We characterise each point by augmenting the positional in-
formation with a vector of label probabilities. In addition,
the arrangement of the points is represented using a Gaus-
sian point proximity matrix. Our first contribution is to show
how the point-proximity matrix can be incorporated into the
definition of the support function for relaxation labelling.
In this way when the label probabilities are updated, then
the strength of the proximity relations is brought to bear
on the computation of label support. Our second contribu-
tion is to show how the label probabilities can be used to
refine the point correspondence process. Here we use a ker-
nelised version of the Shapiro and Brady algorithm [3]. We
use the label probabilities to refine the kernel matrix used to
locate point correspondences. The matching process is re-
alised in an iterative fashion where there are interleaved steps
for label probability update and for point correspondence
matching.

The idea underpinning these spectral methods is to em-
bed point-sets into a common eigenspace, and to find corre-
spondences by performing alignment in this space. The key
in this idea is that of finding the appropriate function which
captures the essential properties of the given data-set which
should also be robust under uncertainties such as outliers,
random position jitter, occlusions, etc., and identifying the
common eigenspace. Also the captured properties should be
common in both data-sets. The problem of how to select
the best kernel function is a topic that has recently attracted
considerable interest in kernel learning theory. The devel-
opment of kernel PCA [15] provides us with a theoretically
sound way of improving the existing spectral point pattern
matching algorithms since it shares many features in com-
mon with spectral graph theory.

Our aim in this paper is to investigate the performance of
kernel PCA for solving the point correspondence problem.
We first provide a robust one-to-one point pattern match-
ing algorithm when there is only one label in each image.
That is, the points are undergoing rigid motion. We show
that without the need for iteration, the algorithm performs
efficiently and effectively for locating correspondences. We
extend the method to feature points from objects that un-
dergo articulated motion. Label consistency information for
the feature points is incorporated into the procedure. We
focus in detail on Gaussian and polynomial kernels since
these are invariant to similarity transformations. We also
compare their performance with a number of previous ap-
proaches to point pattern matching. A common weakness
with existing spectral correspondence methods is that they
are particularly sensitive to structural variations in the point-
sets under study. We demonstrate that with an appropriate
choice of kernel function, the method delivers encourag-
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ing performance. The results are less sensitive to the prob-
lems that limit the performance of previous graph spectral
methods.

2. Spectral point pattern matching

The problem of point pattern matching can be described
as given two feature point-sets y and x extracted from two
different images, establish one-to-one point correspondences
between the two data-sets. Ideally, outliers can be removed
from the data-sets during matching. In this paper, the objects
in which we are interested undergo articulated motion be-
tween image frames. That is, the objects under investigation
are composed of rigid components. Each rigid component
has its own rigid motion, but the overall motion is non-rigid.
The feature points in each data-set in our work are given
in the form of y = {y1,...,y,} and x = {x1, ..., Xx;;} for
the model point-set and data point-set, respectively. Each
point X;,i = 1,...,m is represented by their image co-
ordinates; that is, X; = (x;1, xj2). The y;’s are also repre-
sented by their respective image co-ordinates. Furthermore,
they also include each point label information which spec-
ifies to which rigid component a feature point is likely to
belong. Thus y; = (y;, pj) where p; is the label probabil-
ity vector for point y;, and y; = (y;1, y;2). Assume there
are L labels in each feature point-set, which represent the
L rigid components possibly existing in each image frame,
and that an image point x; can be assigned a label 0; € Q,
where Q={wy, ..., wp}. Denote by P(6; = 1) the probabil-
ity that node x; is labelled as 4 with 4 € Q. Then the vector
pi=(PO;=wy),..., P(O; = o)’ represents the proba-
bility of assigning each of the possible labels to the point,
with 0< P(0; = 2)<1, and Z)L;] P(0; = A) = 1. The label
probability matrix P has the probability vectors as columns,
ie., P=P1,p2,---, pN)T, where N is the size of the cor-
responding data-set. It represents the label probability dis-
tribution over the entire point-set. Our ultimate aim is to lo-
cate correspondences between the two point-sets on the ba-
sis of the above-mentioned information and spectral graph
theory.

