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Abstract

Consistent labelling problems frequently have more than one solution. Most work in the field has aimed at
disambiguating early in the interpretation process, using only local evidence. This paper starts with a review of the
literature on labelling problems and ambiguity. Based on this review, we propose a strategy for simultaneously extracting
multiple related solutions to the consistent labelling problem. In a preliminary experimental study, we show that an
appropriately modified genetic algorithm is a robust tool for finding multiple solutions to the consistent labelling
problem. These solutions are related by common labellings of the most strongly constrained junctions. We have
proposed three run-time measures of algorithm performance: the maximum fitness of the genetic algorithm’s population,
its Shannon entropy, and the total Hamming distance between its distinct members. The results to date indicate that
when the Shannon entropy falls below a certain threshold, new solutions are unlikely to emerge and that most of the
diversity in the population disappears within the first few generations. © 2000 Pattern Recognition Society. Published

by Elsevier Science Ltd. All rights reserved.
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1. Introduction

According to Marr’s principle of least commitment,
a hallmark of intelligence is the ability to simultaneously
entertain several hypotheses until there is sufficient evid-
ence to drop all but one [1]. This paper concerns am-
biguous consistent labelling problems, and suggests a
framework for maintaining populations of related solu-
tions based on the genetic algorithm.

1.1. Consistent labelling

The consistent labelling problem was formulated by
Haralick and Shapiro in the 1970s. A set of units must be
assigned labels subject to constraints [2,3]; examples
include graph colouring, subgraph isomorphism, inexact
matching, the Boolean satisfiability problem and scene
labelling. The problem is known to be NP-complete and
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is often solved using deterministic search [2,4]. Oper-
ators such as forward checking and back marking [4],
and Waltz filtering (discrete relaxation) [5], which prune
incompatible unit-label assignments from the search
space, improve the efficiency of search. However, search
is of little use when no totally consistent solution exists,
such as is the case with inexact matching or analysis of
“impossible” scenes; and neither search nor discrete re-
laxation use global contextual evidence, relying instead
on pre-defined local constraint dictionaries.

Most recent work involving consistent labelling has
adopted Hummel and Zucker’s paradigm for the case
where the compatibility coefficients are symmetric: the
problem is to find a set of unit-label assignments which
maximises some global consistency measure [6]; this is
usually done by gradient ascent [6-10]. Gradient ascent
techniques are appropriate when there are no local opti-
ma between the initial guess and the solution; this is not
usually the case, i.e. gradient ascent requires a good
initialisation. It may therefore be preferable to use tech-
niques known to posses global convergence properties
such as simulated annealing [11,12], mean field anneal-
ing [13,14] or genetic search [15], which is the method
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used here. A weakness of global optimisers is that they do
not generally take into account the initial labelling as-
signment. However, it should be said that it is possible to
initialise a genetic algorithm in a non-random manner. In
this paper, we always use random initialisation.

1.2. Ambiguity

Many consistent labelling problems have more than
one possible solution. This was recognised in Waltz’s
original paper [5], but no strategy for handling ambi-
guity was developed. In the machine vision literature,
ambiguity has been seen as a “bad thing” - to be resolved
locally as quickly as possible, rather than as a necessary
part of scene interpretation. Waltz used search to extract
an arbitrary solution [5]; Hummel and Zucker used
a simple definition of “unambiguous labelling” as a sine
qua non for consistency [6]; and Faugeras and Berthod
developed a measure of ambiguity which was minimised
in their relaxation scheme [7]. Much work concerning
ambiguity has been done by linguists and psychologists
since language understanding is fraught with ambiguity
[16]. MacDonald and coworkers suggest Hummel and
Zucker’s relaxation framework [6] as a computational
model for the disambiguation of sentences based on
lexical constraints [16]. Observed frequency and context
appear to be the major factors in determining the final
interpretation of a word [7,18]; Kawamoto has used a
connectionist model to demonstrate this dependency [17].

Ambiguities also occur in visual perception. Connec-
tionist systems have been used to model visual perceptual
alternation of ambiguous visual stimuli, in which the
interpretation of drawings such as the Necker cube and
Shroder staircase (see Fig. 1) periodically switches be-
tween several alternatives [ 19-22]. Bialek and Deweese
show that the alternation rate depends on a priori hy-
potheses [17-22]. Kawabata has observed that the visual
fixation point determines the perception of depth and
alternation rates in such figures [23]. He suggests that a
local interpretation at the fixation point propagates to
generate a stable global interpretation. These observa-
tions chime with the selective attention hypothesis
[24,25] in which a priori expectations combined with
focussed attention lead to stable unambiguous inter-
pretations of ambiguous figures. Calliari and Ferrie [26]
have recently developed a model-based vision system
which can cope with ambiguity. The system makes a set
of initial guesses which are refined by subsequent data
gathering. This approach has produced promising re-
sults, and would seem to complement an active vision
strategy. Ambiguity is a major issue in perceptual organ-
isation: Williams and Hanson use an integer linear
programming formalism to represent a space of legal
labellings from which an optimal one is selected [27].
Kumaran et al. [28] use simulated annealing to find the
best of a set of possible organisations of the scene.

(@) (b)

Fig. 1. Two ambiguous drawings: (a) Necker cube, (b) Shroder
staircase.

Early disambiguation may be appropriate if there is
compelling local evidence for a particular interpretation,
but if not, backtracking is generally inefficient [4]. Al-
though the use of global contextual information in scene
interpretation is a major unsolved problem in machine
vision; premature commitment to a particular interpreta-
tion does not help - rather, it makes the problem worse.
Following the principle of least commitment, the initial
stage of scene interpretation should yield several plaus-
ible, and perhaps related, solutions from which the sys-
tem can choose without having to backtrack.

1.3. Paper overview

The aim of the work reported here is to investigate the
effectiveness of genetic algorithms as a means of locating
multiple solutions to ambiguous labelling problems. Our
aim is to explore whether population-based optimisation
methods can provide greater solution yields that multiple
random starts. We focus on two different labelling prob-
lems. The first of these is furnished by Huffman-Clowes
line labelling. As we have already pointed out, this is a
well-known and extensively studied ambiguous labelling
problem. Conventionally, ambiguities are exhaustively
generated using the Waltz filtering algorithm. In other
words, the line-labelling problem furnishes a convenient
example in which the fractional solution yield of the
genetic algorithms can be evaluated. However, one of the
limitations of the line-labelling problem is the relatively
weak nature of the constraints residing in the junction
dictionaries for the four line-labels. Our second problem
is that of graph matching. Here the dictionaries of consis-
tent subgraph matches provide much stronger con-
straints. Unfortunately, the exhaustive enumeration of
ambiguity is not feasible. We therefore use this second
example only to provide additional information concern-
ing the population statistics.

