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Abstract. We investigate and compare four variants of the double-
pushout approach to graph transformation. Besides the traditional ap-
proach with arbitrary matching and injective right-hand morphisms, we
consider three variations by employing injective matching and/or arbi-
trary right-hand morphisms in rules. For each of the three variations, we
clarify whether the well-known commutativity theorems are still valid
and–where this is not the case–give modified results. In particular, for
the most general approach with injective matching and arbitrary right-
hand morphisms, we establish sequential and parallel commutativity by
appropriately strengthening sequential and parallel independence. We
also show that injective matching provides additional expressiveness in
two respects, viz. for generating graph languages by grammars without
nonterminals and for computing graph functions by convergent graph
transformation systems.

1 Introduction

In [EPS73], the first paper on double-pushout graph transformation, matching
morphisms are required to be injective. But the vast majority of later papers on
the double-pushout approach–including the surveys [Ehr79,CMR+97]–considers
arbitrary matching morphisms. Despite this tradition, sometimes it is more nat-
ural to require that matching morphisms must be injective. For example, the set
of all (directed, unlabelled) loop-free graphs can be generated from the empty
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graph by the following two rules if injective matching is assumed:

∅ ∅
1

2

1

2

1

2

We will prove that in the traditional double-pushout approach, this graph class
cannot be generated without nonterminal labels.

To give a second, non-grammatical example, consider the problem of merging
in a graph all nodes labelled with some fixed label a. This is easily achieved–
assuming injective matching–by applying as long as possible the following rule:

a

a

1

2

a

a

1

2
a

1=2

We will show that without injective matching, there is no finite, convergent
graph transformation system–possibly containing identifying rules–solving this
problem for arbitrary input graphs. (A graph transformation system is conver-
gent if repeated rule applications to an input graph always terminate and yield
a unique output graph.)

We consider two variants of the double-pushout approach in which matching
morphisms are required to be injective. We denote these approaches by DPOi/i

and DPOa/i, where the first component of the exponent indicates whether right-
hand morphisms in rules are injective or arbitrary, and where the second compo-
nent refers to the requirement for matching morphisms. (So our second example
belongs to DPOa/i.)

Besides the traditional approach DPOi/a, we will also consider DPOa/a. Ob-
viously, DPOa/a and DPOa/i contain DPOi/a and DPOi/i, respectively, as the
rules of the latter approaches are included in the former approaches. Moreover,
using a quotient construction for rules, we will show that DPOi/i and DPOa/i can
simulate DPOi/a and DPOa/a, respectively, in a precise and strong way. Thus
the relationships between the approaches can be depicted as follows, where “↪→”
means “is included in” and “→” means “can be simulated by”:

DPOi/a

DPOa/a DPOi/i

DPOa/i

←↩
→

→
←↩

The question, then, arises to what extent the theory of DPOi/a carries over to
the stronger approaches. We answer this question for the classical commutativity
theorems, by either establishing their validity or by giving counterexamples and
providing modified results.

Lack of space prevents us to give all the proofs of our results. The omitted
proofs can be found in the long version of this paper, see [HMP99].
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2 Preliminaries

In this section the double-pushout approach to graph transformation is briefly
reviewed. For a comprehensive survey, the reader may consult [Ehr79,CMR+97].

A label alphabet C = 〈CV , CE〉 is a pair of sets of node labels and edge labels. A
graph over C is a system G = (V,E, s, t, l,m) consisting of two finite sets V and
E of nodes (or vertices) and edges, two source and target functions s, t : E→ V,
and two labelling functions l : V→ CV and m : E→ CE .

A graph morphism g : G→ H between two graphs G and H consists of two
functions gV : VG → VH and gE : EG → EH that preserve sources, targets,
and labels, that is, sH ◦ gE = gV ◦ sG, tH ◦ gE = gV ◦ tG, lH ◦ gV = lG, and
mH ◦ gE = mG. The graphs G and H are the domain and codomain of g,
respectively. A morphism g is injective (surjective) if gV and gE are injective
(surjective), and an isomorphism if it is both injective and surjective. In the
latter case G and H are isomorphic, which is denoted by G ∼= H .