Graph spectral methods for point pattern matching solve
the point correspondence problem by first building a graph
representation for each data-set. Each graph node corre-
sponds to an image feature point. Each edge between nodes
corresponds to a spatial relationship between the two feature
points. After graph construction, we represent each point-set
by a matrix and find feature correspondences using matrix
eigendecompositions. These methods aim to embed the dis-
similarity (or similarity) properties of the original data into
a common space in which correspondence matching can be
performed. As mentioned in the previous section, for the
case of matching feature points undergoing rigid motion, the
two essential ingredients are the dissimilarity function and
the embedding procedure. Usually the dissimilarity proper-
ties are regarded as weights of the edges, and are expressed

in the form of a proximity matrix W. The elements w;;
of the matrix W represent the dissimilarity relationship be-
tween feature points x; and x;. One example is to follow
Refs. [3,2], and to use the Gaussian function:

2
Wiy =e 47, (1)

where d;; is the Euclidean distance between the two feature
points x; and Xx;, and ¢ is a constant parameter. Another
choice is to make a binary assignment of weights using the
adjacency matrix. Accordingly W;; =1if (i, j) € E, ie.
the two points are connected by an edge in the graph, and
W;j = 0 otherwise.

In this paper we are interested in the weighted adjacency
matrix. We propose to use the label information of each
feature point to define the neighbourhoodship of it with other
points when building this matrix representation.

Our aim in constructing the matrix representations for the
point-sets is to provide a basis for the correspondence pro-
cess. As we are dealing with objects subject to transforma-
tions such as translation, rotation, scaling and reflection, it is
desirable for the dissimilarity function to be invariant under
these transformations. It is known from geometry that the
Euclidean distance is invariant to the similarity transforma-
tion. Hence, the dissimilarity functions underpinning many
existing methods are related to the Euclidean distance be-
tween feature points (see, for example, Refs. [3,2]). Another
example of the invariance of the similarity transformation is
the directional properties of the feature points. This property
can also be considered as a good candidate for construct-
ing a suitable similarity function for spectral point pattern
matching.

When viewed from the perspective of kernel principal
components analysis (kernel PCA [15]), applying a dissimi-
larity or similarity function to the original data set is equiva-
lent to the process of using a kernel function to map the data
into a higher, possibly infinite, dimensional space. More-
over, this mapping interpolates the data in the new space
according to their transformation invariant properties. From
this perspective, kernel PCA appears to provide us with a
sound theoretical basis for spectral pattern matching. In the
next section we review the kernel PCA method.

3. The kernel method

Kernel PCA [15] can be regarded as a generalization of
PCA from a linear to a non-linear transformation space. In
the literature, it has been shown to provide a better way of
recovering the underlying principal components of the given
data, e.g., the de-noising application in Ref. [16].

Conventional principal components analysis (PCA) pro-
vides an orthogonal transformation of the data from a high
dimensional space to a low dimensional one which max-
imally preserves the variance of the original data. This is
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done by computing the eigenvalues and eigenvectors of the
covariance matrix

B B PO
C—m_ 1 ;(Xl X)(x; —X)

of a given data-set X = {x;}?" |, and then using the first k
normalized eigenvectors (where k <m and the eigenvalues
are sorted in descending magnitude order) of the covariance
matrix as the principal projection axes for the training data.
Since the method minimizes the residual covariance of the
data points projected into the common eigen-subspace, it
thus gives an optimum representation of the original data in
the chosen projection space.

The main difference between kernel PCA and conven-
tional PCA is that kernel PCA first uses a function 7 : x
®(x) to map the data from the low dimensional space into a
new feature space % of higher, possibly infinite, dimension.
Conventional PCA is then performed on the transformed
data matrix to obtain the data projection. This gives kernel
PCA the property of extracting non-linear features from the
data-set and makes it a powerful tool in many pattern anal-
ysis applications.

