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Abstract

This paper demonstrates how the EM algorithm can be used for learning and matching mixtures of point distribution
models. We make two contributions. First, we show how shape-classes can be learned in an unsupervised manner. We present
a fast procedure for training point distribution models using the EM algorithm. Rather than estimating the class means and
covariance matrices needed to construct the PDM, the method iteratively re3nes the eigenvectors of the covariance matrix
using a gradient ascent technique. Second, we show how recognition by alignment can be realised by 3tting a mixture of linear
shape deformations. We evaluate the method on the problem of learning the class-structure and recognising Arabic characters.
? 2003 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Deformable models have proved to be both powerful and
e7ective tools in the analysis of objects which present vari-
able shape and appearance. There are many examples in
the literature. These include the point distribution model of
Cootes and Taylor [1], Sclaro7 and Pentland’s [2] 3nite el-
ement method, and, Duta and Jain’s [3] elastic templates.
There are two issues to be considered when designing a de-
formable model. The 3rst of these is how to represent the
modes of variation of the object under study. The second
is how to train the deformable model, i.e. how to learn its
parameters. One of the most popular approaches is to allow
the object to undergo linear deformation in the directions
of the modal variations of shape. These modes of variation
can be found by either performing principal components [4],
or independent components analysis on the covariance ma-
trix for a set of training examples [5], or by computing the
modes of elastic vibration [6].
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Recently, there have been attempts to extend the utility
of such methods by allowing for non-linear deformations
of shape [7]. Here there are two contrasting approaches.
The 3rst of these is to use a non-linear deformation model.
While this approach, increases the representational power
of the method, this is at the expense of greater diBculty in
controlling and regulating the model parameters. The second
approach is to use a combination of locally linear models
[8]. Here parameter estimation is easier, but control of the
model order still raises diBculties. In this paper, because of
its relative simplicity, we focus on the latter approach.

Our aim is to explore how point-distribution models can
be trained and 3tted to data when multiple shape classes or
modes of shape-variation are present. The former case arises
when unsupervised learning of multiple object models is
attempted. The latter problem occurs when shape variations
cannot be captured by a single linear model. Here we show
how both learning and model 3tting can be e7ected using
the apparatus of the EM algorithm.

In the learning phase, we use the EM algorithm to extract
a mixture of point-distribution models from the set of train-
ing data. In the conventional approach to learning, the EM
algorithm is used to estimate a mixture of point-distribution
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models from the set of training data. Here each shape-class
is represented using a Gaussian distribution with its own
mean-shape and covariance matrix. From the estimated
parameters of the Gaussian mixtures, the point-distribution
model can be constructed o7-line by performing Principal
Component Analysis (PCA) [9] on the class covariance
matrices. This can prove time-consuming since the covari-
ance matrix must be re-estimated at each iteration, and this
involves costly matrix inversion operations. In this paper,
we adopt an alternative approach. This involves the on-line
re3nement of the PDM. Here we iteratively modify the
modal directions in the maximisation steps of the EM al-
gorithm. In this way we avoid the need for repeated matrix
inversion.

In the model 3tting phase, we 3t a mixture of PDMs
using an architecture reminiscent of the hierarchical mix-
ture of experts algorithm of Jordan and Jacobs [10]. Here
each of the class-dependant PDMs identi3ed in the learning
step is treated as an expert. The recognition architecture is
as follows. Each point in the test pattern may associate to
each of the landmark points in each of the class-dependant
PDMs with an a posteriori probability. In addition, we main-
tain a set of alignment parameters between the test pattern
and each of the PDMs. Of course, there are limitations in-
volved in using the EM algorithm. For instance, it can be
slow to converge. The method is also sensitive to initialisa-
tion. However, this latter problem can be overcome by prior
or domain knowledge. In fact, good initialisation can signif-
icantly improve the learning mixture of shape distributions
[11,12].

We experiment with the method on Arabic characters.
Here we use the new methodology to learn character classes
and perform recognition by alignment. This is a challenging
problem since the data used exhibits a high degree of shape
variability.

The resulting framework clearly has a great deal in com-
mon with work reported elsewhere in the literature. For
instance Jojic and Frey [13] have used the EM algorithm to
3t mixture models to the appearance manifolds for faces.
Bishop and Winn [14] have used a mixture of principal
components analysers to learn and synthesise variations
in facial appearance. Vasconcelos and Lippman [15] have
used the EM algorithm to learn queries for content-based
image retrieval. Finally, several authors have used the EM
algorithm to track multiple moving objects [16–18]. Revov
et al. [19] has developed a generative model which can be
used for handwritten character recognition. Their method
employs the EM algorithm to model the distribution of sam-
ple points. The model can be used for both recognition and
learning.