A rule p = 〈L← K → R〉 consists of two graph morphisms with a common
domain, where we throughout assume that K → L is an inclusion. Such a rule is
injective if K → R is injective. Given two graphs G and H , G directly derives H
through p, denoted by G ⇒p H , if the diagrams (1) and (2) below are graph
pushouts (see [Ehr79] for the definition and construction of graph pushouts).

L K R

G D H

(1) (2)

The notation G⇒p,g H is used when g : L→ G shall be made explicit.
The application of a rule p = 〈L ← K → R〉 to a graph G amounts to the

following steps:

(1) Find a graph morphism g : L→ G and check the following gluing condition:
Dangling condition. No edge in G−g(L) is incident to a node in g(L)−g(K).
Identification condition. For all distinct items x, y ∈ L, g(x) = g(y) only if
x, y ∈ K. (This condition is understood to hold separately for nodes and
edges.)

(2) Remove g(L)−g(K) from G, yielding a graph D, a graph morphism K → D
(which is the restriction of g), and the inclusion D → G.

(3) Construct the pushout of D ← K → R, yielding a graph H and graph
morphisms D → H ← R.

3 Three Variations of the Traditional Approach

A direct derivation G⇒p,g H is said to be in

– DPOi/a if p is injective and g is arbitrary (the “traditional approach”),
– DPOa/a if p and g are arbitrary,
– DPOi/i if p and g are injective,
– DPOa/i if p is arbitrary and g is injective.
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Note that in DPOi/i and DPOa/i, step (1) in the application of a rule is sim-
pler than above because the gluing condition reduces to the dangling condition.

We now show that DPOi/a and DPOa/a can be simulated by DPOi/i and
DPOa/i, respectively. The idea is to replace in a graph transformation system
each rule p by a finite set of rules Q(p) such that every application of p corre-
sponds to an application of a rule in Q(p) obeying the injectivity condition.

Definition 1 (Quotient rule). Given a rule p = 〈L ← K → R〉, a rule
p′ = 〈L′ ← K ′ → R′〉 is a quotient rule of p if there is a surjective graph
morphism K → K ′ such that L′ and R′ are the pushout objects of L← K → K ′

and R ← K → K ′, respectively. The set of quotient rules of p is denoted by
Q(p).

Since the number of non-isomorphic images K ′ of K is finite, we can without
loss of generality assume that Q(p) is finite. Note also that every quotient rule
of an injective rule is injective.

Lemma 1 (Quotient Lemma). For all graphs G and H, and all rules p:

1. G⇒Q(p) H implies G⇒p H.
2. G⇒p,g H implies G⇒p′,g′ H for some p′ ∈ Q(p) and some injective g′.

Proof. 1. Let G ⇒p′ H for some p′ = 〈L′ ← K ′ → R′〉 in Q(p). Then the
diagrams (1), (2), (1’) and (2’) below are graph pushouts. By the composi-
tion property for pushouts, the composed diagrams (1)+(1’) and (2)+(2’) are
pushouts as well. Hence G⇒p H .
2. Let G⇒p,g H and (e, g′) be an epi-mono factorization of g, that is, e : L→ L′

is a surjective morphism and g′ : L′ → G is an injective morphism such that
g = g′ ◦ e. Since g satisfies the gluing condition with respect to p, e satisfies the
gluing condition with respect to p as well: As e is surjective, it trivially satis-
fies the dangling condition; since g satisfies the identification condition, e also
satisfies this condition. Therefore, a quotient rule p′ = 〈L′ ← K ′ → R′〉 of p
can be constructed by a direct derivation L′ ⇒p,e R′. Moreover, g′ satisfies the
gluing condition with respect to p′: Since g′ is injective, g′ satisfies the identi-
fication condition; since g satisfies the dangling condition with respect to p, g′

satisfies the dangling with respect to p′. Therefore, there exists a direct deriva-
tion G⇒p′,g′ H ′. Then, by the composition property for pushouts, there is also
a direct derivation G ⇒p,g H ′. Since the result of such a step is unique up to
isomorphism, we have H ′ ∼= H and hence G⇒p′,g′ H .