In general, very little modification should be necessary
to make a genetic algorithm work for line labelling.
An evolutionary process usually has two levels: the
genotypic level is the level of encodings — chromosomes or
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bitstrings; the phenotypic level is the level of observed
characteristics. In standard formulations, the precise na-
ture of the problem is invisible to the algorithm: cross-
over and mutation operate at a genotypic level; selection
at the phenotypic. The only stage at which problem
knowledge is required is the translation of genotype to
phenotype, which is abstracted via a fitness function.

It has become clear that the performance of genetic
algorithms can be enhanced by adding a local search step
at each iteration [29-31]. Gradient ascent is a standard
technique for optimising the consistency of labellings in
a relaxation framework [6-9]. Its advantages are speed
and simplicity, but it suffers from a major disadvantage
in that it cannot escape from local optima. Almost all of
the major optimisation techniques which have been de-
veloped over the years are attempts to circumvent this
problem. Nevertheless, gradient ascent is the method of
choice when a local optimum suffices, or when contextual
information can provide an initial guess which is close to
the global solution.

A combination of the genetic algorithm and gradient
ascent should be particularly well-suited to line labelling
since the constraints are local. The cross-over used must
not be too disruptive because individuals in local optima
will tend to have more or less contiguous regions of
consistency: a non-disruptive cross-over will cause these
regions to coalesce over time. The gradient ascent step
will maximise the size of these regions prior to cross-over.
Although highly disruptive cross-overs such as uniform
cross-over [32] or Eshelman’s HUX, in which exactly
half of the differing bits are exchanged between the par-
ents [33], explore the search space better, such a cross-
over may not be appropriate in a hybrid algorithm
because it would undo much of the work of the gradient
ascent step. Much exploration of the search space is
undertaken in the gradient ascent step: the members of
the population will be forced into local optima so the
cross-over need not have great exploratory power — in-
deed, cross-over should be conservative to avoid disturb-
ing the consistent regions. In this framework, the genetic
algorithm is seen as an adjunct to gradient ascent rather
than the other way around. For this reason, multi-point
cross-over should be preferred when gradient ascent is
used. However, in non-hybrid genetic algorithms, the
need to adequately explore the search space may dictate
that a uniform cross-over be chosen [32].

Although the eventual convergence of genetic algo-
rithms using elitist selection is guaranteed [34], it may
take arbitrarily long. Some way of ascertaining the cur-
rent status of the algorithm is needed. The essence of the
genetic algorithm is that the cross-over and mutation
operators generate diverse solutions which are tested by
the selection operator. The notion of “diversity” in a
population really incorporates two distinct attributes:
the degree of clustering and the extent to which the
individuals span the search space.

Our experimental study focusses on two main issues.
The first of these is to consider which choice of genetic
algorithm gives the best solution yield. There are many
algorithm variants reported in the literature. Broadly
speaking these can be viewed as deriving from different
choices of cross-over and selection operators. Moreover,
the different algorithm are governed by the choice of
population size and mutation rate. We provide a com-
parative study which points to the best choice of algo-
rithm and parameter setting to optimal solution yield.
The second aspect of our study focusses on the run-time
population characteristics. Here our aim is to investigate
different population statistics which can use to monitor
solution yield. We consider, three alternatives namely
maximum fitness, population entropy and inter-pattern
Hamming distance.

The outline of this paper is as follows. Section 2 casts
line labeling into an optimisation framework. In Section
3 we explain how the implied optimisation problem can
be mapped onto a population-based genetic algorithm.
Details of our population-based measures are motivated
and presented in Section 4. Section 5 describes experi-
ments for the line-labelling problem. These are aug-
mented in Section 6 with some additional experimen-
tation using graph matching as an example. Finally,
Section 7 summarises our conclusions and outlines our
future plans.

2. Line labelling by optimisation

Line drawing interpretation has been an active area of
investigation in machine vision for over 25 yr: it was the
work of Huffman and Clowes on the consistent labelling
of line drawings of polyhedral scenes that led Waltz to his
seminal discrete relaxation algorithm [5,35,36]. Waltz’s
contribution was to show how a dictionary of consistent
junction labellings could be used in an efficient search for
consistent interpretations of polyhedral objects. Such
dictionaries are derived from the geometric constraints
on the projection of 3D scenes onto 2D planes [5,37].
The interpretation of line drawings remains an important
topic in machine vision, and has obvious applications in
document analysis, processing architects’ sketches, engin-
eering drawings and so-on. Following the work of Huff-
man, Clowes and Waltz, Sugihara developed a grammar
for skeletal polyhedra [37]. Malik has extended the the-
ory to include curved surfaces [38], and Williams has
used labelled line drawings to reconstruct smooth objects
[39]. Kirousis has developed several efficient algorithms
for determining “labellability” and labelling [40]. Most
recently, Parodi and Piccioli have developed a method
for reconstructing 3D scenes from labelled line drawings
given known vanishing points [41].

Hancock and Kittler have built on the work of
Faugeras and Berthod Faugeras and Berthod [7] and
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Fig. 2. Legal labellings for a FORK junction.

Hummel and Zucker [6] by developing a Bayesian
framework for measuring consistency [8]. This frame-
work can be applied at various levels in image analysis
from pixel labelling operations through edge and line
labelling to relational matching. Its novelty lies in using
an explicit dictionary representation of constraints, as
adopted by Waltz, in conjunction with a Bayesian model
of the constraint corruption process. The constraint
corruption model is based on the premise that the repres-
entation of an initially consistent scene is subject to the
action of a memoryless label-error process - i.e. a label-
corruption process in which successive events are statist-
ically independent [8]. With this model they formulated a
probabilistic measurement of the consistency of a labell-
ing: scene interpretation was done by searching for the
label configuration which optimised the probability cri-
terion: this was originally done in [8] by gradient ascent.

In a recent preliminary study, Hancock has applied
this framework to labelling polyhedral scenes [42]. Sup-
pose that a polyhedral scene under consideration consists
of lines drawn from a set % = {uj, ..., u,}. Each junction
in the scene can be characterised by the set of indices J, of
the lines from which it is constructed. We can form a set
S =1{J1,...,Jx} whose elements are the tuples of line
indices making up each junction.