The outline of this paper is as follows. In Section 2, we
review the point distribution model in its simplest form.
Section 3 details our learning method. In Section 4 we de-
scribe how the model may be 3tted to the data using the EM
algorithm. Experiments are presented in Section 5. Finally,
Section 6 o7ers conclusions and directions for future work.

2. Point distribution models

The point distribution model of Cootes and Taylor com-
mences from a set training patterns. In our study we have
normalised the point patterns by subjecting them to Pro-
crustes alignment as a preprocessing step [20]. This involves
the following steps. First, the centroids of the patterns are
brought into alignment. Second, the patterns are scaled so
that the variances of the point-positions are identical. Third,
the patterns are rotated so that their principle components
axes are aligned. Each training pattern is a con3guration of
labelled point co-ordinates or landmarks.

The landmark patterns are collected as the object in ques-
tion undergoes representative changes in shape. To be more
formal, each landmark pattern consists of L labelled points.
Suppose that there are T landmark patterns. The tth train-
ing pattern is represented using the long-vector of land-
mark co-ordinates Xt=(x1; y1; x2; y2; : : : ; xT ; yT )T, where the
subscripts of the co-ordinates are the landmark labels. For
each training pattern the labelled landmarks are identically
ordered. The mean landmark pattern is represented by the
average long-vector of co-ordinates

Y =
1
T

T∑
t=1

Xt:

The covariance matrix for the landmark positions is


=
1
T

T∑
t=1

(Xt − Y )(Xt − Y )T: (1)

The eigenmodes of the landmark covariance matrix are used
to construct the point-distribution model. First, the eigenval-
ues � of the landmark covariance matrix are found by solving
the eigenvalue equation |
− �I |=0 where I is the 2L× 2L
identity matrix. The eigenvector 
i corresponding to the
eigenvalue �i is found by solving the eigenvector equation


i = �i
i. According to Cootes and Taylor [21], the land-
mark points are allowed to undergo displacements relative
to the mean-shape in directions de3ned by the eigenvectors
of the covariance matrix 
. To compute the set of possible
displacement directions, the K most signi3cant eigenvec-
tors are ordered according to the magnitudes of their corre-
sponding eigenvalues to form the matrix of column-vectors
�= (
1|
2| : : : |
K), where �1; �2; : : : ; �K is the order of the
magnitudes of the eigenvectors. The landmark points are
allowed to move in a direction which is a linear combina-
tion of the eigenvectors. The updated landmark positions
are given by X̂ = Y + ��, where � is a vector of modal
co-eBcients. This vector represents the free-parameters of
the global shape-model.

3. Learning mixtures of PDMs

In Cootes and Taylor’s method [22], learning involves
extracting a single covariance matrix from the sets of land-
mark points. Hence, the method can only reproduce vari-
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ations in shape which can be represented as linear defor-
mations of the point positions. To reproduce more complex
variations in shape either a non-linear deformation or a series
of local piecewise linear deformations must be employed.

In this paper we adopt an approach based on mixtures of
point-distributions. Our reasons for adopting this approach
are twofold. First, we would like to be able to model more
complex deformations by using multiple modes of shape
deformation. The need to do this may arise in a number
of situations. The 3rst of these is when the set of training
patterns contains examples from di7erent classes of shape.
In other words, we are confronted with an unsupervised
learning problem and need to estimate both the mean shape
and the modes of variation for each class of object. The
second situation is where the shape variations in the training
data cannot be captured by a single covariance matrix, and
a mixture is required.

Our approach is based on 3tting a Gaussian mixture model
to the set of training examples. We commence by assuming
that the individual examples in the training set are condition-
ally independent of one-another. We further assume that the
training data can be represented by a set of shape-classes �.
Each shape-class! has its own mean landmark point-pattern
Y! and covariance matrix 
!. With these ingredients, the
likelihood function for the set of training patterns is

p(Xt; t = 1; : : : ; T ) =
T∏
t=1

∑
!∈�

p(Xt |Y!; 
!); (2)

where p(Xt |Y!; 
!) is the probability distribution for draw-
ing the training pattern Xt from the shape-class !.

