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Abstract

A concept of graph unification and matching is introduced by using hy-
peredges as graph variables and hyperedge replacement as substitution
mechanism. It is shown that a restricted form of graph unification cor-
responds to solving linear Diophantine equations, and hence is decidable.
For graph matching, transformation rules are given which compute all
(pure) solutions to a matching problem. The matching concept suggests a
new graph rewriting approach which is very simple to describe and which
generalizes the well-known double-pushout approach.

1 Introduction

The unification of expressions plays an important role in many areas of computer
science, for example in theorem proving, logic programming, type inference, and
natural language processing (see the surveys on unification of Knight [15], Jouan-
naud and Kirchner [14], and Baader and Siekmann [1]). While expressions are
usually considered as strings or trees, efficient unification algorithms often use
graph representations of expressions in order to exploit the sharing of common
subexpressions. This applies, for example, to the algorithms of Huet [11], Pa-
terson and Wegman [18], Corbin and Bidoit [6], and Jaffar [12]. Thus it seems
natural to abstract from implementation details and to study a concept of graph
unification in its own right.

With a somewhat different motivation, Parisi-Presicce, Ehrig, and Monta-
nari [17] consider graph rewriting with unification. In their approach, variables
are instantiated by graph morphisms and graph rewriting is defined by double-
pushouts of graph morphisms. In the introduction of [17], the authors identify
the following problem: “One of the basic concepts missing is a suitable notion
of variable and of graph unification.” We also address this problem and propose
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a solution which we consider as natural and simple: hyperedges serve as graph
variables and hyperedge replacement is used to substitute graphs for variables.

In this paper, we study this idea in its pure form, without tailoring graph
unification to the implementation of term unification. The latter requires both
restriction to a smaller graph class (term graphs) and consideration of a graph
equivalence more liberal than isomorphism. A corresponding adaptation of the
present approach can be found in [10].

Although the general graph unification problem is easy to state (determine,
for any hypergraphs G and H, whether there is a substitution making G and H
isomorphic), we do not know whether the problem is decidable or not. Below we
solve a restricted form of the graph unification problem, solve the general graph
matching problem (unification in the case where one graph is variable-free), and
define a substitution-based graph rewriting approach:

e In the restricted case where variables are not attached to nodes, the graph
unification problem is equivalent to the problem of finding non-negative
integer solutions to a set of linear Diophantine equations. This in turn is
known to be equivalent to the restricted AC1 unification problem for first-
order terms, where terms are built up from an associative-commutative
function symbol, a unit element, and free constants.

e There is a graph matching algorithm based on transformation rules which
computes all solutions (without useless variables) to a given matching prob-
lem.

e Substitution-based graph rewriting is introduced. In this approach, rules
are just pairs (L, R) of hypergraphs which are applied by matching L
to a given hypergraph and by applying the corresponding substitution to
R. This approach allows to copy and delete non-local subgraphs, and
generalizes the well-known double-pushout approach.

2 Hypergraphs and substitutions

Let X be a set the elements of which are called labels. FEach label [ comes
with a natural number type(l) > 0. A hypergraph over ¥ is a system G =
(Vg, Eg, labg, attg) consisting of two finite sets Vg and Eg of nodes and
hyperedges, a labelling function labg: F¢ — ¥, and an attachment function
attg: Fg — V& which assigns a string of nodes to a hyperedge e such that
type(labg(e)) is the length of attg(e).

A hypergraph morphism f: G — H consists of two functions fy: Vg — Vg and
fe: Fg — Eg that preserve labels and attachment to nodes, that is, labg o fy =
labg and attg o fr = f{ o attg. (The extension f*:A* — B* of a function
f: A — B maps the empty string to itself and a; ...a, to f(a1)...f(an).) The
morphism f is injective (surjective) if fy and fg are injective (surjective), and
is an somorphism if it is injective and surjective. In the latter case, G and H
are isomorphic, which i1s denoted by G = H.