Each of the ELL, TEE, FORK or ARROW junction
types has a distinct dictionary which is a compilation of
the permitted label configurations. Suppose that A, de-
notes the dictionary for the kth junction. If the label
set applying to the scene interpretation task is
A={+, —, >, <}, then the cardinality of the junc-
tion dictionary |A;| is usually much smaller than the
number of possible configurations |AM]. For example,
there are only five consistent labellings for a FORK
junction (Fig. 2), whereas 4® = 64 combinatorial possibil-
ities exist.

A candidate solution to this labelling problem is a list
of labels, L = {4y, ..., 4,», where ;€ A. According to
Hancock and Kittler’s relaxation framework [8], the
global probabilistic criterion is given by summing the
probabilities associated with the labellings L, = L of
each junction, I'(Ly).

1 7

=7 k; T(Ly). M

The probabilities of the individual junction labellings are
computed using a model of the label corruption mecha-

P(L)

nism. This label-error process assumes that the label on
each line is subject to the action of memoryless corrup-
tion which occurs with probability p. The consequence of
this model is that the consistency of the junction label-
lings is gauged by an exponential function of their Ham-
ming distances to the various dictionary items. Suppose
that H,, denotes the Hamming distance between the
current labelling L, of the junction J,e_# and the dic-
tionary item [eA;. The Bayesian model leads to the
following expression for the junction probability, I".

1- p)lhl |: p :|Hk.;
- . 2
M ==—x~ % |1 @

The parameter of this criterion is the probability of
memoryless label errors, p. We can re-write the above
expression to make the exponential role of Hamming
distance explicit.

1 — p)d 1 —
(=p~ |Ap|) Y exp|: — Hy,ln 5 p:|' (3)
k leAx

As the error probability, p, decreases towards zero, label-
lings lying outside the dictionary make smaller contribu-
tions. In the limit of zero label error probability, the
global criterion counts the number of consistent junc-
tions. Of greater interest are the observations that for
small values of In((1 — p)/p), the exponential becomes
dominated by the term involving the smallest Hamming
distance; and that maximising Y exp[ — Hpin] 18 equiva-
lent to minimising ) H i, [8]. Thus we can maximise the
consistency of a labelling by minimising its cost.

(L) =

|71
C(L) = i mings, Hy . )

k=1

3. Line labelling with a genetic algorithm

Optimisation algorithms based on Darwinian evolu-
tion have been proposed by several authors [15,43-45],
but it is Holland’s formulation [15] which is regarded as
the standard. Genetic algorithms simulate evolution to
solve problems: candidate solutions model organisms
which exist in an environment modelled by the problem
itself. Good solutions to a problem “evolve” over time.
The variety of organisms in the world suggests that the
problem of survival has many good solutions. It is tempt-
ing, therefore, to suppose that a genetic algorithm would
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produce several alternative optimal solutions. However,
this behaviour has not generally been observed: one
solution becomes dominant since selection biases the
population in favour of fit individuals. This genetic drift
can be observed even when survival of individuals is
equiprobable. A genetic algorithm could also be suitable
for “impossible” objects, where the drawings are not
consistently labellable but we nevertheless wish to find
one or more of the “next best” labellings.

The algorithm takes a set of bit-strings, the chromo-
somes or individuals, and iteratively applies cross-over
(mixing) and mutation (random change) operators to
them. At every iteration, the fitness of all individuals is
evaluated according to some problem-specific measure.
Individuals are then selected for the next generation based
on their scores. Most implementations terminate when
either a specified number of iterations has been performed
or a maximally fit individual has emerged. The algorithm
has several control parameters. These are the cross-over
rate, which is the probability of information exchange
between individuals; the mutation rate, which in this study
is the probability of a single bit-change in an individual;
and the population size. The type of cross-over used may
also be considered to be a parameter. Where the max-
imum number of iterations is fixed, this too is a parameter.

Recall from the previous section that a candidate
solution to the labelling problem is a list of labels,
L = {44, ..., Ayy, where J;€ A. If this list is given a binary
encoding, E(L): L I, where I€{0,1}® T'¢IAID then the
problem can be solved using a genetic algorithm,
provided some suitable fitness measure F(I): I+ [0,1]
can be derived.

3.1. Fitness measure

We can derive a linear fitness measure directly from
the labelling cost in Eq. (4) to turn C(L) into a fitness
measure for use in a genetic algorithm (i.e. one with range
[0, 17), we exponentiate:

Fy(I) = exp[ — BC(E™ ()] )

This measure falls off rapidly with increasing cost. The
steepness of the fall-off can be adjusted by changing the
scaling parameter, f§ (in the work reported here, ff = 1).
The function never tolerates more than a few label errors
regardless of the number of junctions, for example: F,,
has a value of 1 when there are no errors, 0.37 for errors
involving one junction, 0.14 for errors involving two
junctions, 0.05 for errors involving three junctions, and
0.00 for errors involving six or more junctions.

3.2. Cross-over

Cross-over operators generate two offspring from two
parent chromosomes. There are two main classes: uni-

form cross-overs exchange information in a bitwise man-
ner; multi-point cross-overs exchange whole sequences
of bits at a time. The cross-over strategy is derived from
consideration of the algorithmic variant used, and the
relationship between regions in the individual chromo-
somes and lines in the drawing to be labelled. In a
standard genetic algorithm, disruptive cross-overs (i.e.
uniform) have been shown to explore the search space
better [32,33]. However, in a hybrid genetic algorithm
with gradient ascent, much exploration will be accomp-
lished by the gradient ascent step, which will tend to
create “islands of consistency”. In this case, a more con-
servative cross-over (i.e. multi-point), which will preserve
and coalesce these islands, should be used.

The use of multi-point cross-over raises the more
subtle question of how the structure of the chromosome
relates to the structure of the drawing. The cross-over
will recombine chunks of chromosome: neighbouring
bits will segregate together, a phenomenon known as
linkage in genetics. It is therefore important that those
loci which are close in the chromosome should corres-
pond to lines which occupy the same region of the draw-
ing - i.e. lines which are relatively closely connected. This
is not a problem with synthetic data, since humans have
a natural tendency to segment line drawings and number
junctions and arcs accordingly: thus data can be primed
subconsciously to yield solutions. However, the same is
not true of real-world data, such as edge-detector output.
Our method uses a heuristic to number the arcs. In
general, TEE junctions represent occlusions of part of the
scene by an overlying plane [35]. A crude segmentation
can be achieved by numbering the arcs depth-first, back-
tracking at TEE junctions. For our drawings, this makes
strongly linked loci in the chromosome map to broadly
similar locales in the drawing. However, the inverse rela-
tion does not necessarily hold.