L K R

L′ K ′ R′

G D H

(1) (2)

(1’) (2’)

L K R

L′ K ′ R′

G D H

D′ H ′

�
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Theorem 1 (Simulation Theorem). Let x ∈ {a, i}. Then for all graphs G

and H, and every rule p, G ⇒p H in DPOx/a if and only if G ⇒Q(p) H in
DPOx/i.

Proof. Immediate consequence of Lemma 1.

4 Parallel Independence

In this section we consider pairs of direct derivations H ⇐p1 G⇒p2 H̄ and look
for conditions under which there are direct derivations H ⇒p2 M ⇐p1 H̄ or
H ⇒Q(p2) M ⇐Q(p1) H̄ . We fomulate the notions of parallel and strong parallel
independence and present three parallel commutativity results.

In the following let pi = 〈Li ← Ki →ri Ri〉, for i = 1, 2. (In the diagrams of
this section, the morphism r1 appears to the left of K1.)

Definition 2 (Parallel independence). Two direct derivations H ⇐p1 G⇒p2

H̄ are parallelly independent if there are graph morphisms L1 → D2 and L2 →
D1 such that L1 → D2 → G = L1 → G and L2 → D1 → G = L2 → G.

R1 K1 L1 L2 K2 R2

H D1 G D2 H̄
= =

The notion of parallel independence and its following characterization are
well-known, see [EK76] and [ER76], respectively.

Lemma 2 (Characterization of parallel independence). For x, y ∈ {a, i},
two direct derivations H ⇐p1,g1 G ⇒p2,g2 H̄ in DPOx/y are parallelly indepen-
dent if and only if the intersection of L1 and L2 in G consists of common gluing
items, that is, g1(L1) ∩ g2(L2) ⊆ g1(K1) ∩ g2(K2).

R1 K1 L1 L2 K2 R2

H D1 G D2 H̄

g1 g2

Theorem 2 (Parallel commutativity I). In DPOi/a, DPOa/a and DPOi/i,
for every pair of parallelly independent direct derivations H ⇐p1 G⇒p2 H̄ there
are two direct derivations of the form H ⇒p2 M ⇐p1 H̄.

Proof. In [EK76,Ehr79], the statement is proved for direct derivations in DPOi/a

and DPOa/a. For DPOi/i, the statement follows by inspecting the proof: If the
original derivations are in DPOi/i, then all morphisms occurring in the proof are
injective. Consequently, the direct derivations H ⇒p2 M ⇐p1 H̄ are in DPOi/i.

�
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The following counterexample demonstrates that the parallel commutativity
property does not hold for direct derivations in DPOa/i.

Example 1. Consider the following direct derivations.

1=2

1

2

1

2

1

2

1

2 1=2

1=2

1

2

1

2

1

2 1=2

R1 K1 L1 L2 K2 R2

H D1 G D2 H̄

The direct derivations are parallelly independent, but no direct derivations of
the form H ⇒p2 M ⇐p1 H̄ exist in DPOa/i. The reason is that the composed
morphisms L1 → D2 → H̄ and L2 → D1 → H are not injective.

This counterexample suggests to strengthen parallel independence as follows.

Definition 3 (Strong parallel independence). Two direct derivations
H ⇐p1 G ⇒p2 H̄ are strongly parallelly independent if there are graph mor-
phisms L1 → D2 and L2 → D1 such that (a) L1 → D2 → G = L1 → G
and L2 → D1 → G = L2 → G and (b) L1 → D2 → H̄ and L2 → D1 → H are
injective.