According to the EM algorithm, we can maximise the
likelihood function above, by adopting a two-step itera-
tive process. The process revolves around the expected
log-likelihood function

QL(C
(n+1)|C(n)) =

T∑
t=1

∑
!∈�

P(t ∈!|Xt; Y (n)
! ; 
(n)

! )

×lnp(Xt |Y (n+1)
! ; 
(n+1)

! ); (3)

where Y (n)
! and 
(n)

! are the estimates of the mean
pattern-vector and the covariance matrix for class ! at iter-
ation n of the algorithm. The quantity P(t ∈!|Xt; Y (n)

! ; 
(n)
! )

is the a posteriori probability that the training pattern Xt
belongs to the class ! at iteration n of the algorithm. The
probability density for the pattern-vectors associated with
the shape-class !, speci3ed by the estimates of the mean
and covariance at iteration n + 1 is p(Xt |Y (n+1)

! ; 
(n+1)
! ). In

the M , or maximisation, step of the algorithm the aim is to
3nd revised estimates of the mean pattern-vector and covari-
ance matrix which maximise the expected log-likelihood
function. The update equations depend on the adopted
model for the class-conditional probability distributions for
the pattern-vectors.

In the E, or expectation, step the a posteriori class mem-
bership probabilities are updated. This is done by applying

the Bayes formula to the class-conditional density. At iter-
ation n+ 1, the revised estimate is

P(t ∈!|Xt; Y (n)
! ; 
(n)

! ) =
p(Xt |Y (n)

! ; 
(n)
! )�(n)!∑

!∈� p(Xt |Y (n)
! ; 
(n)

! )�(n)!
; (4)

where

�(n+1)
! =

1
T

T∑
t=1

P(t ∈!|Xt; Y (n)
! ; 
(n)

! ): (5)

3.1. O1-line learning

We now consider the case when the class conditional den-
sity for the training patterns is Gaussian. Here we assume
that the pattern vectors are distributed according to the dis-
tribution

p(Xt |Y (n)
! ; 
(n)

! ) =
1

(2�)L
√

|
(n)
! |

exp
[
−1
2
(Xt − Y (n)

! )T

× (
(n)
! )−1(Xt − Y (n)

! )
]
: (6)

At iteration n+ 1 of the EM algorithm the revised estimate
of the mean pattern vector for class ! is

Y (n+1)
! =

T∑
t=1

P(t ∈!|Xt; Y (n)
! ; 
(n)

! )Xt; (7)

while the revised estimate of the covariance matrix is


(n+1)
! =

T∑
t=1

P(t ∈!|Xt; Y (n)
! ; 
(n)

! )

×(Xt − Y (n)
! ) (Xt − Y (n)

! )T: (8)

When the algorithm has converged, then the point-
distribution models for the di7erent classes may be con-
structed o7-line using the procedure outlined in Section
2. For the class !, we denote the eigenvector matrix by
�! = (
!1 |
!2 | : : :). It is the estimation of the covariance
matrix and its inverse which proves to be the main compu-
tational bottleneck in this approach.

3.2. On-line learning

Rather than estimating the point-distribution model
o7-line using the estimated covariance matrix, our second
approach involves re3ning the eigenvector matrix itera-
tively using the EM algorithm. We develop a fast method
of learning the class point-distribution model in an on-line
fashion. To do this we 3rst compute the mean pattern vector

Y (n+1)
! =

T∑
t=1

P(t ∈!|Xt; Y (n)
! ; 
(n)

! )Xt: (9)

Keeping the class means 3xed, for each pattern vector Xt
and each point distribution model, we 3nd the vectors of
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modal co-eBcients �(n)t! which minimises the squared dis-
tance, i.e. which satis3es the condition

�(n)t! = argmin
�

(Xt − Y! − �(n)
! �)

T(Xt − Y! − �(n)
! �); (10)

where �(n)
! is the current estimate of the eigenvector matrix.