4. Monitoring the progress of genetic search

Although the eventual convergence of genetic algo-
rithms using elitist selection is guaranteed [34], it may
take arbitrarily long. Some way of ascertaining the cur-
rent status of the algorithm is needed. The simplest statis-
tics are the maximum and mean fitnesses of individuals.
The maximum fitness clearly shows how close the popu-
lation is to the solution: the mean fitness rapidly ap-
proaches the maximum fitness as a result of selection
pressure; when a new optimum is found, the mean fitness
tends to lag behind the maximum fitness and is not
therefore an especially useful statistic.

Probably because of the lack of a coherent, robust
theory for genetic algorithms, there has been relatively
little effort put in to devising measures of the algorithm’s
progress at run-time. Many researchers use average fit-
ness to measure the performance (e.g. Ref. [46]). This is
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Table 1
Properties of entropy S and average hamming distance, H

a N(x)=1,N,14(y) =1 S unchanged
Nfx)> 1, N;oq(y) =1 S increased
c N(x) =1,N;+1(y) > 1 S decreased
increased

d N(x)> 1, N, +1(y) > 1 S{unchanged

decreased

H unknown
H unknown
H unknown
H unknown
Nyx) > (N(y) + 1)
Nfx)=(N(y) +1)

Nx) <(Ny) + 1)

somewhat naive since the average fitness will either rap-
idly approach the maximum fitness as the population
converges on an optimum, or provide no specific
information if the population is distributed over
several local optima. When the positions of the optima
are known, the numbers of individuals occupying them
or close to them can measure the convergence. However,
the positions of optima are usually unknown (or there
would not be a problem to solve), and the definition of
“close” may entail ungeneralisable assumptions (e.g.
Ref. [47]).

Louis and Rawlins use the average Hamming distance
between members of the population as a measure of
diversity [48]. They successfully use this to give an upper
bound on the convergence time of the algorithm, but the
measure gives no indication of whether the algorithm is
actively exploring the search space or stagnating. Fur-
thermore, as they observed, (traditional) crossover — a
key operator in the genetic algorithm — does not affect
the average Hamming distance.

The essence of the genetic algorithm is that the cross-
over and mutation operators generate diverse solutions
which are tested by the selection operator. The notion of
“diversity” in a population really incorporates two dis-
tinct attributes: the degree of clustering and the extent to
which the individuals span the search space.

4.1. Clustering

From an information-theoretic point of view, the gen-
etic algorithm’s search space is the alphabet from which
a population of symbols is drawn. We wish to obtain
information about this space by considering the popula-
tion. The Shannon entropy is a natural measure of
how much information about the space is contained in
the population [49], and corresponds to the degree of
clustering (a “cluster” is a bag of identical strings in this
case).

The Shannon entropy is defined as follows for a bag
(population) ¥ of strings, which is a subset of a search
space E. Let p; be the proportion of the ith distinct string
in P, such that Vie[l,|E[] f < p; < land Y ¥p, = 1.

The Shannon entropy S is given by

hd

§S=— z pilog p;. (6)
1

The base of the logarithm depends on the number of
possible values of each element in a string. For a stan-
dard genetic algorithm this is 2, but since we may not
always use a binary encoding, it seems sensible to use the
natural logarithm and measure the information in “natu-
ral units” [49].

The entropy measures clustering: it is 0 when ¥ con-
tains identical strings; otherwise it is positive and maxi-
mal when all the strings in ¥ are distinct, in which case
S = Smax = log|'P|. Consider replacing some string x with
a new string y and the effects of this on the entropy, S, and
the average Hamming distance, H. There are four cases
shown in Table 1 — we use N,(x) to denote the number
of strings x at time ¢ in the population. According to
Shannon’s observation that any averaging operation
will monotonically increase the entropy [49], if
Ny(x) > (N{y) + 1), S must increase when an x is replaced
by a y.

The entropy monotonically increases as new informa-
tion is introduced (cases a and b), and monotonically
decreases as information is removed (cases a and c).
The former behaviour corresponds to exploration of the
search space by the genetic algorithm; the latter to con-
vergence of the algorithm. Even when no distinct string
has been added or removed, changes in S are predictable.
By contrast, H is unpredictable in all cases and further-
more tells us nothing about the homogeneity of the
population. In fact, H is equivalent to 2ng(1 — q), where
q is the proportion of high bits amongst the distinct
strings in the population, and hence says very little about
the distribution of the strings themselves.

4.2. Span

As a first approximation, we can measure the extent to
which the population spans the search space by consider-
ing the total inter-cluster Hamming distance, Hy, which
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compares favourably with H because it will be increased
by any cross-over event which adds new clusters without
deleting existing ones. We define Hy by rewriting {¥'} as
UV, where ; is the ith cluster in . Hy is given by

k k
He= ) Y HWY) (7
i=1j=i+1
where k is the number of clusters (distinct strings) in V.
H will almost certainly be changed by mutation, reflect-
ing the way in which these operators sample the search
space.

5. Experiments

The algorithm was tested on three labelling problems
with and without gradient ascent and Waltz filtering.
Several different parameter sets were tried. The number
of iterations required to find a solution and the solution
yields were recorded, as were the entropy and total inter-
cluster Hamming distance.

We do not give timing data for the algorithm because
first such data are generally highly implementation de-
pendent and second our main concern is not algorithm
efficiency. Suffice to say that G generations of a genetic
algorithm with population size P running on a single
processor will require O(PG) cross-overs, mutations and
fitness evaluations all of which scale linearly with prob-
lem size — we expect the characteristic operation to be
fitness evaluation in this case. In the case of the hybrid
algorithm, the characterisitc operation is definitely fitness
evaluation since it involves a quadratic hillclimbing step.

5.1. Method
A generational algorithm was used. The initial popula-
tion was created at random, and at each generation, all

individuals were subject to cross-over and mutation at
rates determined by the control parameters. The popula-

A4

(a) “Wedding Cake”

tion for successive generations was selected from the
current population and its offspring. “Roulette-wheel”
selection was used. The algorithm terminated after a set
number of iterations regardless of whether any solutions
had been found.