Theorem 3 (Parallel commutativity II). In DPOa/i, for every pair of
strongly parallelly independent direct derivations H ⇐p1 G ⇒p2 H̄ there are
two direct derivations of the form H ⇒p2 M ⇐p1 H̄.

Proof. Let H ⇐p1,g1 G⇒p2,g2 H̄ in DPOa/i be strongly parallelly independent.
Then the two steps are in DPOa/a and are parallelly independent. By the proof
of Theorem 2, there are direct derivations H ⇒p2,g′

2
M ⇐p1,g′

1
H̄ in DPOa/a

such that g′2 = L2 → D1 → H and g′1 = L1 → D2 → H̄. Since both morphisms
are injective by strong parallel independence, the derivations are in DPOa/i. �


Note that by Theorem 2 and the fact that strong parallel independence im-
plies parallel independence, Theorem 3 holds for DPOi/a, DPOa/a and DPOi/i

as well.

Theorem 4 (Parallel commutativity III). In DPOa/i, for every pair of par-
allelly independent direct derivations H ⇐p1 G ⇒p2 H̄ there are two direct
derivations of the form H ⇒Q(p2) M ⇐Q(p1) H̄.



Double-Pushout Approach with Injective Matching 109

Proof. Let H ⇐p1 G ⇒p2 H̄ in DPOa/i be parallelly independent. Then the
derivations are in DPOa/a and, by Theorem 2, there are direct derivations H ⇒p2

M ⇐p1 H̄ in DPOa/a. Hence, by the Simulation Theorem, there are direct
derivations H ⇒Q(p2) M ⇐Q(p1) H̄ in DPOa/i. �


By Theorem 2 and the fact that every rule p is contained in Q(p), Theorem 4
holds for DPOi/a, DPOa/a and DPOi/i as well.

5 Sequential Independence

We now switch from parallel independence to sequential independence, look-
ing for conditions under which two consecutive direct derivations can be inter-
changed.

Definition 4 (Sequential independence). Two direct derivations G ⇒p1

H ⇒p2 M are sequentially independent if there are morphisms R1 → D2

and L2 → D1 such that R1 → D2 → H = R1 → H and L2 → D1 → H =
L2 → H.

L1 K1 R1 L2 K2 R2

G D1 H D2 M
= =

The following characterization of sequential independence can be proved anal-
ogously to Lemma 2, see [ER76].

Lemma 3 (Characterization of sequential independence). For y ∈ {a, i},
two direct derivations G ⇒p1,g1 H ⇒p2,g2 M in DPOi/y are sequentially inde-
pendent if and only if the intersection of R1 and L2 in H consists of common
gluing items, that is, h1(R1) ∩ g2(L2) ⊆ h1(r1(K1)) ∩ g2(K2).

L1 K1 R1 L2 K2 R2

G D1 H D2 M

r1

h1 g2

This characterization may break down, however, in the presence of non-
injective rules. So Lemma 3 does not hold in DPOa/a and DPOa/i, as is demon-
strated by the next example.
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Example 2. Consider the following direct derivations.

1

2

1

2 1=2 3 3 3

1

2

1

2 1=2=3 3 3

L1 K1 R1 L2 K2 R2

G D1 H D2 M

The intersection of R1 and L2 in H consists of common gluing items. But there
does not exist a graph morphism L2 → D1 (see also [Mül97], Example 2.5).

Theorem 5 (Sequential commutativity I). In DPOi/a, DPOa/a, DPOi/i,
for every pair of sequentially independent direct derivations G ⇒p1 H ⇒p2 M
there are two sequentially independent direct derivations G⇒p2 H̄ ⇒p1 M .