However, an explicit mapping 7 does not always exist.
In practice, the mapping is performed implicitly by choos-
ing a suitable kernel function K (x;, x;) for the data points
x; and x;. However, there is a problem when choosing
the function K (x;, X;), since not every function is guaran-
teed to give a valid feature space. One way of searching
for a valid kernel function is to draw on Mercer’s theorem
[17] which states that any continuous symmetric function
K (x;, x;) that satisfies the positive semidefinite condition
Jxsex K&, X)) f(x;) f(x;)dx; dx; >0 is ensured to be a
kernel for some valid feature space. This provides a flexible
way of choosing the kernel mapping functions. In this pa-
per, we use the Gaussian and the polynomial kernels in our
experiments on point-set matching process because of their
transformational invariance.

To extract the principal components of the mapped data,
first a covariance matrix needs to be constructed for the data
in the feature space % . Suppose that the data {xi, ..., X}
in space # are centred; then the covariance matrix of the
mapped data in this space is

I EE o YR,
c_m_lgq')(x,)cb(xl).

Since the explicit mapping .7 is possibly unknown, comput-
ing the covariance matrix directly is not feasible. Scholkopf
et al. showed in Ref. [15] that by solving the eigen-equation
mia = K/ in which the eigenvalues are m/, the p,, feature
vector, corresponding to the projection of the p, feature
point on the eigenspace, takes the form

(WP, d(x)) = \/L_g Pr(xi, X),

which can be further simplified to [18]

(07, B(X)) = —— (K, = /7Pal. )

P
To generalize the method to non-centred data, the kernel
function K becomes []15,18 K’ = (I — ee")K (I — eeT)
where e = M’l/z(l, 1,..., l)T. In the case when more than
one rigid component is present in the data point-set, the
data need to be centred onto their respective subpart centre
of movement. Thus, the mean value of each data group in
the feature space # needs to be computed and subtracted
from @(x;) in the covariance matrix above. We make this
separation using the label probabilities. For the group with
label /, the mean position (i.e. subgroup centre) is given by

1
mzm Z d(x;)P(0;=7) for each . € Q.

Let @(x;)=(P(x;)— > i1, P(0;=1)); then the covariance
matrix of centred data is given by

- 1 K. -
C=— le D(x;) - Dx)',
1=

where

P(x;) - D(x;)"
B _ PO; =1)
= K (X, X;) ZZ PO, =2

x ZP(H- = DK (x;, x;)

P(0;
Z > o s 5 2 P = DK Gsx)
k

reQ
P2(0; = 1)
+
%:2 Y PO, =Y (PO =2
x 3 N PO =)P(Oc = DK (X, X;). 3)
ik

Based on their transformational invariances, two kernel func-
tions, the Gaussian kernel and the polynomial kernel, are
of interest in this work. The Gaussian kernel has the form
defined in Eq. (1). Since it is based on the Euclidean dis-
tance between two feature points, it is invariant to the sim-
ilarity transformation. The polynomial kernel has the form
K, xj)=(;-x;+ ©)?, where ¢ and d are constants (d +
0). This kernel captures the directionality of the data which
is a useful property for correspondence matching. However,
the scalar or dot product is not invariant under scaling, and so
there is still a magnitude problem to be considered. To solve
this problem, one approach is to normalise the scaled and
truncated eigenvectors. Another method is to scale both of
the two eigenvector matrices by the eigenvalue matrix of the
model data-set. This is based on the following matrix prop-
erty. Suppose that two eigen-decomposable matrices A and
B are related by the scalar multiplier s, i.e. A=s- B. Let the
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eigen-decompositions of the two matrices be A=Us Dy U}
and B =UpgDp Ug, where U4 and Upg form the orthonor-
mal bases for the two matrices. When these conditions are
satisfied then D4 =s- Dp. In this work, we use this property
to overcome the scale problem.

4. Label process

In the computer vision literature, one of the most exten-
sively studied approaches to the consistent labelling prob-
lem involves the use of relaxation techniques. Relaxation la-
belling can either be an “offline” belief propagation process
that distributes the previously learned labelling confidence
over the entire feature set, e.g. Ref. [14], or an “online”
learning process that learns the labelling information on the
fly, e.g. Refs. [12,13]. In a discrete relaxation process (e.g.
Ref. [19]), initially each node is assigned all possible la-
bels. During the iterative relaxation procedure, inconsistent
labels are discarded until a final consistent label distribu-
tion is obtained. In the continuous or probabilistic case, each
node is assigned an initial weight or probability distribu-
tion. Iteratively, the label probabilities or weights are up-
dated, again until a consistent distribution is reached. How-
ever, whichever labelling process is used, the performance
depends critically on the compatibility coefficients used and
the support function used to combine evidence in the itera-
tive process. In Ref. [13], a dictionary is used, and in Ref.
[14] the compatibility coefficients are represented as a vector
which is learned offline. These definitions of the compatibil-
ity coefficients are not suitable for our point-correspondence
problem. However, our compatibility model does share some
properties in common with the compatibility vector in Ref.
[14].