A pointed hypergraph (G,pq) is a hypergraph G together with a sequence
pG = v1...v, of pairwise distinct nodes from G. We write type(G) for the
number n of points and Pg for the set {vy,...,v,}. If convenient, we denote a
pointed hypergraph only by its hypergraph component.

We assume that there is a distinguished subset Var of ¥ the elements of
which are used as variables and which are denoted by z,y, z, 21, 2, ... The set
of variables occurring in a hypergraph G is denoted by Var(G), and we write G©
for the hypergraph obtained from G by removing all hyperedges labelled with
variables.

Definition 1 A substitution pair /G consists of a variable z and a pointed
hypergraph G such that type(z) = type(G). A substitution is a finite set
o={x1/G1,...,2,/Gyn} of substitution pairs such that z1,...,z, are pairwise
distinct. The domain of o is the set Dom(c) = {z1,...,2,}.

Given a hypergraph H and a hyperedge e in H labelled with z, the application
of a substitution pair 2/G to e proceeds in two steps: (1) Remove e from H,
yielding the hypergraph H —{e}, and (2) construct the disjoint union (H —{e})+
G and fuse the i'" node in atty (e) with the i'" point of G, fori = 1, ..., type(z).
(Note that if attg(e) contains repeated nodes, then the corresponding points in
G are identified.)

The application of a substitution o to a hypergraph H yields the hypergraph
Ho which is obtained by applying all substitution pairs in ¢ simultaneously to
all hyperedges with label in Dom(o).

Given two substitutions o and 7, the composition o1 is the substitution
{e/GT | 2/G € o} U{y/H € 7| y & Dom(o)}. By associativity of hyperedge
replacement (see [9]), the composition has the following important property.

Lemma 2 For all hypergraphs G and substitutions o and 7, G(o1) = (Go)r.

3 Unification

After a notion of substitution is introduced, it is obvious how to define unification
and matching. In this section we show that graph unification is decidable for a
restricted class of problems, and we give sufficient conditions for the existence
of solutions in the general case.

Definition 3 A unification problem G =" H consists of two hypergraphs G
and H. A solution to this problem is a substitution o such that Go and Ho are
isomorphic.

Example 4 The unification problem in Figure 1 consists of two flow graphs
with variables S and B (standing for statements and boolean expressions). The
rectangles represent hyperedges of type 2 which are connected with their first and
second attachment node by a line and an arrow, respectively. Rhombi represent
hyperedges of type 3, where arrows labelled with t and f point to the second and



Figure 1: A unification problem

Figure 2: A solution to the problem in Figure 1




third attachment node, respectively. A solution to this unification problem is
the substitution shown in Figure 2 (where the numbered nodes are the points of
the hypergraphs). Another solution is obtained if the node above the hyperedge
labelled with “write a” becomes the third point in the right hypergraph.

The general unification problem is the problem to decide, for any unification
problem G =" H, whether it has a solution or not. Note that for hypergraphs
without variables, the general unification problem is the hypergraph isomor-
phism problem.

We do not know whether the general unification problem is decidable or not.
Below we establish decidability for the case that all variables have type 0, that
is, for the case that variable hyperedges are not attached to any nodes. Even this
strongly restricted kind of unification turns out to be non-trivial. Essentially,
here unification is equivalent to solving a system of linear Diophantine equations.

Definition 5 The type of a unification problem G =" H is the maximal type
of the variables in G and H. If there are no variables, then the type is L.

Consider a unification problem G =" H of type 0. Let C1,...,C,, be the
non-isomorphic, connected, variable-free components and 1, ..., 2 be the vari-
ables occurring in G and H. We represent (G and H as disjoint unions of their
connected components: G = Zle a; X; + Z;-n:l b;C; and H = Zle alX; +
E;nzl b;Cj, where a;, aj, bj, b’ are non-negative integers and X; stands for a hy-
peredge labelled with z;. Now assign to GG and H the following set Eq(G =7 H)
of linear Diophantine equations:

k

i=1

Theorem 6 A unification problem G =" H of type 0 has a solution if and only if
the linear Diophantine equations in Eq(G =" H) have a solution in non-negative
integers.