Proof. In [EK76], the statement is proved for direct derivations in DPOi/a and
DPOa/a. For DPOi/i, the statement follows by inspecting the proof: If the original
derivations are in DPOi/i, then all morphisms occurring in the proof become
injective. Consequently, the direct derivations G⇒p2 H̄ ⇒p1 M are in DPOi/i.
(A self-contained proof of Theorem 5 can be found in [HMP99].) �


Example 3. The following direct derivations demonstrate that in DPOa/i, se-
quential independence does not guarantee sequential commutativity:

1

2

1

2

1

2

1

2

1

2 1=2

1

2

1

2

1

2

1

2 3

L1 K1 R1 L2 K2 R2

G D1 H D2 M

The two steps are sequentially independent. Moreover, there exists a direct
derivation of the form G ⇒p2 H̄ in DPOa/i. But there is no step H̄ ⇒p1 M

in DPOa/i. The reason is that the composed morphism R1 → D2 → M is not
injective (see also [Mül97], Example 2.1).

We now strengthen sequential independence by requiring that R1 → D2 →
M is injective. We need not require L2 → D1 → G to be injective, though,
because this follows from the injectivity of L2 → H and K1 → L1.
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Definition 5 (Strong sequential independence). Two direct derivations
G⇒p1 H ⇒p2 M are strongly sequentially independent if there are graph mor-
phisms R1 → D2 and L2 → D1 such that (a) R1 → D2 → H = R1 → H
and L2 → D1 → H = L2 → H and (b) R1 → D2 →M is injective.

Theorem 6 (Sequential commutativity II). In DPOa/i, for every pair of
strongly sequentially independent direct derivations G ⇒p1 H ⇒p2 M there are
two sequentially independent direct derivations of the form G⇒p2 H̄ ⇒p1 M .

Since strong sequential independence implies sequential independence, The-
orem 6 also holds for DPOi/a, DPOa/a and DPOi/i. Moreover, it can be shown
that the direct derivations G⇒p2 H̄ ⇒p1 M are even strongly sequentially inde-
pendent in DPOa/i and DPOi/i, but this need not hold in DPOi/a and DPOa/a.

Next we combine Theorem 5 with the Simulation Theorem.

Theorem 7 (Sequential commutativity III). In DPOa/i, for every pair of
sequentially independent direct derivations G⇒p1 H ⇒p2 M there are two direct
derivations of the form G⇒p2 H̄ ⇒Q(p1) M .

Proof. Let G ⇒p1 H ⇒p2 M in DPOa/i be sequentially independent. Then
the direct derivations are in DPOa/a and, by Theorem 5, there are sequentially
independent direct derivations G ⇒p2 H̄ ⇒p1 M in DPOa/a. Since the original
derivations are in DPOa/i, the morphism L2 → G is injective. By the Simulation
Theorem, there is a direct derivation H̄ ⇒Q(p1) M in DPOa/i. Therefore, there
are two direct derivations G⇒p2 H̄ ⇒Q(p1) M in DPOa/i. �


To see that the direct derivations G ⇒p2 H̄ ⇒Q(p1) M in DPOa/i need
not be sequentially independent, consider the sequentially independent direct
derivations of Example 3. There the resulting steps G⇒p2 H̄ ⇒Q(p1) M are not
sequentially independent.

By Theorem 5 and the fact that every rule p is contained in Q(p), Theorem 7
holds for DPOi/a, DPOa/a and DPOi/i as well.

6 Expressiveness

In this section we show that injective matching provides additional expres-
siveness in two respects. First we study the generative power of graph gram-
mars without nonterminal labels and show that these grammars can generate in
DPOx/i more languages than in DPOx/a, for x ∈ {a, i}. Then we consider the
computation of functions on graphs by convergent graph transformation systems
and prove that in DPOa/i more functions can be computed than in DPOa/a.