The algorithm used was a variant of Eshelman’s CHC
algorithm [33] in which selection for reproduction is
done at random, the parent generation is allowed to
mutate, and then parents and offspring compete equally
for places in the next generation. “Incest prevention” was
not used. HUX cross-over was used in some experiments.

The algorithm was run on the problems shown in
Fig. 3. These problems can be made arbitrarily larger by
adding disconnected copies; this is reasonable because
the algorithm does not “know” that the two drawings are
identical: it just sees more lines. The local nature of the
constraints means that disconnected copies are almost as
difficult as connected copies. In the work reported here,
two copies of each drawing had to be labelled. Several
parameter sets were tested with and without gradient
ascent, and with and without Waltz filtering [5]. Statis-
tics were gathered over sets of 1000 trials.

5.1.1. Control parameters

Control parameters for the genetic algorithm are no-
toriously difficult to set [50]. The literature recommends
two alternative parameter suites as set out in Table 2.
These parameters are based on the standard test suite for
the genetic algorithm developed by DeJong [51]. Several
other sets were tried (Table 3).

5.2. Results

The results are summarised in Tables 4 and 5 (no
consistent labellings were found for the impossible ob-
ject). The algorithm performed best with gradient ascent,
and especially well when this was combined with
multi-point crossover (Sets D and E), having the highest
convergence rate and highest yields. Waltz filtering

(b) “Groove 2”

Fig. 3. Test drawings.
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Table 2
Parameter sets from the literature

DJS Gref
(DeJong and Spears [52])  (Grefenstette [53])

Population 100 30

size
Cross-over 2 point Uniform

type
Cross-over 0.6 0.9

rate
Mutation 0.001 0.01

rate
Table 3
Additional parameter sets

Set A Set B Set C SetD SetE

Population 100 100 100 100 100

size

Cross-over  Uniform  Weighted HUX 1 point 2 point

type

Cross-over 0.9 0.9 0.9 0.9 0.9
rate

Mutation 0.03 0.03 0.03 0.03 0.03
rate

completely confounded the algorithm. The multi-point
cross-overs generally outperformed the uniform ones.

5.2.1. Progress measures

Fig. 5 shows sample plots of the maximum fitness,
entropy and total inter-cluster Hamming distance of
single successful (left column) and unsuccessful (right
column) trials. The correlation between the entropy and
the total inter-cluster Hamming distance was found to be
high (above 0.9) with the gradient ascent hybrid and

Table 4
Results for the wedding cake problem

lower with the plain algorithm (around 0.7). The correla-
tion between the two measures did not depend on the
success of the algorithm. Fig. 6 shows the average popu-
lation entropy over 1000 trials for plain and hybrid
algorithms.

5.3. Discussion

5.3.1. Labelling

The most convincing results were produced when the
algorithm was augmented by gradient ascent. All popula-
tions converged within five generations on average. This
might suggest that the rdle of the genetic algorithm is not
significant. However 100,000 restarts of gradient ascent
from the same initial conditions only resulted in 84 and
59 consistent labellings for each problem (about 8 and
5%). It is quite clear from this that the hillclimber is
getting stuck in local optima, an escape route from which
is provided by the genetic algorithm. Yields were highest
with multi-point cross-over: this suggests that the algo-
rithm is combining consistent sublabellings, something
which uniform cross-overs would impair. The number of
generations to convergence (five) compares favourably
with the 20 or so needed by the “multiniche crowding”
algorithm used by Vemuri [46].

The failure of the algorithm with Waltz filtering may
appear surprising: Waltz filtering is known to prune the
search space of consistent labellings. However, genetic
algorithms work by exploring the fitness landscape;
Waltz filtering sharpens this landscape since partially
consistent labellings are regarded as being unacceptable.
Thus the algorithm is faced with a landscape consisting
of several deep troughs, the local minima, from which it
cannot readily escape through mutation. The population
rapidly converges and no progress can be made.

5.3.2. Similarity of solutions
The solutions found tended to be invariant with re-
spect to FORK junctions. The results of a typical trial

DJS Gref Set 4 Set B Set C Set D Set E
Stardard c: 2.30% c: 17.8% ¢:29.3% c: 30.2% c: 30.4% c: 35.5% c: 38.8%
y: 0.06 y: 0.54 y:2.10 y:2.27 y: 1.87 y:3.17 y: 345
g: 595 g: 528 g: 281 g: 269 g: 305 g: 237 g: 245
With gradient ascent c:99.2% c: 76.1% c: 99.4% c: 97.8% c:99.2% c: 100% c: 100%
y:17.0 y:3.34 y:17.3 y: 135 y: 17.6 y: 25.2 y: 33.0
g: 2.47 g: 3.45 g: 2.37 g: 2.54 g: 2.34 g: 2.29 g:2.22

Note: ¢ is the proportion of trials yielding consistent labellings, y is the average solution yield over all trials, g is the average generation
at which the first solutions are found. No solutions were found with Waltz filtering (c: 0% in all cases).
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Table 5
Results for the groove 2 problem

DJS Gref Set A Set B Set C Set D Set E
Standard c: 3.80% c:23.3% c: 38.3% c: 37.4% c:333% c: 42.6% c: 42.9%
y: 0.04 y:0.34 y: 1.02 ¥:0.99 7:0.80 y: 1.11 y: 1.10
g: 687 g: 508 g: 230 g: 270 g: 250 g: 244 g: 224
With gradient ascent c: 98.6% c: 75.9% ¢ 99.2% ¢: 99.4% c: 98.4% ¢:99.9% ¢:99.9%
:9.78 y:3.23 y: 151 y: 134 y: 153 y: 17.8 y: 19.8
g: 2.96 g: 423 g: 2.76 g: 2.77 g: 277 g: 2.47 g: 2.61

Note: c is the proportion of trials yielding consistent labellings, y is the average solution yield over all trials, g is the average generation

at which the first solutions are found.

{<+,+.+>)}

(<t &+ —> <— — *> <ot < <+>)

<t+,+,+>}

Fig. 4. Related labellings. Labellings of line-triples with strong chromosomal linkage (proximity) found in 11 distinct solutions. Note
that the lines incident at FORK junctions only have one label, but the others may have several. Lines are labelled in numerical order.

which found 11 distinct labellings for one of the two
“wedding cakes” are given in Fig. 4. The convex inter-
pretation of the two FORKSs predominates. This cannot
be explained simply by the proximity of the arcs in the
drawing (and hence their strong linkage in the chromo-
somes), since other arc-groups (e.g. 15-17) do not show
this consistency.