Thus, the general unification problem of type 0 reduces to the problem of solving
homogeneous and inhomogeneous linear Diophantine equations in non-negative
integers. Efficient algorithms for the latter have recently been given by Clausen
and Fortenbacher [4] and by Boudet, Contejean, and Devie [3, 5]. This problem is
equivalent to the unification problem for expressions built up from an associative-
commutative function symbol, a unit element, and free constants (see [14]).

Proof of Theorem 6. “Only if”: Let o = {21/F,...,21/F)} be a solution to
G =" H. Without loss of generality, we may assume that Fy, ..., Fy are variable-
free (otherwise o7 is as required, where 7 removes all variable hyperedges).
Let Cq,...,Cm,Cnt1...,Cy be the non-isomorphic, connected, variable-free
components occurring in Fy, ..., Fx, G,and H. Then, fori=1,...,k, F; can be
represented as the disjoint union of its connected components: F; = Z;zl ¢i;C;,



where the ¢; ; are non-negative integers. By setting b; = 0for j=m+1,...,n
we get the following:

n

Gazzk:aZ(Zc” >+Zb Cj = ZZMHH

i=1 j=1 j=1i=1
k n
=3 d(S0) + 0 = LY s+

i=1 i=1 j=1i=1
Since C4,...,C, are non-isomorphic, connected components, Go = Ho implies
Ele(aiciyj +b;) = Ele(agcm +b5) for j=1,...,n. Thus, for j = 1,...,m,
(c1,...,¢k,;) is a solution of Zle(ai —al)z;; = (b; — b;) in non-negative
integers.

: Let, for j = 1,...,m, (c14,...,cr ;) be a solution o o (a; —
“If”: Let, for j = 1 i i) b lution of Y 5_,

aj)r;j = (b; — b;) in non-negative integers. Consider the substitution ¢ =

{z;/ z;n:l ¢;;jC; |i=1,...,k}. Then:

m m m k
Go=Ya <Zc) Y b0 = Z(Z aici; + bj)cj
i=1 j=1 j=1 j=1 “i=1
m
o= 3l sy ) + 2o = z(za:-ew;)cj
i=1 j=1 i=1
Since, for j = 1,...,m, (c1j,...,ck ) is a solution of S°F_ (a; — af)x;; =
(b;- —bj), we get Zle aicij+b; = Ele alei ; + b; It follows Go = Ho, that
is, o is a solution to G =" H. O

We now come back to unification problems of arbitrary type. In order to
give sufficient conditions for the existence of solutions, we consider substitutions
that reduce the type of unification problems.

Call a non-empty substitution ¢ = {z1/G1,...,2,/Gn} simplifying if, for
i=1,...,n, G; is a hypergraph with type(2;) nodes and either no hyperedge or
one variable hyperedge of type less than type(z;). Given a unification problem
G =" H, we denote by Simplify(G =" H) the set of all unification problems
Gp =" Hp such that p is simplifying.

Proposition 7 A unification problem G =" H has a solution if some problem
in Simplify(G =7 H) has a solution.

Proof. Let o be a solution to a problem Gp =7 Hp in Simplify(G =7 H), where
p is a simplifying substitution. Then, by Lemma 2, G(po) = (Gp)o = (Hp)o =
H(po) and hence po is a solution to G =7 H. O



There are two particularly simple cases in which Proposition 7 guarantees that
a problem G =" H has a solution: (1) G® =" H® has a solution (i.e. G® = H9)
and (2) G° =" H° has a solution, where G® and H® are obtained from G and
H by substituting type-0 variables for all variables. The following proposition,
which gives a syntactic condition for the existence of a solution, can also be seen
as a consequence of Proposition 7.

