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Graphs come in many flavours

directed /undirected, labelled/unlabelled, attributed, partial
hypergraphs, hierarchical graphs,
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Graphs come in many flavours

directed /undirected, labelled/unlabelled, attributed, partial
hypergraphs, hierarchical graphs,

G = (V, E, mark, lab, att):
V, E: finite sets of vertices (nodes) and hyperedges;
mark: V — Xy; lab: E — Yg; att: E — V*
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Graphs come in many flavours

directed /undirected, labelled/unlabelled, attributed, partial
hypergraphs, hierarchical graphs,

G = (V, E, mark, lab, att):

V, E: finite sets of vertices (nodes) and hyperedges;
mark: V — Xy; lab: E — Yg; att: E — V*
» Gisa

if |att(e)| =2 for all e € E
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Graph morphisms

>

g: G — H consists of functions
gv: Vg — Vy and ge: E¢ — Ep such that

Ve V*G E¢
v = 8v 8y = 8E
\
Vi
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» G and H are

Graph morphisms

g: G — H consists of functions
gv: Vg — Vy and ge: Eg — Ep such that

Ve V*G E¢
v = 8v 8y = 8E =
\ *
Vi \4

, G = H, if gy and gg are bijections
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Rules (injective case)

» Ruler=(L— K — R), where K — L, K — R are inclusions
1

o1 1
2 — —
2

e 2
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>

Rules (injective case)

r=(L+— K — R), where K — L, K — R are inclusions
1

e 2

o1 1
2 — — #
e 2
» Intuition: Remove L — K and add R — K
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>

Rules (injective case)

r=(L+— K — R), where K — L, K — R are inclusions
1

e 2

o1 1
2 — — #
e 2
» Intuition: Remove L — K and add R — K
» Shorthand notation:
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Given: rule (L — K — R) and injective g: L — G

Transformation step G = H: operational description

gl

e2
1
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Given: rule (L — K — R) and injective g: L — G

Transformation step G = H: operational description

gl

e2
1

1. Check the '
incident to an edge in G — g(L)

no node in g(L) — g(K) is
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Transformation step G = H: operational description
Given: rule (L — K — R) and injective g: L — G

gl

e2

1. Check the

incident to an edge in G — g(L)
2. Remove g(L) — g(K)

no node in g(L) — g(K) is
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Transformation step G = H: operational description
Given: rule (L — K — R) and injective g: L — G

gl

e2

l
1. Check the

incident to an edge in G — g(L)
2. Remove g(L) — g(K)
3. Add R— K

no node in g(L) — g(K) is
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Pushouts

Diagram (1) is a if it commutes and the following
holds:

For all morphisms B — D’ and C — D’ such that

A— B — D =A— C— D’ there is a unique morphism
D — D’ such that diagrams (2) and (3) commute.

ON=-—"D>
O-—W

AN
Intuition: Glue together B and C in the common part A.
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Transformation step G = H: pushout description

Theorem

Let r = (L«+— K — R) be a rule and g: L — G an injective

morphism. Then G =, 4 H if and only if there exist two pushouts
of the following form:

]

G

-

I

E—

E—

I-—™=X

Moreover, r and g determine D and H uniquely up to isomorphism.
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Graph grammars

» Graph grammar GG = (X, R, S):

» ¥ = (Xvy,Xg): sets of node labels and edge labels
» R: finite set of rules
» S: start graph
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» Graph grammar GG = (X, R, S):

» ¥ = (Xvy,Xg): sets of node labels and edge labels
» R: finite set of rules
» S: start graph

» Graph language specified by GG: L(GG) ={G | S =% G}
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Graph grammars

GG =(X,R,S):

» ¥ = (Xvy,Xg): sets of node labels and edge labels
» R: finite set of rules

» S: start graph

>

specified by GG: L(GG) = {G | S =% G}
» Usually extended to allow nonterminal labels
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Graph grammars

> GG = (L,R,S):

» ¥ = (Xvy,Xg): sets of node labels and edge labels
» R: finite set of rules

» S: start graph

> specified by GG: L(GG) = {G | S =% G}
» Usually extended to allow nonterminal labels
> GG is (ora ) if

for each rule (L — K — R) in R, L is a single hyperedge with
its attachment nodes and K is obtained from L by removing
the hyperedge

n}
L)
1
u
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Example: grammar for control-flow graphs (1)

» Generates a subset of the “semi-structured flow graphs” of
Farrow, Kennedy and Zucconi [FOCS 76|
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Example: grammar for control-flow graphs (1)

» Start graph:

» Generates a subset of the “semi-structured flow graphs” of
Farrow, Kennedy and Zucconi [FOCS 76|

» Rules: ...
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Example: grammar for control-flow graphs (2)
Seq: %] = i decl: 1

cﬁ .
e 2
1
1
while: % =

e 2

1
dec2: l—é—l =
2 3
1
1
ddec: l—é—l =
2 3

N}

2
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Term graph rewriting (1)