It is likely that a random change in the labelling of
a consistently labelled junction will yield a less good
labelling. Consider an ELL junction: there are 16 combi-
natorial labelling possibilities, six have Hamming distan-
ces of zero from the Huffman dictionary (i.e. they are
consistent), and ten have Hamming distances of one;
none have Hamming distances of two. This means that
a random replacement of a consistent labelling has
a probability of 5/15 = 0.3 of yielding another consistent
labelling and a probability of 10/15 = 0.6 of yielding
a labelling with a single error. By contrast, a FORK
junction has 64 combinatorial possibilities of which five
are consistent; the outcomes of a replacement of a consis-
tent labelling are: another consistent labelling with prob-

ability 4/63 = 0.06, a labelling with Hamming distance
one with probability 39/63 = 0.62, or a labelling with
Hamming distance two with probability 20/63 = 0.32.
Thus, the expectation of the Hamming distance from a
consistent labelling following a labelling change is 0.6 for
an ELL junction and 1.25 for a FORK junction, so
FORKSs can be said to be more strongly constrained than
ELLs. We would therefore expect the labellings of
FORK junctions to be relatively immune to the effects of
gradient ascent, cross-over and selection; and the final
population will probably only contain individuals with
one labelling for any particular FORK.

Our results reinforce the findings of Trueswell and
others with respect to the propagation of interpretation.
Trueswell and coworkers have suggested that rapid dis-
ambiguation occurs in regions of strong constraint [54];
Kawabata has suggested that a local interpretation tends
to propagate when humans are faced with ambiguous
scenes [23]. With this in mind, FORK junctions can be
seen as models for strongly constrained localities which
tend to dictate the interpretation of their surroundings.



694 R. Myers, E.R. Hancock | Pattern Recognition 33 (2000) 685-704
GENETIC v4.6.0(24/09/1996 03:53): Maximum Fitness over 1 Run GENETIC v4.6.0(24/09/1996 04:22): Maximum Fitness over 1 Run
1 - r - - v
Maximum Fitness — 1 Maximum Fitness —
08 | 0.8 !
0.6 0.6 -
0.4+ 0.4
0.2} - 0.2 j
oLt ' : 0 — : : .
0 200 400 600 800 1000 0 200 400 600 800 1000
Generation Generation
(a) Maximum Fitness
GENETIC v4.6.0(24/09/1996 03:53): Individual Entropy over 1 Run GENETIC v4.6.0(24/09/1996 04:22): Individual Entropy over 1 Run
5 r - .
Individual Entropy — 3 Individual Entropy —
45t ] 45 | ]
4 4 ]
35 3.5 1
3 ‘ 3 ]
2.5 | 2.5 ]
2 4 2
1.5 : 1.5 M ]
1 1 1 1
0.5 0.5
0 : . ! 0 . . ‘ . }
0 200 400 600 800 1000 200 400 600 800 1000
Generation Generation
(b) Entropy
GENETIC v4.6.0(24/09/1996 03:53): Inter-Cluster Hamming Distance over 1 Run GENETIC v4.6.0(24/09/1996 04:22): Inter—Cluster Hamming Distance over 1 Run
le+06 T y 1e+06 - — -
Inter—Cluster Hamming Distance — Inter—Cluster Hamming Distance —
100000 k 100000
10000 10000
1000 f i 1000
100 w 100
| 1
10 ¢ 10 ¢
1 : - : ! 1 : : :
0 200 400 600 800 1000 200 400 600 800 1000
Generation Generation

(c) Inter—Cluster Hamming Distance

Fig. 5. Measurements on a genetic algorithm. Left column: successful run, right column: unsuccessful run. A log scale is used for the

inter-cluster Hamming distance.
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This chimes with the notion that the alternative inter-
pretations of a drawing should all be plausible given a
priori evidence, and suggests that the search can be con-
trolled by seeding the initial population appropriately.

5.3.3. Progress measures

As can be seen from Fig. 5, for populations of 100
individuals, the entropy always starts at 4.6. This is
reassuring: the first generation is initialised at random,
and for a population size of 100, the maximum entropy is
In 100 = 4.61. As the population becomes saturated, the
entropy usually falls to some minimum below about 2,
but the variations in entropy and total inter-cluster Ham-
ming distance after saturation indicate that the algorithm
is still attempting to explore the search space. The
presence of a set of relatively fit individuals reduces the
likelihood that new chromosomes will persist.

Some, but not all, of the major peaks in entropy
coincide with jumps in the maximum fitness - i.e. finding
a new optimum. Those peaks which do not presumably
represent unsuccessful forays in the search space. Those
peaks which do coincide with jumps in maximum fitness
may either precede or follow them. This can be explained
by proposing several methods by which new optimal
solutions can arise. The algorithm may explore some
fruitful avenue in the search space, causing an increase in
entropy, then an optimal solution may be found follow-
ing a cross-over or mutation. Thus an entropy peak can
precede a fitness jump. Alternatively, a new solution may
arise de novo without extensive search. There will be a
fitness jump with no entropy peak. However, if the copy
number of the new solution increases over the next few

GENETIC v4.6.0 (07/09/1996 12:08): Individual Entropy over 1000 Runs
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generations, the entropy peak will succeed the fitness
jump. A peak occurs because the initial copy number is 1.
Replacing a string from a large cluster with one from
a smaller one will increase the entropy, but as some point,
the cluster containing the new string becomes sufficiently
large that adding to it reduces the entropy. Hence the peak.

Fig. 6 shows that the behaviour of the entropy is
remarkably consistent between trials: there is an abrupt
decrease from the maximum to around % of the maximum
over the first few generations followed by a fall to some
relatively constant minimum value (<2) after 20 to 40
generations. This minimum is typically lower (<1) in
successful trials. New optima are rarely found once the
entropy minimum has been reached.

The initial selection removes most of the diversity from
the population: the total inter-cluster Hamming distance
falls from around 100,000 to around 1000 and the en-
tropy loses 3 of its initial value. This is almost certainly
the reason for the high correlations observed between
entropy and total inter-cluster Hamming distance. The
especially high correlations observed with gradient as-
cent may arise from the fact that the clusters are relatively
stable since they all represent locally optimal solutions.