The vector which satis3es this condition is

�(n)t! =
1
2
[(�(n)

! )T�(n)
! ]−1(�(n)

! + (�(n)
! )T)(Xt − Y (n)

! ): (11)

We use the residual errors between the training pattern and
the 3tted point distribution for each class to de3ne a proba-
bility distribution for the training patterns. We assume that
the residuals follow the Gaussian distribution

p(Xt |Y (n+1)
! ; 
(n+1)

! )

=
1

(2�)L
√

|
(n)
! |

exp
[
− 1
2�2

(Xt − [Y (n)
! + �(n)

! �
(n)
t! ])

T

×(Xt − [Y (n)
! + �(n)

! �
(n)
t! ])

]
: (12)

We use this distribution to update the estimates of the de-
formation matrices �(n)

! in the M -step of the EM algorithm.
However, this is not tractable in closed form. Hence, we
adopt a gradient ascent approach. Accordingly, we compute
the derivative of the expected log-likelihood function with
respect to the deformation matrices. Using the rules of ma-
trix di7erentiation, the required derivative is

9Q(C(n+1)|C(n))

9�(n)
!

=
T∑
t=1

P(t ∈!|Xt; Y (n)
! ; 
(n)

! )× [(Xt − Y (n)
! )(�(n)t! )

T

+ �(n)t! (Xt − Y (n)
! )T + 2�(n)

! �
(n)
t! (�

(n)
t! )

T]: (13)

The deformation matrices are updated by summing the
matrices elements and the product of the aligned elements

�(n+1)
! = �(n)

! + �
9Q(C(n+1)|C(n))

9�(n)
!

; (14)

where � is a stepsize, which is controlled heuristically. The
value of this stepsize parameter is selected from the interval
[0; 1].

4. Recognition by alignment

Once the set of shape-classes and their associated
point-distribution models has been learnt, then they can
be used for the purposes of alignment or classi3cation.
The simplest recognition strategy would be to align each
point-distribution model in turn and compute the associated
residuals. This may be done by 3nding the least-squares
estimate of the modal co-eBcient vector for each class in
turn. The test pattern may then be assigned to the class of
whose vector gives the smallest alignment error. However,

this simple alignment and recognition strategy can be criti-
cised on a number of grounds. First, it is diBcult to apply
if the training patterns and the test pattern contain di7erent
numbers of landmark points. Second, certain shapes may
actually represent genuine mixtures of the patterns encoun-
tered in training.

To overcome these two problems, in this section we detail
how the mixture of PDMs can be 3tted to data using a vari-
ant of the hierarchical mixture of experts algorithm of Jordan
and Jacobs [10]. We view the mixture of point-distribution
models learnt in the training phase as a set of experts which
can preside over the interpretation of test patterns. Basic to
our philosophy of exploiting the HME algorithm is the idea
that every data-point can in principle associate to each of the
landmark points in each of stored class shape-models with
some a posteriori probability. This modelling ingredient is
naturally incorporated into the 3tting process by develop-
ing a mixture model over the space of potential matching
assignments.

The approach we adopt is as follows. Each point in
the test pattern is allowed to associate with each of the
landmark points in the mean shapes for each class. The
degree of association is measured using an a posteriori
correspondence probability. This probability is computed
by using the EM algorithm to align the test-pattern to each
mean-shape in turn. This alignment process is e7ected
using the point-distribution model to each class in turn. The
resulting point alignment errors are used to compute corre-
spondence probabilities under the assumption of Gaussian
position errors. Once the probabilities of individual cor-
respondences between points in the test pattern and each
landmark point in each mean shape are to hand, then the
probability of match to each shape-class may be computed.

4.1. Landmark displacements

Suppose that the test-pattern is represented by the vector

W = (w̃T1 ; w̃
T
2 ; : : : ; w̃

T
D)

T

which is constructed by concatenating D individual
co-ordinate vectors w̃1; : : : ; w̃D. However, here we assume
that the labels associated with the co-ordinate vectors may
be unreliable, i.e. we cannot use the order of the com-
ponents of the test-pattern to establish correspondences.
We hence wish to align the point distribution model for
each class in turn to the unlabelled set of D point position
vectors W = {w̃1; w̃2; : : : ; w̃D}. The size of this point set
may be di7erent to the number of landmark points L used
in the training. The free parameters that must be adjusted
to align the landmark points with the test pattern W are
the vectors modal co-eBcients �! for each component of
the shape-mixture learnt in training.