Represent terms as graphs to

common subexpressions

_|_
\
+
/

\
X

L

|
s -
o
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Term graph rewriting (2)

Translation of a term rewrite rule F(t1,

cotk) —or

\_ shared variable nodes /

\_ shared variable nodes /

/:k\
\_ shared variable nodes /
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Example: Fibonacci function

£ib(0) — 0
fib(s(0)) — s(0)
fib(s(s(x))) — £ib(s(x))+ £fib(x)
Translation of recursive rule:
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Sequential independence (1)

Steps G =, H =5 M with diagrams

Li—Ki—Ry Lo—Ky—R»
A

G Dy H
are

D
Li—Ki—R1.

if there are morphisms as follows
G

o Lh—K—FR
D" H—D,

M

M
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Sequential independence (1)

Steps G =, H =5 M with diagrams

Li—Ki—Ry Lo—Ky—R»
A

G Dy H
are

D M
if there are morphisms as follows
L—K—R_ L—K—~FR
G D~ —H——=
Lemma

D, \
hi(R1) N g2(L2) € hi(K1) N g2(K2).

M
G =, H =5 M are sequentially independent if and only if
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Sequential independence (2)

Theorem
steps G = H =, M

If G =, H =4 M are sequentially independent, then there are
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Parallel independence

Steps H; <=, G =5 H> with diagrams

Ri—Ki— L1 Lo—Ky—R>
L A
Hy D: G
are

D, H,
if there are morphisms as follows:
Ri—Ki—L_ _ L—K—~FR
Hi~— D G—

1]

Ho
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Parallel independence

Steps H; <=, G =5 H> with diagrams

Ri—Ki— L1 Lo—Ky—R>
L A
Hy D: G
are

D Ha
if there are morphisms as follows:
Ri—Ki—L_ _ L—K—~FR
Hi~— D G—
Lemma

T
g1(L1) Nga(L2) C g1(K1) N g2(K2).

Ho
Hy <=, G =4 Hy are parallelly independent if and only if
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Parallel independence (2)

Theorem
H, =5 M <=, H,.

If Hi <=, G =4 H, are parallelly independent, then there are steps
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Confluence properties of binary relations

&
L]

confluence

" N
L]

“ s
[ ]
local confluence subcommutativity

~ @ L]

L[] L] L]
\\ 5
e~ e

confluence modulo ~

local confluence modulo ~
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Graph transformation systems

R: set of rules

Graph transformation system GT = (¥, R)
Y = (Xy,Xg): sets of node labels and edge labels
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Confluence of graph transformation

G’ and H' such that G = G' =r H' = H

» Graph transformation modulo isomorphism. Define =g ~ on
isomorphism classes of graphs by: [G] =% ~ [H] if there are
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Confluence of graph transformation

» Graph transformation modulo isomorphism. Define =g ~ on
G’ and H' such that G = G' =r H' = H

isomorphism classes of graphs by: [G] =% ~ [H] if there are
imply G =% H

» Note: [G] =g~ [H] iff G =% H, but [G] =% ~ [H] need not
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Confluence of graph transformation

» Graph transformation modulo isomorphism. Define =g ~ on
isomorphism classes of graphs by: [G] =% ~ [H] if there are
G’ and H' such that G = G' =r H' = H

» Note: [G] =g~ [H] iff G =% H, but [G] =% ~ [H] need not
imply G =% H

» GT = (X,R) is confluent (locally confluent, subcommutative)
if =R ~ is confluent (locally confluent, subcommutative)
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Confluence of graph transformation

> . Define =% ~ on

isomorphism classes of graphs by: [G] =g ~ [H] if there are
G’ and H' such that G = G' =r H' = H

> Note: [G] =g~ [H] iff G =% H, but [G] =% ~ [H] need not
imply G =% H

» GT = (X, R)is ( : )
if =R ~ is confluent (locally confluent, subcommutative)

Lemma

(1) (X,R) is confluent iff = is confluent modulo isomorphism.

(2) (X,R) is locally confluent iff =5 is locally confluent modulo
isomorphism.
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Undecidability of confluence

Theorem

The following problem is undecidable in general:

Instance: A finite and terminating graph transformation system
(X, R) where Xy is a singleton.

Question: Is (X,R) confluent?
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Undecidability of confluence

Theorem

The following problem is undecidable in general:

Instance: A finite and terminating graph transformation system
(X, R) where Xy is a singleton.

Question: Is (X,R) confluent?

» Note the difference to term and string rewriting systems,
where confluence of terminating systems is decidable
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Undecidability of confluence

Theorem
The following problem is undecidable in general:

Instance: A finite and terminating graph transformation system
(X, R) where Xy is a singleton.
Question: Is (X,R) confluent?