6. Graph matching

To provide some additional experiments we focus on
the problem of graph matching. We furnish this example
to illustrate how the performance of the genetic algo-
rithm scales when both the number of available labels
and the number of ambiguous solutions increases.

GENETIC v4.6.2 (11/02/1997 15:35): Individual Entropy over 200 Runs
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Fig. 6. Average entropy of the population for (a) 1000 runs of the plain algorithm and (b) 200 runs of the algorithm with gradient ascent.
Lines between points are drawn for clarity: the data are discrete. Dashed lines indicate 1 standard deviation on either side of the solid

lines.
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Table 6
Algorithm variations used

Experiment A B C D E F G
Algorithm GA + GD GA + GD GA CHC + GD CHC GA+D Restarts
Population 100 100 100 50 50 100 100
Iterations 10 10 4000 10 6000 10 10,000
Crossover 2 point Geomet 2 point HUX HUX None —
Crossover 0.9 0.9 0.9 1.0* 1.0 0 —

rate

Mutation rate 0.3 0.3 0.3 0.35 0.35 0.3 —

*In fact, because of incest prevention, the effective cross-over rate is only about 0.3.

We adopt a simplified version of the inexact matching
criterion developed by Wilson and Hancock [10]. In our
formulation, we consider only symbolic - i.e. relational
constraints: there is no dependence on node attributes.
The basic idea underlying this consistency measure is to
compare the symbolic matches residing on the neigh-
bourhoods of a data graph with their counterparts
in a model graph. Suppose that the data graph
G, = (V1, Eq) has node set V; and edge set E;. In order to
accommodate the possibility of clutter nodes in the data
graph, we use a null label () to augment the set of model
graph nodes. The basic unit of comparison is the neigh-
bourhood which consists of the nodes connected to
a centre object j by data graph edges, ie. C;=
julil,j)eE,}. If the model graph is denoted by
G, = (V,, E,), then the state of match between the two
graphs is represented by the function f:V; — V,u@. The
matched realisation of the neighbourhood C; is repre-
sented by the configuration of symbols I'; = U;cc, f(i).

Wilson and Hancock’s basic idea was to invoke the
concept of a label-error process to facilitate the compari-
son of the matched neighbourhoods in the data graph
with their counterparts in a model graph. This label-error
process assumes that mis-assigned matches occur with
a probability p while null-matches occur with a probabil-
ity v. The consequence of this model is that the consist-
ency between the matched data graph neighbourhood
I'; and the model graph neighbourhood Sy is gauged by
two quantities. The first of these is the Hamming distance
HT .Sy = Zzesk(l — 0y between the assigned match
and the match demanded by the “dictionary-item” S,.
The second quantity is the number of null matches ®(T";)
currently assigned to the nodes of the data-graph neigh-
bourhood C; These Hamming distances are used to
compute a global probability of match using the follow-
ing formula:

1
Pr=— 1 — p)lcil
S wixwa & TP

Jjevi keV>

xexpl — (®(I') + SH(T;, S)]- )

The exponential constants appearing in the above ex-
pression are related to the uniform probability of match-
ing errors and the null-match probability in the following
manner:

fo=tn =P ©
14
and
=1In %\}(1_‘)) (10)

The parameter p is gradually reduced towards zero with
increasing iterative epochs of the genetic algorithm. This
has the effect of gradually hardening the constraints
residing in the dictionary. In particular, departures from

21, 20

19; Tay

0: 13 10~

18 - 2+
16+

Fig. 7. Data graph. Nodes 20 and 21 are clutter nodes.
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Table 7
Results for graph matching 1: v = 0.0001

Experiment A B C D E F G
Evaluations per individual 13,400 — 11,200 2380 2670 5080 10,000
Maximum fitness 0.590313 0.590313 0.544882 0.590313 0.590267 0.590313 0.227017
Number of trials 100 100 1 100 5 100 53
Average yield 82.6% 63.1% 1% 48.2% 12% 63% 1%
Mean fitness = max = max 0.440464 = max 0.464111 = max 0.205699
Modal Fitness = max = max 0.454085 = max = max = max = max
Table 8

Results for graph matching 2: v automatically assigned (0.095338)

Experiment A B C D E F G
Evaluations per individual 13,400 — 11,200 3150 2660 5080 10,000
Maximum fitness 0.361458 0.361458 0.339230 0.361458 0.359988 0.361458 0.142249
Number of trials 100 100 1 100 1 100 74
Average yield 81.8% 63.1% 1% 82.8% 14% 62% 1%
Mean fitness = max = max 0.273756 = max 0.289400 = max 0.136558
Modal fitness = max = max 0.289177 = max 0.314319 = max = max

zero Hamming distance become increasingly energeti-
cally unfavourable. Once p < v then residual matching
errors migrate into the null category. As we shall demon-
strate later, this induces a phase transition which mani-
fests itself as a dip in the different diversity plots.

The quantity Pg lends itself naturally to the definition
of a population membership probability. Suppose that
PY denotes the global configurational probability for the
ith member of the pool (population) of graphs. By nor-
malising the sum of clique configuration probabilities
over the population of matches, we arrive at the follow-
ing probability for randomly admitting the ith solution
to the pool of graphs 2 with probability

Q)
Pg

Pi==—7
’ ZiEPP(Gl)

(11)

6.1. Experiments

In our evaluation of the graph matching process, we
have focussed on three optimisation algorithms. These
were the basic genetic search procedure described in the
previous subsection, Eshelman’s CHC algorithm [33],
and multiple restarts of gradient ascent. In Table 6 we
refer to these as “GA4”, “CHC” and “Restarts”. We have
also investigated the effects of adding a hill-climbing step
(“GD” in Table 6) to the genetic search procedure and the
CHC algorithm. Our experiments have been conducted

with a 20-node synthetic nearest-neighbour (planar)
graph to which 10% clutter nodes have been added to
simulate the effects of noise, as shown in Fig. 7.

Again, algorithm efficiency is not our primary concern,
but we note here that for graph matching, the fitness
evaluation is quadratic in the number of nodes, and that
the hillclimbing step in this case is quartic.

