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and nodeb to nodeb� respectively, are initialized as
R(u,v)(�, µ ) = � Š c(u,v)

(�,µ ), where

c(u,v)
(�,µ ) =

�
���	

���


1
2W(a,a�)

if (a, a�) = (b, b�)

c(u,v)
(�,� ) + c(u,v)

(µ,µ ) if (a, a�) and (b, b�) are independent

0 otherwise.

(13)

We can now compute the approximate weighted tree
edit distance using the formula

d(t1, t2) =
�

v� R1

rv +
�

u� R2

ru Š max
u� V1

max
w� V2

U(u,w)

where

U(u,w) = W(u,v) + rv + rw Š mvw

and the weight of the maximum clique is obtained from
the label probabilities at convergence of the relaxation
process using the formula

W(u,v) =
1

(p� )T øA Gp�
.

Once all the optimal associations have been calcu-
lated for all possible nodes of the association graph, we
can determine the topmost match in the edited isomor-
phism by searching for the association with the maxi-
mum weight. Once the topmost match is found, we can
construct the complete isomorphism by following the
optimal matches obtained with relaxation labeling.

This optimization approach allows us to make use of
problem speciÞc information about the solutions. Usu-
ally, when solving the maximum clique problem, the
label assignment probabilities are initialized with a uni-
form distribution so that the relaxation labeling process
starts from a point close to the barycenter of the sim-
plex. A problem with this approach is that the dimen-
sion of the basin of attraction of one maximal clique
grows with the number of nodes in the clique, regard-
less of their weights. While in general there is a strong
correlation between clique size and clique weight, this
is not the case for the cliques generated by our algo-
rithm. With the problem decomposition adopted here,
the wider cliques tend to that map nodes to lower lev-
els. Matches at higher level, on the other hand, yield
smaller cliques that are likely to weigh more. As a re-
sult the solution will be biased towards matches that are

very low on the graph, even if these matches require
cutting a large number of nodes and are, thus, less likely
to give an optimum solution. Due to the nature of our
problem decomposition, matches higher up in the hi-
erarchy are more likely than matches lower down. For
this reason, we initialize the assignment probabilities
as p0(� i ) = öp(� i )�

j öp(� j )
, where

öp(� i ) = exp[Šk(depth(ui ) + depth(u�
i ))]. (14)

Here,k is a constant and depth(ui ) is the relative depth
in the original treet of nodeui with respect to node
v. A value ofk = 1.2 was empirically found to yield
good results on shock-graphs.

3. Pairwise Clustering

The process of pairwise clustering is somewhat dif-
ferent to the more familiar one of central clustering.
Whereas central clustering aims to characterize cluster-
membership using the cluster mean and variance, in
pairwise clustering it is the relational similarity of pairs
of objects which is used to establish cluster member-
ship. Although less well studied than central clustering,
there has recently been renewed interest in pairwise
clustering aimed at placing the method on a more prin-
cipled footing using techniques such as mean-Þeld an-
nealing (Hofmann and Buhmann, 1997), spectral graph
theory (Shi and Malik, 2000), and relaxation labeling
(Pavan and Pelillo, 2003a).

To commence, we require some formalism. We are
interested in grouping a set of treesG= { G1, . . . , G|K |}
whose index set isK . The set of trees is characterized
using a matrix of pairwise similarity weights. The ele-
ments of this weight matrix are computed using the ap-
proximate tree edit distanced(ti , t j ) between the shock
treesti andt j .

3.1. Similarity Matrix

In order to compute the matrix of similarities among
the trees inG, we adopt a picture of the graph clus-
tering process in which the trees can be embedded in
an n-dimensional spaceR n. Here we treat the em-
bedding space as a latent representation. Hence we
are not concerned with a speciÞc embedding proce-
dure. However, a number of concrete possibilities ex-
ist. For instance, features could be extracted from the
graph adjacency structure and subjected to principal