Given two graphs G, H and a set of rules R, we write G⇒R H if there is a
rule p in R such that G⇒p H . A derivation from G to H over R is a sequence
of the form G = G0 ⇒R G1 ⇒R . . . ⇒R Gn

∼= H , which may be denoted by
G⇒∗

R H .
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6.1 Generative Power

We study the expressiveness of graph grammars in DPOx/y, for x, y ∈ {a, i}.
It turns out that all four approaches have the same generative power for unre-
stricted grammars, but DPOx/i is more powerful than DPOx/a if we consider
grammars without nonterminal labels. In particular, we prove that there is a
grammar without nonterminal labels in DPOi/i generating a language that can-
not be generated by any grammar without nonterminal labels in DPOa/a.

Let x, y ∈ {a, i}. A graph grammar in DPOx/y is a system G = 〈C,R, S, T 〉,
where C is a finite label alphabet, T is an alphabet of terminal labels with
TV ⊆ CV and TE ⊆ CE , S is a graph over C called the start graph, and R is a
finite set of rules over C such that if x = i, all rules in R are injective. The graph
language generated by G is the set L(G) consisting of all graphs G over T such
that there is a derivation S ⇒∗

R G in DPOx/y. We denote by Lx/y the class of
all graph languages generated by graph grammars in DPOx/y.

Theorem 8. Li/a = Li/i = La/a = La/i.

Next we put Theorem 8 into perspective by showing that injective matching
provides more generative power if we restrict ourselves to grammars without
nonterminal labels. To this end we denote by Lx/y

T the class of all graph languages
generated by a grammar 〈C,R, S, T 〉 in DPOx/y with T = C. Note that for such
a grammar, every graph derivable from S belongs to the generated language.

Theorem 9. For x ∈ {a, i}, Lx/a
T ⊂ Lx/i

T .

Proof. Let G = 〈C,R, S, T 〉 be a grammar without nonterminal labels in DPOx/a

and Q(R) = {Q(p) | p ∈ R}. Then Q(G) = 〈C,Q(R), S, T 〉 is a grammar
without nonterminal labels in DPOx/i such that, by the Simulation Theorem,
L(G) = L(Q(G)). Hence Lx/a

T ⊆ Lx/i
T .

To show that the inclusion is strict, let G = 〈C,R, S, T 〉 be the grammar in
DPOi/i where S is the empty graph, CV and CE are singletons, T = C, and R
consists of the following two rules (already shown in the introduction):

∅ ∅
1

2

1

2

1

2

We will show that no grammar in DPOa/a without nonterminal labels can gener-
ate L(G), the set of all loop-free graphs over C. To this end, suppose the contrary
and consider a grammar G′ = 〈C,R′, S′, T 〉 in DPOa/a such that L(G′) = L(G).

First we show that rules that identify nodes cannot occur in derivations of
graphs in L(G′). Let p = 〈L← K →r R〉 be a rule inR′ such that rV(v) = rV(v′)
for two distinct nodes v and v′ in K. Then L cannot be loop-free as otherwise L⊕,
obtained from L by adding an edge between v and v′, would also be loop-free
and hence belong to L(G′). The latter is impossible since L⊕ ⇒p R⊕ �∈ L(G′),
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where R⊕ is obtained from R by attaching a loop to rV(v). Thus each rule in
R′ that identifies nodes must contain a loop in its left-hand side, and hence it
cannot occur in any derivation of a graph in L(G′).

The idea, now, is to show that in every derivation of a complete graph of
sufficient size, a rule of R′ must be applied that creates an edge between two
existing nodes. This fact contradicts the absence of loops in L(G′), as will be
easy to show.