The labelling process that is being developed here is an ev-
idence combining one that propagates label constraints. Our
label consistency model is derived from the one of the feature
point-sets, which we refer to as the model. We hence learn
the label compatibility information from the model point-
set, before attempting to match it against the data point-set.
Our first step is to collect label information from the model
point-set, and apply the learned label compatibility model
in the second step of the process which involves assigning
consistent point labels to the “data” point- set.

We are interested in matching two point-sets y =
{yi, ..., yn}and x={x;, ..., X, }. The individual point-sets
are characterised using a Gaussian proximity matrix. For
the points with positions x; and x; the element of the matrix
W was defined earlier in Eq. (1).

4.1. Label compatibility information

Our aim is to develop a relational description of the point-
sets using information concerning point proximity and a
label compatibility matrix. The compatibility matrix R €
REXL s of dimension L x L and embodies knowledge of the

number of rigid components, i.e. labels, in each image, and
the semantic constraints between each pair of object-labels.
The matrix has elements

R;;

_ { 1 if x; and x; come from the same rigid part,
jj =

—1 otherwise.

This definition restricts the nodes to give total positive sup-
port to the nodes in the same group and to contribute a nega-
tive support to nodes outside the group. The proximity con-
straint is also acquired from the model image. We assume
that in any two consecutive image frames, the relative posi-
tion of the rigid components of the object under study will
not change significantly.

4.2. Label update formula

The label probabilities for the data point-set are updated
iteratively commencing from a set of initial values. With
the label compatibility information learned from the model
point-set, we update the label probability for each point ac-
cording to the support from its neighbourhood. Let us denote
the neighbourhood for the point x; and its k closest points
by N; = {x;;, ..., X;}. Here we use the Euclidean distance
between the points x; and x; to define the neighbourhood.
With these ingredients the support from the neighbourhood
for the label assignment /; to point x; is

e e, 2,e0P 0;=2) R, 1)) Wij)
Y e P ke, e P Oc=20) R Ui, i) Wi}
4)

where R(Z;, 4;) are the elements of the label compatibility
matrix R which measure the compatibility of the label pair
/i and A;. Here the elements of the proximity matrix W
are defined using Eq. (1) and are used to weight the label-
support.

Having defined the support equation, the label probabili-
ties are iteratively updated using the formula

Si

PO (0; = 7) + ps")
Y (PO (O = 7) + 1)

where y is a constant parameter and 7 is the iteration index.

PO, =)) =

®)

5. Matching

In this section, we describe our point matching algorithm
and detail how it uses kernel PCA and spectral graph the-
ory. We develop two different algorithms. The first of these
is designed to work with single objects undergoing rigid
motion, while the second is designed to work with objects
which have rigid components that undergo articulated mo-
tion relative to one another. We commence by developing
an efficient point pattern matching process for feature points
under rigid motion. Here we require a kernel function that
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will capture the transformational invariances of the object
movement, and allow the feature points to be embedded into
a lower dimensional feature space in a manner that provides
a basis for one-to-one correspondence matching. Our second
contribution is to develop a point pattern matching method
that can be applied to feature point-sets from objects that
undergo articulated movement. We do this by incorporating
label consistency constraints into the rigid matching process.

5.1. Rigid case

The idea underpinning the use of kernel spectral methods
is to first represent the transformation invariant relationships
between the feature points in terms of a proximity matrix for
each feature point-set. Then correspondences are located by
using the eigen-decompositions of the matrix pairs. That is,
we first choose an appropriate kernel function to extract the
transformation invariant feature properties from the point-
sets. By performing kernel PCA on the data-set we extract a
transformationally invariant basis set for the feature points.
For the feature points from rigid motion, the Gaussian and
polynomial kernel functions satisfy our requirements. The
procedure for performing rigid matching by kernel PCA is
described in the pseudo-code given in Table 1.