» Note the difference to term and string rewriting systems,
where confluence of terminating systems is decidable

» Proof by reducing the Post Correspondence Problem (PCP):
every instance Z of the PCP is encoded as a terminating

graph transformation system (¥(7), R(Z)) that is confluent if
and only if Z does not have a solution

n}
L)
1
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Critical pairs

Ur<=ng S=ng Uaisa if
(1) S =gi(L1) U g(L2) and

(2) the steps are not parallelly independent

Moreover: g1 # g if n =n
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Critical pairs

Ur<=ng S=ng Uaisa if
(1) S =gi(L1) U g(L2) and
(2) the steps are not parallelly independent

Moreover: g1 # g if n =n

Theorem

Suppose (¥, R) has no critical pairs. If Hy <r G =g H», then
Hi = H, or there are steps Hi = H < Hs.
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Critical pairs

Ur<=ng S=ng Uaisa if
(1) S =gi(L1) U g(L2) and
(2) the steps are not parallelly independent

Moreover: g1 # g if n =n

Theorem
Suppose (¥, R) has no critical pairs. If Hy <r G =g H», then
Hi = H, or there are steps Hi = H < Hs.

Corollary

Graph transformation systems without critical pairs are
subcommutative.

n}
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Joinability

Critical pair Uy <= S = U, is

W5 such that Uy =* W) 2 WhL <* U,

if there are graphs Wj and
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Joinability

W5 such that Uy =* W) 2 WhL <* U,

Critical pair Uy <= S = U, is joinable if there are graphs W; and
Not enough for local confluence:
rn:

a
*—0 = bO [ ]
1 2 1 2

a
r: *—0
1

=
2

« o
1 2
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Joinability

Critical pair Uy <= S = U, is

W5 such that Uy =* W) 2 WhL <* U,

Not enough for local confluence:
rn:

if there are graphs Wj and

a
*—o = b(>
1 2 1

a
° nR: e—e = @ Qb
2 1 2 1 2
The only critical pair is joinable:
a
b(> e L e —eo _ o
n rn

DA



Joinability

Critical pair Uy <= S = U, is

W5 such that Uy =* W) 2 WhL <* U,

Not enough for local confluence:
rn:

if there are graphs Wj and

a
*—o = b(>
1 2 1

a
° R: e—e =
2 1 2
The only critical pair is joinable:
a
b (>' * <
n

*—0

« o
1 2

=

r

i .
rn
But (X, {r, rn}) is not locally confluent:
b D«L
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Track morphisms

trepy: G — H of
L

K—R
G=—D——+H

c

is the partial graph morphism defined by

CI
tr=n(x)

_ { c'(c(x))

undefined

if xec(D),
otherwise
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Track morphisms

trepy: G — H of
L

K—R
G=—D——+H

c

is the partial graph morphism defined by

C/
tre=p(x)

_ { c'(c(x))

undefined
» Extension to derivations Gy =* Gg:

if xec(D),
otherwise
idg, if n =0 and trg,—+g, © trg,= ¢, otherwise
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Strong joinability and Critical Pair Lemma
Critical pair Uy <= S = Us is if there are
derivations U; =* Wi, U =* W5 and an isomorphism
i: Wi — Wh such that for each node v that is preserved by both
S= U;and S = U,

(2) i(tr5:>U1=>*W1(V)) = tr5:>U2:>*W2( )

(1) trs—uy==w; (v) and trs— y,—=w,(v) are defined and
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Strong joinability and Critical Pair Lemma
Critical pair Uy <= S = Us is if there are
derivations U; =* Wi, U =* W5 and an isomorphism
i: Wi — Wh such that for each node v that is preserved by both
S= U;and S = U,

Critical Pair Lemma

(2) i(tr5:>U1=>*W1(V)) = tr5:>U2:>*W2( )

(1) trs—uy==w; (v) and trs— y,—=w,(v) are defined and

pairs are strongly joinable.

A graph transformation system is locally confluent if all its critical



Strong joinability and Critical Pair Lemma

Critical pair Uy <= S = Us is if there are
derivations U; =* Wi, U =* W5 and an isomorphism

i: Wi — Wh such that for each node v that is preserved by both
S:>UlandS:>U2,

(1) trs—uy==w; (v) and trs— y,—=w,(v) are defined and
(2) i(tr5:>U1=>* Wl(v)) = trs— =+ W2(V)'

Critical Pair Lemma
A graph transformation system is locally confluent if all its critical
pairs are strongly joinable.

Theorem
A terminating graph transformation system is confluent if all its
critical pairs are strongly joinable.
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Example: reduction rules for control-flow graphs
o T

1
1
decl1™1: = [%
e 2
2
1
1
while™1: 2 dec27: ’
e 3
1
ddec™1:

El
-
2 3
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Example: critical pairs of reduction rules (1)

4@

;
L
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Example: critical pairs of reduction rules (2)

1 1
while™?! dec271!
o N o4
4 @9\1
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Example: critical pairs of reduction rules (3)
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Example: critical pairs of reduction rules (4)

®5
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Confluence need not imply strong joinability
The system
n:

rn:

PR

-

[N)

°
is terminating and confluent but the critical pair
NI NN
1 2 f 1 2
is not strongly joinable

=

LY

-
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