Proposition 8 A unification problem G =" H has a solution if there are vari-
ables x € Var(G) —Var(H) and y € Var(H)— Var(G) such that x and y occur

only once in G and H, respectively.
Proof. Define a substitution o = {z/0(2) | z € Var(G) U Var(H)} by

type(z)* + H® ifz = 2,
o(z) =< type(y)* + G° ifz=y,
type(z)* otherwise,

where for each n > 0, n* is a hypergraph with n nodes and no hyperedges. Then
o is a solution to G =7 H since Go = G° + H® = Ho. O

The converse of Proposition 7 does not hold. In fact, there are unification
problems of arbitrary type that cannot be solved via simplification.

Proposition 9 For each n > 1, there is a unification problem G =" H of type
n that has a solution while no problem in Simplify(G =" H) has a solution.

Proof. The unification problem G =? H given in Figure 3 obviously has a
solution. But each problem in Simplify(G =7 H) is of the form G' =" H,
where G’ contains at least one isolated node (a node to which no hyperedge is
attached). Since H does not contain isolated nodes and is variable-free, there is

no solution to G’ =" H. O

1 1 @]a]
2 ? 2 @a]

n n.—@

G H

Figure 3: Unification problem for the proof of Proposition 9



4 Matching

We now turn from unification to matching (with variables of arbitrary type).

Definition 10 A matching problem G < H consists of two hypergraphs G and
H such that H is variable-free. A solution to this problem is a substitution o
such that Go = H. The solution is pure if Dom(o) = Var(G).

The assumption that H is variable-free can be made without loss of generality,
for if it is violated one considers a problem G <* H' in which H' is obtained
from H by renaming each variable into a new non-variable label. Then the
solutions to G' <” H can be obtained by applying the inverse transformation to
the hypergraphs in the solutions to G <” H'.

In the following we do not distinguish between substitutions that are equal
up to isomorphism. More precisely, two substitution pairs z/G and z/H are
considered to be equal if there is an isomorphism f: G — H with f*(pg) = pu.
(Recall that pg and Pg denote the sequence and the set of points, respectively,
of a pointed hypergraph G.)

Definition 11 Let G < H be a matching problem and e be a hyperedge in
G with labg(e) = z € Var(G). Then a pointed hypergraph C with type(C) =
type(z) is a candidate for e if there is an injective hypergraph morphism in: G® —
H and a hypergraph morphism f: C' — H such that the following conditions are
satisfied:

(1) in*(atla(e)) = f*(pc),

(2) the subhypergraphs in(G®) and f(C') of H overlap only in f(Pc), that
is, in(G9) N f(C) = f(Pc),

(3) for all items ¢, ¢’ in C with ¢ # ¢/, f(¢) = f(¢') implies ¢, ¢’ € P¢,
(4) no hyperedge in Eg — f(E¢) is incident to a node in f(Ve — Pe).

Let MATCH be the set of transformation rules shown in Figure 4. These rules

TRrRY (G<"Hyo) = (G{z/C}<" H,o{x/C})
if z € Var(G) and C' is a candidate for some
z-labelled hyperedge in G
Faiwl (G<"H,o) = F
if there is no injective morphism G® — H
FaiL2 (G<"H, o) = F
if Var(G)=0 and G# H

Figure 4: The rule set MATCH

operate on pairs of matching problems and substitutions. The transformation



relation defined by repeated application of MATCH rules is denoted by =", cu-
By the following result, all pure solutions of a problem G' <” H can be obtained
by computing all MATCH derivations starting from the pair (G < H,0).

Theorem 12 A substitution o is a pure solution to a matching problem G <* H
if, and only if, (G <" H,0) =*\taren (M <* H, o) such that no MATCH rule is
applicable to (M <" H, 7).

The proof of this result is given in two parts which establish soundness and
completeness of the MATCH rules.

Lemma 13 (soundness) If (G <" H,0) =*,.on (M <* H,0) such that no
MATCH rule is applicable to (M <" H, o), then o is a pure solution to G <* H.