This matching algorithm is motivated by the approach de-
scribed by Shapiro and Brady [3]. In Ref. [3], a proximity
matrix W is first constructed for each image with the matrix
elements given by W;; = exp{—dizj/ 267}, where dizj is the
Euclidean distance between points X; and x;, and ¢ is an
adjustable parameter. Shapiro and Brady explain this as the
mapping of the original two-dimensional data to a higher-
dimensional space, and thus capture the structural arrange-
ment of the feature points. They then perform eigendecom-
position on matrix W to obtain its eigenvalues and eigenvec-
tors. For each point-set, a new modal matrix is constructed
with the eigenvectors sorted in descending eigenvalue order
as its columns. The rows of the matrix are then considered

Table 1
Algorithm I

Kernel spectral matching : Algorithm |
(1) Compute the proximity matrices:
Wi} =K(yi.y;)
Wh = K(xi.,x)),
) wl= —e)WH1 — eel)
W2 = —eeH)W2(I — eeT)

3) Eigen-decomposition:
wl=ulaA'whHT,
W2 = U2 42T

4) Compute the projections:
y =0 @
X = U2/ (mA?)

®) Correspondence for x/ = miny; j=1,..n dist(x;, y.’j).

as the projections of the feature points into the eigenspace.
When the data-sets are of different size, only the first M
leading eigenvectors from each data-set are used where M is
the size of the smaller data-set. To make the algorithm more
robust, Shapiro and Brady also suggest that the eigenvalues
should be used to scale the corresponding eigenvectors so
as to place more emphasis on the more significant eigen-
vectors. When the eigenvalues are involved, this approach
is similar to kernel PCA. When compared with the kernel
PCA method described above, it is clear that the Shapiro
and Brady method is a special case where the data in the
mapped space have a mean zero and use the Gaussian as the
kernel function.

5.2. Articulated case

In the case of matching feature point-sets resulting from
articulated motion, the above matching method cannot be
used directly since the motion of each individual rigid com-
ponent changes the relative positions of the feature points
from the different components. Thus, the overall structural
change is large. Our idea is to use label consistency con-
straints to construct a modified proximity matrix. In partic-
ular, we propose to use the weighted adjacency matrix W
for each point-set in which each element of the matrix is
computed using the formula

L
Wijzz PO; =D PO; =1)W;j, (6)
I=1
where W;; is defined in Eq. (1). The resulting matrix is then
subjected to the kernelisation procedure outlined in Eq. (3)
and its eigen-decomposition computed. The mapping of the
feature vectors y; and X; is thus computed by using Eq. (2)
for the respective modal and data point-sets; that is,

min=WIi, X;= }foci,,
and a similar procedure is applied to y ;. The next step is to
compute the association matrix M;; = exp(—dl.zl. /o), where

dl.zj =|yi — f(j||2 is the distance of the point pairs. Let us
denote the label agreement of the point pair y; and x; by
P(0;=4,0;=A,VYA € Q). The association of the two feature
vectors is further gated by this constraint:

M,'j =P0; =10 =4 Yie QM. (7)
The correspondences are defined as the most similar node
pairs. That is, for each node x; in the data point-set, the
correspondence in the model set is the node y; that has the
largest association M. If we assume that the labels on each
feature point are independent of one other, the consistency
of the label assigned to point x; and the label assigned to x;
is given by

L
P(Oi=1,0;=4, Y2 e Q=) PO; =)PO;=4). ()

=1
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Table 2
Algorithm II

Kernel spectral matching : Algorithm |l

(D Initialise P, t, Syiq;

2) Learn the compatibility information from y;

3) Compute the Gaussian association matrix for x;

4 Run the labelling process, compute P"¢";

(5) Use P"€¥ to compute Cpey using Eq. (3) and M using (7);
(6) Find for each x; € x its correspondence y; = max ]\;lij;

7 Compute S, diff =8 — Sy4;

if diff < threshold or iteration < return;
else update P using the matching results. end
(8) Go to step 3.