The matrix formulation of the point-distribution
model adopted by Cootes and Taylor allows the global
shape-deformation to be computed. However, in order to
develop our correspondence method we will be interested
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in individual point displacements. We will focus our at-
tention on the displacement vector for the landmark point
indexed j produced by the eigenmode indexed � of the
covariance matrix of the shape-mixture indexed !. The two
components of displacement are the elements eigenvectors
indexed 2j − 1 and 2j. For each landmark point the set of
displacement vectors associated with the individual eigen-
modes are concatenated to form a displacement matrix. For
the jth landmark of the mixing component indexed ! the
displacement matrix is

#!j =

(
�!(2j−1; 1) �!(2j−1; 2) : : : �!(2j−1; K)

�!(2j; 1) �!(2j; 2) : : : �!(2j; K)

)
:

(15)

The point-distribution model allows the landmark points to
be displaced by a vector amount which is equal to a linear su-
perposition of the displacement-vectors associated with the
individual eigenmodes. To this end let �! represent a vector
of modal superposition co-eBcients for the di7erent eigen-
modes. With the modal superposition co-eBcients to hand,
the position of the landmark j is displaced by an amount
#!j �! from the mean-position ỹ!j .

To develop a useful alignment algorithm we require a
model for the measurement process. Here we assume that
the observed position vectors, i.e. w̃i are derived from the
model points through a Gaussian error process. According
to our Gaussian model of the alignment errors,

p(w̃i|ỹ!j ; �!) = 1
2��

exp
[
− 1
2�2

(w̃i − ỹ!j − #!j �!)
T

× (w̃i − ỹ!j − #!j �!)
]
; (16)

where �2 is the variance of the point-position errors which
for simplicity are assumed to be isotropic.

4.2. Mixture model for alignment

Basic to our philosophy of exploiting the EM algorithm
is the idea that every point in the test pattern can in principle
associate to each of the landmarks in any of the previously
learnt point-distribution models with some a posteriori prob-
ability. This modelling ingredient is naturally incorporated
into the 3tting process by developing a mixture model over
the space of potential matching assignments. Speci3cally,
we aim to construct a mixture model for the conditional
data-likelihood p(W |$(n)) where $(n) = {�(n)1 |�(n)2 | : : : |�(n)|�|}
is the set of vectors of modal alignment parameters for each
of the point-distribution models residing in memory. We
commence our development by assuming that the measure-
ments of the individual points in the test-pattern are con-
ditionally independent given the current matrix of PDM
alignment parameters:

p(W |$(n)) =
D∏
i=1

p(w̃i|$(n)): (17)

Our next step is to develop amixture model for the individual
measurement densities, i.e. for p(w̃i|$(n)). Accordingly, we
apply the Bayes rule over the space of potential model-data
associations between the test pattern and the landmarks of
the stored PDMs

p(w̃i|�(n)) =
∑
!∈�

L∑
j=1

p(w̃i; ỹ
!
j |$(n)): (18)

Applying the chain-rule, we develop the conditional density
under the summation as follows:

p(w̃i|$(n)) =
∑
!∈�

L∑
j=1

p(w̃i|ỹ!j ; $(n))P(ỹ!j |$(n)): (19)

Written in this way, the mixture density has two dis-
tinct model-ingredients. The 3rst of these is the set of
individual component conditional measurement densities
p(w̃i|ỹ!j ; $(n)). This density represents the likelihood that
the test-pattern point position measurement w̃i originated
from the landmark point indexed j in the PDM indexed !.
Since the landmark point ỹ!j from the mean shape indexed
! only transforms under the prevailing vector of parameters
�(n)! , we remove the conditional redundancy and write

p(w̃i|ỹ!j ; $(n)) = p(w̃i|ỹ!j ; �(n)! ): (20)

The second ingredient appearing in the mixture distribution
are the model mixing proportions. We use the shorthand
notation %(n)j;!=P(ỹ

!
j |$(n)) to represent the mixing proportion

for the landmark point j from the model !. With these
ingredients, we can turn our attention to the log-likelihood
function for the set of parameter vectors, i.e.

L($(n)) =
D∑
i=1

lnp(w̃i|$(n)):

Substituting for the mixture distribution given in Eq. (21)

L($(n)) =
D∑
i=1

ln
∑
!∈�

L∑
j=1

p(w̃i|ỹ!j ; �(n)! )P(ỹ!j |$(n)): (21)

The EM algorithm aims to estimate the data log-likelihood
function when the data under consideration is incomplete.
In our point-pattern matching example this incompleteness
is a consequence of the fact that we do not know how to
associate tokens in the test pattern and the landmark points
for the set of stored PDMs. It was Dempster et al. [23]
who observed that maximising the weighted log-likelihood
was equivalent to maximising the conditional expectation
of the log-likelihood for a new parameter set given an old
parameter set. For our matching problem, maximisation of
the expectation of the conditional likelihood, is equivalent
to maximising the weighted log-likelihood function