Proof. Since FAIL 1 is not applicable, there is an injective morphism M° — H.
Then Var(M) = 0 as otherwise the attachment nodes of a variable hyperedge
would form a candidate for this hyperedge, implying that TRY were applicable.
It follows that M and H are isomorphic, because FAIL 2 is not applicable.
Now consider an arbitrary derivation (A <* B,0) =%, (4’ <" B,a). By
using the definition of TRY, an easy induction on the length of this derivation
shows that Aa = A’ and Dom(a) C Var(A) hold. Thus Go = M = H and
Dom(o) = Var(G), that is, o is a pure solution to G <? H. O

Lemma 14 (completeness) If o is a pure solution to a matching problem
G <" H, then (G <" H,0) =%, (Go <" H, 7).

Proof. We proceed by induction on the size of Var(G). If Var(G) = 0, then G =
H and the TRy derivation of length 0 is as required. Now let Var(G) # 0 and
suppose, as induction hypothesis, that the proposition holds for every matching
problem G’ <" H with |Var(G')| < | Var(G)|. Consider some substitution pair
z/Cin o andlet 7 = o—{2/C}. By Lemma2 and the fact that C is variable-free,

(G{z/CHr G({z/C}r)
= G{z/C}urT)

Go

H.

R

So 7 is a pure solution to G{z/C}) < H. Hence, by induction hypothesis,
(G{z/CY <" H,0) ="1ay (G{z/CHT <" H, 7).

Moreover, a straightforward induction on the length of derivations shows that
every derivation (4 < B,0) =%, (4’ <’ B,a) can be transformed into a
derivation (A <* B, 8) =%, (A’ <" B,Ba), where 3 is an arbitrary substitu-
tion. Thus

(G{z/C} <" H {z/CY) = 1y (G{2/CY)r <" H {z/C)7).



It is easy to check that C is a candidate for each z-labelled hyperedge in G,
implying (G <* H,0) = 1w (G{z/C} <* H,{x/C}). Therefore, by transitivity
of =%,y

(G <" H,0) ="y (G{z/CY)r <" H {2/C}1).

This completes the proof since (G{z/C})r = Go and {z/C}T = 0. O

Corollary 15 There is an algorithm that computes for every matching problem
all pure solutions.

Proof. Every sequence of MATCH applications terminates since for every step
(G<"H,o) = 1oy (G' <" H,0'), G' contains fewer variables than G. Moreover,
from every pair (G < H, o) only finitely many pairs can be generated by a TRY
step. For there are, up to isomorphism, only finitely many candidates for each
variable hyperedge in GG. It follows that the set of MATCH derivations starting
from a pair (G <* H, () is finite, and hence it can be computed. Call a derivation
in this set successful if it ends with a pair to which no MATCH rule can be applied.
By Theorem 12, the substitutions in the final pairs of the successful derivations
are the pure solutions of G <" H. O

5 Substitution-based graph rewriting

The above considerations suggest a hypergraph rewriting mechanism based on
matching. The approach is very simple to describe and needs neither pushouts
nor embedding instructions: A rule is just a pair (L, R} of hypergraphs which is
applied to a hypergraph G by (1) choosing a solution ¢ to the matching problem
L <" G and (2) applying o to R.

Example 16 Figure 5 shows a rule for program transformation on flow graphs,

|

1
2 2

Figure 5: A rule



where B, S, and Context are variables. The rule can transform a pattern of the
form “S; while B do S” into “repeat S until —B”.

In order to state that substitution-based rewriting generalizes the well-known
double-pushout approach [7], recall that a DPO-rule r = (L «— K — R) consists
of two hypergraph morphisms with a common domain. The application of r to
a hypergraph G consists of the construction of the two hypergraph pushouts
shown in Figure 6. Without loss of generality we may assume that the vertical

L

Figure 6: A double-pushout

morphisms in these pushouts are injective, since r can be translated into a
finite set S(r) of DPO-rules such that each application of r corresponds to an
application of a rule in S(r) obeying the injectivity condition and vice versa.