The matching process is an interactive one in which at
each step new label probabilities are incorporated to im-
prove matching. Since an increasing number of correspon-
dences are found, the value of the quantity S=)"; exp(||x; —
Villr /202), where X; and y; are the correspondence pair
from data point-set and model point-set, respectively, will
increase, and ultimately reach a maximum value. Thus we
use this quality as one of our stopping criteria of the match-
ing process. The other is a predefined iteration number. The
matching process is summarised in the pseudocode listed in
Table 2.

6. Experimental results

In this section we present our experimental evaluation of
both the rigid and articulated matching methods. Our experi-
ments are performed with both synthetic and real world data.
We also compare the proposed algorithms with Shapiro and
Brady’s algorithm [3], Scott and Longuet-Higgins’ Algo-
rithm [2], and embedded point-set matching using the multi-
dimensional scaling. MDS is also a method widely used for
data dimension reduction, and is also based on eigenvalues
and eigenvectors of a dissimilarity matrix [20]. It attempts to
preserve the pairwise relationships between the data points
while mapping the data into a low-dimensional space. The
experiments are performed using the classical MDS in which
the Euclidean distance is taken as the dissimilarity measure.

The experiments focus on the performance of the algo-
rithms when the data are subjected to transformations and
contain uncertainties such as outliers, random position jitter
and also small deformations.

6.1. The data

The experiments are performed on both synthesised data
and real world data sets. The experimental designs are as
follows:

(1) Synthetic data: Here we assume that the point-sets
are subject to a two-dimensional affine transformation.
Given a point-set X = {x1, X2, ..., X, } sampled from a

rigid object, a synthetic data-set X’ = sRX + t is gen-
erated for testing the algorithms, where s is a scaling
parameter, t is the translation vector, and
R— [cos@ —sin 0:|

" [ sin0  cos0
is the 2D rotation matrix. In our experiments with Algo-
rithm I (the rigid variant), the rotation angle 0= % X 1.
In the experiments for Algorithm II (the articulated vari-
ant), the transformation parameters are set as s = 0.8,
t=(10, 15)7’" and 6= (20/180)7, and in the third com-
ponent, s = 1.2, t = (10, 15)T” and 6 = (30/180)7.

(2) Real data: Here we use two sequences for Algorithm
I. The first of these is a sequence of infrared images of
a hand shown in Fig. 1 which is used as an example
where the geometric deformations are small. The sec-
ond sequence is the CMU house sequence [6] shown in
Fig. 2, which is used to study the effects of matching
point-sets of different size and where there is signifi-
cant positional jitter. The image pairs in Fig. 3 are used
to experiment with Algorithm II on scenes where there
is articulated object movement. The top image shows
two rectangular objects that move relative to each other
on the ground-plane. The bottom image shows a pair of
spectacles, where one of the limbs moves.

(3) Noisy data: Here Gaussian noise is added to the data-
set to test the robustness of the algorithm. The data
are synthesised in the following way. First synthetic
point position jitter is synthesised by generating a matrix
D ~ N(u,2) whose elements are Gaussian random
variables with mean u and covariance matrix 2. The
point jitter is added to the matrix of feature point-set
positions for the second point set X» using the equation
X, =X+ D.

(4) Data-sets with different size: To simulate structural er-
rors we delete a controlled fraction of the feature points
from the data point-set. This is done in two different
ways. Firstly [ consecutive points, where / starts from
1, to the integer number most close to 12% of the data-
set size, are deleted to simulate occlusion. Secondly,
[ points are deleted from random locations to simu-
late the effect of segmentation errors. For the CMU
house sequence and the glasses sequence, the feature
points are extracted using a corner detector which pro-
duces errors and hence the point-sets are of differ-
ent sizes. For instance, in frames 01, 02, 03, 04, 05,
and 06 of the CMU sequence displayed in Fig. 2, the
sizes of the point-sets are 30, 32, 32, 30, 30, and 32,
respectively.

6.2. Results

To compare the performance of the kernel approaches
when deformations are present, experiments are performed
on synthetically generated data where a 2D translation,
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Fig. 1. Hand image data (from left to right, top to bottom: frame 08, 09, 11, 25).