QA($
(n+1)|$(n))

=
∑
!∈�

D∑
i=1

L∑
j=1

P(ỹ!j |w̃i; �(n)! )

×{lnp(w̃i|ỹ!j ; �(n+1)
! ) + ln P(ỹ!j |$(n))}: (22)
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Viewed in this way, the EM algorithm potentially involves
two separate maximisation steps for each of the terms
under the curly braces. However, the second term is couched
purely in terms of the model representation (i.e. the PDM
mixing proportions) and is hence not of direct relevance to
the data-likelihood. In other words we con3ne our attention
to the quantity,

Q̂A(�
(n+1)|�(n)) =

∑
!∈�

D∑
i=1

L∑
j=1

P(ỹ!j |w̃i; �(n)! )

× lnp(w̃i|ỹ!j ; �(n+1)
! ): (23)

With the displacement model developed in the previous
section of the expected log-likelihood function QA reduces
to minimising the weighted square error measure

E=
D∑
i=1

L∑
j=1

'(n)ij!(w̃i − ỹ!j − #wj �
(n+1)
! )T

×(w̃i − ỹ!j − #wj �
(n+1)
! ); (24)

where we have used the shorthand notation '(n)ij! to denote
the a posteriori correspondence probability P(ỹ!j |w̃i; �(n)! ).

4.3. Maximisation

Our aim is to recover the vector of modal co-eBcients
which minimize this weighted squared error. To do this we
solve the system of saddle-point equations which results by
setting

9E
9�(n+1)

!
= 0: (25)

After applying the rules of matrix di7erentiation and sim-
plifying the resulting saddle-point equations, the solution
vector is

�(n+1)
! = 2


( D∑

i=1

L∑
j=1

'(n)ij!#
!T
j #!j

)−1{ D∑
i=1

L∑
j=1

'(n)ij!w̃
T
i #

!
j

−
D∑
i=1

L∑
j=1

'(n)ij!ỹ
!T
j #

!
j

})
: (26)

4.4. Expectation

In the expectation step of the algorithm, we use the esti-
mated alignment parameters to update the a posteriori match-
ing probabilities. The a posteriori probabilities P(ỹ!j |w̃i; �(n)! )
represent the probability of match between the point indexed
i and the landmark indexed j from the shape-mixture in-
dexed !. In other words, they represent model-datum aBni-
ties. Using the Bayes rule, we re-write the a posteriori match-
ing probabilities in terms of the conditional measurement

densities

P(ỹ!j |w̃i; �(n)! )

=
((n)! %

(n)
j;!p(w̃i|ỹ!j ; �(n)! )∑

!′∈�
∑L

j′=1 (
(n)
!′ %

(n)
j′ ;!′p(w̃i|ỹ !′

j′ ; �
(n)
!′ )

: (27)

The landmark mixing proportions for each model in turn are
computed by averaging the a posteriori probabilities over
the set of points in the pattern being matched, i.e.

%(n+1)
j;! =

1
D

D∑
i=1

P(ỹ!j |w̃i; �(n)! ): (28)

The a posteriori probabilities for the components of the
shape mixture are found by summing the relevant set of
point mixing proportions, i.e.

((n+1)
! =

L∑
j=1

%(n+1)
j;! : (29)

In this way the a posteriori model probabilities sum to unity
over the complete set of models. The probability assignment
scheme allows for both model overlap and the assessment
of ambiguous hypotheses.

Above we use the shorthand notation %(n)j;! to represent
the mixing proportion for the landmark point j from the
model !. The overall proportion of the model ! at iteration
n is ((n)! . These quantities provide a natural mechanism for
assessing the signi3cance of the individual landmark points
within each mixing component in explaining the current
data-likelihood. For instance if %(n)j;! approaches zero, then
this indicates that there is no landmark point in the data that
matches the landmark point j in the model !.

5. Experiments

We have evaluated our learning and recognition meth-
ods on sets of Arabic characters. Here the landmarks
used to construct the point-distribution models have been
positioned by distributing points uniformly along the length
of the characters. In practice we use 20 landmarks per char-
acter. In Fig. 1 we show some of the characters used in our
study. In total there are 23 di7erent classes of character.
We use 100 samples of each character for the purposes of
training. In Fig. 2 we show some examples of the placement
of landmark points.