Let k be the maximal number of nodes occurring in S′ or in a right-hand side
of R′. Consider a loop-free graph G with k + 1 nodes such that there is an edge
between each two distinct nodes. Let S′ ∼= G0 ⇒R′ G1 ⇒R′ . . . ⇒R′ Gn = G
be a derivation generating G, and i ∈ {0, . . . , n − 1} the largest index such
that Gi ⇒R′ Gi+1 creates a node v that is not removed in the rest deriva-
tion Gi+1 ⇒∗

R′ Gn. Then VG = VGn is contained in VGi+1 up to isomorphism.
W.l.o.g. we assume VG ⊆ VGi+1 . Since VG contains more nodes than the right-
hand side of the rule applied in Gi ⇒R′ Gi+1, there must exist a node v′ in
VG ⊆ VGi+1 that is not in the image of the right-hand side. Thus, because v is
created in Gi ⇒R′ Gi+1, there is no edge between v and v′ in Gi+1. As there is
an edge between v and v′ in G, and Gi+1 ⇒∗

R′ G does not identify nodes, there
is a step Gj ⇒R′ Gj+1 with j ≥ i + 1 that creates an edge between v and v′

while there is no such edge in Gj . Let p = 〈L ← K → R〉 be the rule applied
in Gj ⇒R′ Gj+1. Then there are two distinct nodes v1 and v2 in K such that
there is an edge between (the images of) v1 and v2 in R but not in L.

Next observe that L is loop-free because Gj is. So L̃, obtained from L by
identifying v1 and v2, is loop-free as well. On the other hand, there is a step
L̃ ⇒p,g R̃ where g:L → L̃ is the surjective morphism associated with the con-
struction of L̃. But then R̃ contains a loop, contradicting the fact that L̃ belongs
to L(G′). �


6.2 DPO-Computable Functions

Graph transformation systems that transform (or “reduce”) every graph into a
unique irreducible graph provide a natural model for computing functions on
graphs. Since the graphs resulting from double-pushout derivations are unique
only up to isomorphism, we consider derivations and functions on isomorphism
classes of graphs.

An abstract graph over a label alphabet C is an isomorphism class of graphs
over C. We write [G] for the isomorphism class of a graph G, and AC for the
set of all abstract graphs over C. A graph transformation system in DPOx/y, for
x, y ∈ {a, i}, is a pair 〈C,R〉 where C is a label alphabet and R a set of rules
with graphs over C such that if x = i, then all rules are injective. Such a system
is finite if CV, CE and R are finite sets. We will often identify 〈C,R〉 with R,
leaving C implicit. The relation ⇒R is lifted to AC by

[G]⇒R [H ] if G⇒R H.

This yields a well-defined relation since for all graphs G, G′, H, H ′ over C, G′ ∼=
G⇒R H ∼= H ′ implies G′ ⇒R H ′.
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A graph transformation system R is terminating if there is no infinite se-
quence G1 ⇒R G2 ⇒R . . . of graphs in AC . Let ⇒∗

R be the transitive-reflexive
closure of ⇒R. Then R is confluent (or has the Church-Rosser property) if for
all G, H1, H2 ∈ AC , H1 ⇐∗

R G ⇒∗
R H2 implies that there is some H ∈ AC

such that H1 ⇒∗
R H ⇐∗

R H2. If R is both terminating and confluent, then it
is convergent. An abstract graph G ∈ AC is a normal form (with respect to R)
if there is no H ∈ AC such that G ⇒R H . If R is convergent, then for every
abstract graph G over C there is a unique normal form N such that G⇒∗

R N . In
this case we denote by NR the function on AC that sends every abstract graph
to its normal form.

Definition 6 (DPO-computable function). Let x, y ∈ {a, i}. A function f :
AC → AC is computable in DPOx/y, or DPOx/y-computable for short, if there
exists a finite, convergent graph transformation system 〈C,R〉 in DPOx/y such
that NR = f .

Theorem 10. Each function that is computable in DPOx/a is also computable
in DPOx/i, for x ∈ {a, i}.

Proof. Let 〈C,R〉 be a finite, convergent graph transformation system in DPOx/a.
Then 〈C,Q(R)〉 is a finite and convergent system in DPOx/i, as can easily be
checked by means of the Simulation Theorem. Moreover, by the same result,
every abstract graph has the same normal form with respect to R and Q(R),
respectively. Thus NR = NQ(R), which implies the proposition. �


So the double-pushout approach with injective matching is at least as pow-
erful for computing functions as the traditional approach with arbitrary match-
ing. The next result shows that–at least if identifying rules are present–injective
matching indeed provides additional power.