Fig. 2. CMU house data (from left to right, top to bottom: frame 01,02, 03, 04, 10).

rotation and isoscaling are added. The effect of missing 6.2.1. The o value
points and random point position jitter in terms of the 2D When using the Gaussian kernel, the choice of the ¢ value
Gaussian random matrices with different covariance matri- significantly affects the performance of the algorithm when

ces as described above are also tested. the data points contain significant uncertainties. We com-
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mence by investigating the effect of varying the param-
eter. Intuitively, we expect the value of ¢ to be strongly
dependent on the pairwise distances between the feature

Fig. 3. Articulated matching result: data-set 3 and 5.
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points. Here we use the formula

c=hd, dj=Y d;/(n*—n)
ij

to estimate the parameter, where % is a scalar parameter,
d;j is the Euclidean distance between the points 7 and j,
and n is the size of the feature point-set. For four dif-
ferent feature point-set pairs, in Fig. 4 we show the ef-
fect of varying the parameter ¢ on the percentage of cor-
rectly matched points. The curve marked with crosses is
for the kernel PCA method with a Gaussian kernel and
the curve marked with circles is for the Shapiro and Brady
method. In all four cases, the best performance of the ker-
nel PCA method is better than that delivered by Shapiro and
Brady.

6.2.2. Label process
We now turn our attention to experiments which focus on
the performance of the label process for both synthetic and

Gaus_Min_Err = 0, Max_err= 24; SB
_Min_Err=2, Max_err=7
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Fig. 4. Effects of different ¢ value (upper-left: data-set 3; upper-right: hand 08/09; lower-left: hand 08/11; lower-right: hand 08/25).
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Fig. 5. Synthetic data with 2 and 3 rigid components in motion, and their labelling result. Top: data-set pair 2; bottom: data-set pair 1.

real image point-sets. The initial values of the label proba-
bilities have an effect on the number of iterations and the
rate of convergence of the method. Fig. 5 shows the result
of labelling random point-sets. The initial label probabilities
are assigned uniformly. The different colours correspond to
the labels assigned to the points. As the clusters of points
become more and more overlapped, then the number of la-
belling errors increase.

6.2.3. Matching

We commence by considering the case of rigid corre-
spondence. We first experiment on the single component
synthetic data generated using the methods described above.
For this data-set, our algorithm for rigid motion, Shapiro
and Brady’s method, and Scott and Longuet-Higgins’s
method give correspondences that are 100% correct, while
the MDS approach results in a 5% error rate. The effect
of missing points and random position jitter for rigid point
matching are shown in Figs. 6 and 7. In the case of ran-
dom jitter, the experimental results are the averages of
100 runs for each covariance matrix. For missing points,
the experimental results are obtained by consecutively

deleting a predetermined number of points from the data
point-set.

The results of applying the algorithms to real data-sets are
shown in Figs. 6, 7, and Table 3. Here we show the fraction
of correct correspondence errors as a function of the num-
ber of missing points (performed in the same way as for the
synthetic data). In Figs. 6 and 7 the different curves are for
the different algorithms. As the number of deleted points in-
creases, then the best performance is obtained when kernel
PCA and a polynomial kernel are used. The poorest results
are obtained with kPCA and a Gaussian kernel in the ex-
periments on synthetic data-sets. But in the experiments on
real image data, the kPCA with a Gaussian kernel performs
better than the approaches in Refs. []20,2,3. In all of the
experiments using Shapiro and Brady’s method, the eigen-
values are used to normalise the corresponding eigenvectors
in order to improve the matching results. The gives results
that are comparable to MDS.