5.1. Learning

In this section we provide some evaluation of the di7er-
ent learning methods. Table 1 lists the mean-squared errors
for the training set when the O7-Line and On-Line learn-
ing methods are used. For this experiment there are seven
distinct classes present in the training-set and there are 100
samples of each character. The On-Line learning method
gives a considerably lower error than the O7-Line method.
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Fig. 1. Sample character training patterns.

Fig. 2. Handwritten characters and landmark points.

Table 1
Error measure comparison

Measure Single PDM On-line PDMs O7-line PDMs

Least-Square 578076.452704 483339.546138 566767.975989
Error

In Figs. 3 and 4 we examine the rate of convergence for
the o7-line and on-line learning methods. The plot again
shows the average a posteriori class probabilities for the
seven di7erent character classes. The di7erent curves are for
the di7erent components of the shape-mixture model. The
main conclusion that can be drawn from the plot is that both
methods converge in a comparable number of iterations. In
both cases the convergence is rapid.

In Fig. 5, we show the mean-shapes learnt in training.
The 3rst column of the 3gure shows the ground-truth mean
shapes. The second column shows the mean shapes used
to initialize the EM algorithm. The third column shows the
3nal mean shapes learnt using the o7-line method. Finally,
the fourth column shows the mean shapes learnt using the
on-line method. There is a slight di7erence the shapes re-
covered by the two methods. However, they are generally in
good agreement. The mean shapes used to initialise the EM
algorithm are found by 3tting a PDM to the median shape
in each class.

5.2. Recognition

We now turn our attention to the recognition results that
can be obtained when the mixture of PDMs is trained with
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Fig. 3. Convergence rate for shape classes learnt o7-line.
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Fig. 4. Convergence rate for shape classes learnt on-line.

on-line and o7-line learning. Table 2 summarises the results
obtained in matching the mixture models obtained using
the two di7erent learning methods. Here we show the num-
ber of correct and incorrect class assignments for shapes
drawn from seven di7erent classes. The on-line method
gives a slightly lower recognition rate than the o7-line
method.

In Fig. 6 we illustrate the 3tting the shape-mixtures learnt
with on-line and o7-line update of the PDM eigenvectors.
The di7erent rows are for di7erent test characters retained
from the training-set. The left-hand column shows the orig-
inal character data, the second column shows the 3nal 3t
obtained with the oNine method, while the third column
shows the result obtained with the on-line method. There is
little to distinguish the results. However, the o7-line method
takes 96 s to train while the on-line method takes only 41 s
to train.

We now turn our attention to the results obtained when the
shape-mixture learnt in training is used for the purposes of
recognition by alignment. In Figs. 7 and 8, we respectively
illustrate the 3tting of a mixture models learnt using the

o7-Line and on-Line methods. The mixture models have
been 3tted to a character retained from the training-set. The
di7erent images in the sequence show the 3tted PDMs as
a function of iteration number. The shape shown is the one
with the largest a posteriori probability. There is little to
distinguish the quality of the 3tted shapes. In Fig. 9 we show
the alignments of the subdominant shape-components of the
mixture. These are all very poor and fail to account for the
data.

In Fig. 10 we show the a posteriori probabilities (! for
each of the mixing components on convergence. The di7er-
ent curves are for di7erent shape-classes. A single dominant
shape hypothesis emerges after a few iterations. The prob-
abilities for the remaining shape-classes fall towards zero.
Note that initially the di7erent classes are equiprobable,
i.e. we have not biased the initial probabilities towards a
particular shape-class.

In Fig. 11, we turn our attention to the iterative qualities
of the alignment algorithm. Here we plot the average a
posteriori class probabilities as a function of iteration num-
ber. The alignment of the mixture learnt using on-line
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Fig. 5. (a) Actual mean shapes; (b) mean shapes used to initialize the EM; (c) o7-line 3nal mean shapes; (d) on-line 3nal mean shapes.

Table 2
Recognition rate for shape-classes 1–7

Model No. Samples Single PDM On-line PDMs O7-line PDMs

Correct Wrong Correct Wrong Correct Wrong

Shape-class 1 100 90 10 97 3 98 2
Shape-class 2 100 96 4 99 1 99 1
Shape-class 3 100 96 4 100 0 99 1
Shape-class 4 100 90 10 98 2 98 2
Shape-class 5 100 93 7 98 2 99 1
Shape-class 6 100 97 3 97 3 99 1
Shape-class 7 100 82 18 95 5 96 4
Recognition rate 700 92.0% 8.0% 97.7% 2.3% 98.3% 1.7%
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Fig. 6. Model alignment to data: (a) character; (b) o7-line learning;
(c) on-line learning.

method converges more rapidly than that learnt using the
o7-line method.