The algorithm variants and the associated parameters
used in our experiments are summarised in Table 6. It
must be stressed that no attempt was made to finetune
any of the algorithm parameters. In all cases, the prob-
ability of null-matches (v) was set at either 0.0001 (effec-
tively zero) or half the relative cardinalities of the graphs,
(IVpl — 1VulID/0.5(1Vp| + |Vul). For genetic algorithms
with cross-over, about 10,000 cost function evaluations
were allowed. Omitting the cross-over step reduces the
number of evaluations required; the other algorithms
were run to about 5000 evaluations. Note that the CHC
algorithm uses half the population of the standard gen-
etic algorithm. Experiment F used no cross-over: it was
gradient ascent augmented with mutation and stochastic
selection operations.

6.2. Discussion

6.2.1. Matching

The maximal fitness score without null-matches
(v =0.0001) (see Table 7) is 0.590313 - Fig. 11 shows
some sample matches found. The nodes in the lower
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Fig. 8. Measurements on a genetic algorithm. Left column: v = 0.0001, right column: v = 0.095338. A log scale is used for the
inter-cluster Hamming distance.

(uncorrupted) portion of the graph are consistently cor-
rectly matched. The nodes which are most often mis-
matched are 1, 12, 14, 20 and 21. All of these nodes are
either clutter nodes or connected by more than 1 clutter
edge. Since our cost function only allows 1 null-match

per superclique, it is not surprising that nodes 1, 12 and
14 are mismatched since the cardinality of matching
supercliques may not differ by more than 1. Nodes 20
and 21 should be labelled with nulls, but since our cost
function discriminates against null-matches, we do not
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Fig. 9. Measurements on CHC with gradient descent. Left column: v = 0.0001, right column: v = 0.095338. A log scale is used for the
inter-cluster Hamming distance.

of errors since the value of v contributes to the
cost function. We may say therefore that the performance
of the algorithm on matching is as good as can be
expected.

expect the algorithm to get these right. The maximal
fitness score with null-matches (v = 0.095338) (see
Table 8) is 0.361458. Although this appears lower
than 0.590313, it actually reflects the same number
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Fig. 10. Measurements on CHC without gradient descent. Left column: v = 0.0001, right column: v = 0.095338. A log scale is used for

the inter-cluster Hamming distance.

When null-matching was excluded, the genetic algo-
rithm with gradient ascent, CHC with gradient ascent,
and “stochastic” gradient ascent gave the best matching
results. Results from the genetic algorithm without gradi-

ent ascent were slightly suboptimal. Multiple restarts of
gradient ascent did not yield good matches. When null-
matching was allowed, all the gradient ascent methods
except multiple restarts found optimal solutions. The
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Fig. 11. Typical matches found. This figure shows a random sample of the many solutions of fitness 0.590313.

non-gradient ascent methods performed less well, and
multiple restarts performed poorly. Thus, as far as qual-
ity of matching is concerned, any of the stochastic opti-
misers with gradient ascent are adequate for the task.

6.2.2. Ambiguity

The test problem is highly ambiguous: a rough calcu-
lation shows that there are tens of thousands of possible
solutions. The solution yields from the genetic algorithm
with two-point cross-over and gradient ascent were high
for both non-null and null matching. Fig. 11 gives typical
examples. The yields for the genetic algorithm with geo-
metric cross-over and stochastic gradient ascent were
around 20% lower and those of the pure genetic algo-
rithm and multiple restarts very low.

The main conclusion that can be drawn is that the
hill-climbing step is important for sustaining population
diversity and maintaining ambiguous solutions. This is
attributable to the fact that it effectively distributes the
solutions in the population to the local optima of

the fitness functions. This has the effect of “pushing” the
solutions apart. In this respect it outperforms CHC alone.

6.2.3. Diversity measures

There are several striking differences between the di-
versity plots for the graph-matching problem shown in
Fig. 8 and those already shown for line-labelling in Fig. 5.
In the first instance, the fitness measure grows more
slowly with iteration number. This feature is attributable
to the greater number of labels employed in the case of
graph matching. In other words, there are more label
swaps to be considered. However, although the process is
slower to converge, the population diversity is signifi-
cantly larger. This is reflected by both the entropy and
the inter-cluster Hamming distance. Rather than rapidly
decaying, in the case of graph matching both measures
are relatively flat, only displaying a mid-epoch dip.

We now make some comments concerning the differ-
ences between the diversity measures for the genetic
algorithm and the CHC algorithm. Fig. 8 shows the
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diversity measures for the genetic algorithm with hill-
climbing. Figs. 9 and 10 give the diversity measures for
the CHC algorithm with and without gradient ascent.
The pronounced dip in entropy and total inter-cluster
Hamming distance occurs roughly halfway through the
algorithm. This is confirmed by other experiments with
higher iteration limits. This structure corresponds to
a phase transition induced by the onset of the condition
p < v as the error-probability is annealed with iteration
number. It is only at this point that null-labels enter the
match.

These plots confirm the conclusion that gradient ascent
sustains diversity better than CHC. Combining gradient
ascent with CHC results in further improvements.

7. Conclusion

Consistent labelling problems frequently have more
than one solution. In order that global contextual in-
formation be brought to bear in image analysis, several
interpretations of locally ambiguous regions should be
maintained. We have argued that most work in the field
has aimed at disambiguating such regions early in the
interpretation process, using only local evidence.

Our primary contribution has been to show that the
genetic algorithm are a robust tool for solving the line-
labelling problem and hence other consistent labelling
problems. When combined with gradient ascent and us-
ing a multi-point crossover, the algorithm robustly finds
multiple solutions to the problem. These solutions are
related by common labellings of FORK junctions, which
are the most strongly constrained of all junction types
considered. The number of generations to convergence of
the algorithm compares very favourably with that re-
ported for multi-niche crowding, which also finds several
solutions [46]. These conclusions are reinforced by the
graph-matching study.

There is no solid theory to predict the behaviour of
genetic algorithms or suggest appropriate parameter
values. As a result, most of the run-time performance
measures found in the literature are naive. We have
proposed three run-time performance measures: the max-
imum fitness of the population, the Shannon entropy of
the population, and the total Hamming distance between
distinct clusters of individuals. The maximum fitness and
Shannon entropy provide useful information about the
status of the algorithm. The total inter-cluster Hamming
distance appears to be highly correlated with the Shan-
non entropy, especially with the gradient ascent hybrid.
The results to date indicate that a population with a
Shannon entropy of less than 2 has become saturated,
and that new solutions are unlikely to emerge from such
a population for some considerable time. Furthermore,
most of the diversity in the population disappears in the
first few iterations.
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