In Fig. 8 we compare the results of using the Gaussian and
polynomial kernels on point-sets with increasing jitter. There
is relatively little to distinguish their performance. Figs. 9, 10
and 11, respectively, show the fraction of correct matches as
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Fig. 6. Matching results (top: synthetic data; bottom: hand 08 and 09).

function of the fraction of random point deletions, the stan-
dard deviation of the point-jitter and the fraction of points
occluded. Occlusion is simulated by deleting a fraction of
consecutive feature points from the data point-set (as de-
scribed previously). Random position jitter is simulated by
adding randomly generated position errors sampled from
a 2D Gaussian distribution to the data point-set (as in the
rigid matching experiments). The different curves in the
plots are for different numbers of components (labels). In

Table 3
Matching results (Algorithm I, Numbers of errors)
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Fig. 7. Matching results (top: Algorithm I, hand 08 and 11, consecutive
deletions; bottom: Algorithm II, randomly deleted points).

each case as the noise increases, then so the error also in-
creases. The numbers used in these plots are summarised in
Table 4.

From these experiments, it is clear that the kernel PCA
approach gives encouraging results when compared with the
approaches of Shapiro and Brady [3], Scott and Longuet-
Higgins [2], and the MDS method. Moreover, the kernel
method is less sensitive to noise than the alternatives.

The main computational overheads of the algorithms de-
scribed are associated with constructing the kernel matrices,
and computing their eigenvalues and eigenvectors. This may
prove burdensome for very large data-sets. The complexity
of computing the eigensystem of the kernel matrix is cubic
in the number of points. If the feature point-sets are of a
moderate size (e.g. less than 103 points), then computing the
full eigensystem for a matrix of size 930 x 930 takes less
than half a minute on a desktop PC with an AMD Athlon
2000 CPU and 256 MB RAM. The computation of the ker-
nel matrix can be performed with time complexity that is
polynomial in the size of the point-sets. The number of it-
erations required is also an important consideration. Algo-
rithm II usually requires only three iterations. For the rigid
point correspondence matching problem, our algorithm is
non-iterative.

Hand data CMU house
Frames 08/25 09/11 09/25 11725 01/02 01/03 01/04 01/05 01/06
KPCA, Gaussian 6 4 4 11 2 4 2 2 7
KPCA, polynomial 5 7 6 12 4 5 3 5 13
MDS 35 5 26 27 5 5 25 25 28
Shapiro and Brady 9 6 8 17 3 5 2 2 9
SLH 4 3 5 10 7 6 3 7 9
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Table 4
Matching and labelling results (Algorithm II, Gaussian kernel, error%)
Data-set Number of Number of Number of label Articulated Articulated Labelling
points labels information matching (1)3 matching (2)b
1 100 3 95 93 16 7
2 60 2 53.33 13.33 13.33 0
3 31 2 35.48 0 0 0
4 55 2 18.18 7.27 3.64 1.82
5 53 3 45.28 81.13 3.77 7.55
6 10 3 10 0 0 0
4Results obtained based on the label information from the label process.
DResults obtained when correct label information is assumed.
7. Conclusions kernel function for finding correspondences between two
feature point-sets. The relationship of the methods with
In this paper we have made two contributions. First, we Shapiro and Brady’s correspondence method [3] is estab-

have explored the use of kernel PCA with a polynomial lished and discussed. Experimental results reveal that the
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method offers performance advantages over a number of
alternative methods. Here the polynomial kernel proves
to be the most stable for point-sets of different sizes, and
even in worst cases it gives a tolerable error rate. The
performance of our algorithm is also comparable to the
approaches described in Refs. [5,6,7]. One weakness of the
Gaussian kernel is the selecting of the width parameter o.
In Ref. [3], the value is chosen manually. In this paper, we
use a heuristic formula based on the inter-point pairwise
Euclidean distance matrix to compute ¢ automatically. The
kernel functions used in this paper are possibly not the best
functions for extracting invariant properties from the fea-
ture point-sets. Other kernels may be used in the matching
process to improve the results.

Our second contribution has been to extend the kernel
method to articulated point-sets. Here we show how label
compatibility coefficients can be used to refine the compu-
tation of the kernelised proximity matrix. The method im-
proves the correspondence process when there are different
moving components of a scene.

Our future plans are as follows. First, we aim to explore
the use of different kernels, and in particular ones that allow
the invariances of the transformation between point-sets to
be captured in a natural way. Second, we plan to do more
work on the label process. One possibility which has a nat-
ural assonance with the kernel method is to use the heat
equation and its spectral solution to model the evolution of
label probabilities with time. Work aimed at investigating
these points is in hand and will be reported in due course.
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