Finally, wemeasure the recognition rates achievable using
our alignment method. Here we count the number of times
the maximum a posteriori probability shape, i.e. the one
for which !=argmax (!, corresponds to the hand-labelled
class of the character. This study is performed using 700
hand-labelled characters. Table 2 lists the recognition rates
obtained in our experiments. The table gives the numbers of
characters recognised correctly and incorrectly for each of
the shape-classes. We have compared the results obtained
using the mixture model and those obtained using a single

PDM. The main conclusion to be drawn from the table is
that the mixture of PDMs gives a better recognition rate than
using separately trained single PDMs for each class. Hence,
recognition can be improved using a more complex model
of the shape-space.

We have also investigated the e7ect of point-position
errors on the 3tting process. Here we add random
point-position errors to the individual landmark points.
The errors are sampled from a circularly symmetric
Gaussian distribution of zero mean and known variance.
Fig. 12 shows the root mean squared error of the 3nal
aligned model as a function of the standard deviation of the
Gaussian noise. There is an approximately linear relation-
ship between the root mean squared error and the standard
deviation of the added Gaussian noise. There is little to
distinguish between results obtained with the on-line and
o7-line learning methods. To take this study one step further,
we turn our attention to the point correspondences errors
which result from the two methods. Fig. 13 shows the av-
erage correspondence error, i.e. the fraction of mismatched
points, for a sample of 3tted characters when Gaussian
noise is added to the point-sets. The on-line method gives
a slightly better correspondence errors than the o7-line
method. Both methods fail and locate correspondences to
an incorrect pattern when the standard deviation of the
point position error exceeds 30% of the interpoint distance.

Finally, we investigate the e7ect of di7erent initialisation
in the learning stage on the alignment stage. Fig. 14 shows
the recognition rate of the patterns used for initialisation
are displaced from their Procrustes centres. It is clear from
the graph that on-line method performs better the o7-line
method. Both methods fail when the displacement is rela-
tively large. We have extended this study to investigate the
e7ect of rotation of the initial patterns from their Procrustes
normalisation. Fig. 15 shows the recognition rate as a func-
tion of rotation angle for the on-line and o7-line methods.
It is apparent that the o7-line method is less susceptible to
rotation than the on-line methods. However, both methods
fail when the rotation angle exceeds 50◦.

6. Conclusion

In this paper, we have shown how mixtures of
point-distribution models can be learned and then subse-
quently used for the purposes of recognition by alignment.
We have described an eBcient method for training point
distribution models by iteratively updating the eigenvectors
of the landmark covariance matrix. The gain in eBciency
is demonstrated not to adversely e7ect the methods abil-
ity to represent and recognise variable shapes. We show
how to use the method to learn the class-structure of com-
plex and varied sets of shapes. In the recognition phase,
we show how a variant of the hierarchical mixture of ex-
perts architecture can be used to perform detailed model
alignment.
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Fig. 7. Model alignment to data using o7-line learning: (a) iteration 1; (b) iteration 2; (c) iteration 3; (d) iteration 5; and (e) iteration 7.

Fig. 8. Model alignment using on-line learning: (a) iteration 1; (b) iteration 2; (c) iteration 3; (d) iteration 5; and (e) iteration 7.

Fig. 9. Subdominant model alignment to data using mixture of PDMs with on-line learning.
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Fig. 10. Model 3tting with mixture of PDMs.
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Fig. 11. A dominant shape hypothesis comparison as a function per iteration no. for on-line and o7-line methods.
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Fig. 12. Root mean square error as a function of standard deviation of Gaussian noise.
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Fig. 13. Correspondence error as a function of the standard deviation of the Gaussian point position error.
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Fig. 14. Recognition rate as a function of initial pattern displacement.
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Fig. 15. Recognition rate as a function of rotation angle.

We present results on sets of Arabic characters. Here we
show that the mixture of PDMs gives better performance
than a single PDM. In particular we were able to capture
more complex shape variations.

Our future plans revolve around developing a hierarchi-
cal approach to the shape-learning and recognition prob-
lem. Here we aim to decompose shapes into strokes and to
learn both the variations in stroke shape, and the variation
in stroke arrangement. The study is in hand, and results will
be reported in due course.
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