Theorem 11. There exists a function that is computable in DPOa/i but not in
DPOa/a.

Proof. Let C be a label alphabet and a ∈ CV. Consider the function f :AC → AC
sending each abstract graph [G] to [G′], where G′ is obtained from G by merging
all nodes labelled with a. Let R be the system in DPOa/i consisting of the
following single rule:

a

a

1

2

a

a

1

2
a

1=2

This system is terminating as each direct derivation reduces the number of
nodes by one. Moreover, R has the following subcommutativity property: When-
ever H1 ⇐R G⇒R H2 for some G, H1, H2 ∈ AC , then H1 = H2 or there is some
H ∈ AC such that H1 ⇒R H ⇐R H2. This is easy to verify with the help of
Theorem 3 (parallel commutativity in DPOa/i). It follows that R is confluent,
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for this is a well-known consequence of subcommutativity [Hue80]. Then it is
evident that NR = f , that is, f is computable in DPOa/i.

To show that f cannot be computed in DPOa/a, suppose the contrary. Let
R′ be a finite, convergent graph transformation system in DPOa/a such that
NR′ = f . Since R′ is finite, there is a maximal number k of edges occurring in a
left-hand side of a rule inR′. Define G to be a graph consisting of two nodes, both
labelled with a, and k+1 edges between these nodes. (The labels and directions
of these edges do not matter.) Now consider a derivation [G] ⇒∗

R′ f([G]). This
derivation contains at least one step since [G] �= f([G]). Let [G]⇒R′ [H ] be the
first step of the derivation, with an underlying step G ⇒p,g H on graphs. By
the dangling condition, p cannot remove one of the two nodes in G. For, both
nodes are incident to k + 1 edges while p can remove at most k edges. Next
consider some graph G′ in f([G]) (consisting of a single node labelled with a
and k + 1 loops) and a surjective graph morphism h:G→ G′. Since p does not
remove nodes and h is injective on edges, the composed morphism h ◦ g satisfies
the gluing condition. So there is a step G′ ⇒p, h◦g X for some X . But G′ is in
f([G]) = NR′([G]) and hence is a normal form. Thus our assumption that f can
be computed in DPOa/a has led to a contradiction. �


7 Conclusion

We have shown that injective matching makes double-pushout graph transfor-
mation more expressive. This applies to both the generative power of grammars
without nonterminals and the computability of functions by convergent graph
transformation systems.

The classical independence results of the double-pushout approach have been
reconsidered for three variations of the traditional approach, and have been
adapted where necessary. These results can be summarized as follows, where
“yes” indicates a positive result and “no” means that there exists a counterex-
ample:

DPOi/a DPOa/a DPOi/i DPOa/i

char. of parallel independence yes yes yes yes
char. of seqential independence yes no yes no
parallel commutativity I yes yes yes no
parallel commutativity II & III yes yes yes yes
sequential commutativity I yes yes yes no
sequential commutativity II & III yes yes yes yes

Corresponding results on parallelism and concurrency can be found in the
long version [HMP99]. A topic for future work is to address the classical results
on canonical derivations and amalgamation in the double-pushout approach.

One may also consider injective matching in the single-pushout
approach [Löw93]. In [HHT96], parallel and sequential independence are studied
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for single-pushout derivations with negative application conditions. These in-
clude the dangling and the injectivity condition for matching morphisms. How-
ever, the definition of sequential independence in [HHT96] requires more in-
formation on the given direct derivations as our definition of strong sequential
independence.

A further topic is to consider high-level replacement systems, that is, double-
pushout derivations in arbitrary categories. We just mention that our indepen-
dence results do not follow from the ones in [EHKP91], where non-injective rules
and injective matching morphisms are not considered.
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