Given a DPO-tule r = (L «— K — R), we construct a rule r% = (L% R9)
as follows: Let K® be the extension of K by a variable-hyperedge of type |Vk|
which is attached to all nodes of K. Then L% is the pushout object of L and
K9 along K, and R? is the pushout object of R and K® along K. When r? is
applied to a hypergraph G, the variable in L? is replaced by the context of L in
G.

Theorem 17 Let G and H be hypergraphs and r be a DPO-rule. Then H results
from an application of r to G in the double-pushout approach if, and only if, H
results from an application of r® to G in the substitution-based approach.

So the double-pushout approach is included in the substitution-based approach.
But the latter is a proper generalization of the former as there are rules which
remove or copy non-local parts of the hypergraphs they are applied to. This is
simply achieved by omitting or duplicating variables from the left-hand side of
a rule in the right-hand side. For instance, the rule in Example 16 cannot be
simulated by a double-pushout rule. This is because there are applications of
the rule with arbitrarily large subhypergraphs matched by the S-variables. So
the rule can remove a subhypergraph of unbounded size whereas the number of
items removed by a double-pushout rule is bounded by the size of its left-hand
side.

Proof of Theorem 17. Let H result from an application of r to G in the double-
pushout approach as shown in Figure 6. Let Ky be the discrete hypergraph
obtained from K by removing all hyperedges, and Dy be the hypergraph obtained
from D by removing the images of all hyperedges of K. Then there are inclusion



morphisms Kg — K and Dy — D, and K — D can be restricted to Koq — Dy.
By assumption, the vertical morphisms in Figure 6 are injective. So D is the
pushout object of K and Dy along Ky. Correspondingly, G and H are the
pushout objects of L and Dy along Ko, and of R and Dg along Ky, respectively.
Now let o = {2/(Dqy,po)}, where z is the label of the variable hyperedge in
K('?, and pg is the image of the attachment sequence of this hyperedge. Then,
obviously, Ko@a = Dg. The following relation between pushouts and substi-
tutions is easy to show: if D is the pushout object of B and C along A, and
A%0 = B, then C%¢ =2 D. Hence we obtain L%P¢ =2 G and R%0 = H, that is,
H results from an application of r® to G in the substitution-based approach.
Conversely, let H result from an application of #® to G in the substitution-
based approach. Then L®¢ = G and R%0 = H for some substitution o. Let
D = K%®0, ' be the pushout object of L and D along K, and H' be the pushout
object of R and D along K. By the above mentioned relation between pushouts
and substitutions, we have G/ = L%¢ = G and H' = R®¢ = H. Thus, H results

from an application of r to G in the double-pushout approach. O

6 Conclusion

The decidability of the general graph unification problem is an intriguing the-
oretical problem. It is easy to state but turns out to be non-trivial already for
the very restricted case of type 0 variables. The general case may be hard to
solve in view of Makanin’s extremely complex proof of the decidability of word
unification [16] (see also [13, 19]).

On the other hand, it is not clear whether word unification can be simulated
by graph unification. The problem is that for the obvious graph representation
of words as chains of edges, unifying graph substitutions need not preserve this
structure and hence may not correspond to word substitutions. For example,
the word unification problem ax =" by would have a graph solution (see Proposi-
tion 8) although the two words are not unifiable. For similar reasons it is unclear
whether graph unification can simulate second-order term unification. Since the
latter is undecidable [8], this simulation would show that graph unification is
undecidable.

Instead of representing words or terms as graphs, one can also go the reverse
direction. Bauderon and Courcelle [2] define three graph operations by which
hypergraphs can be represented as first-order terms over a given set of typed
labels. They give eleven equations which equate each two different terms that
represent the same hypergraph. By providing such terms with variables for
hyperedges, graph unification can be rephrased as term unification modulo the
equational theory induced by the eleven equations.
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