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.ukAbstra
t. We show how to program in a 
ore programming languagebased on graph transformation rules. Our programs 
ompute variousfun
tions and relations on graphs: the fun
tions generating the transi-tive 
losure of a graph and the disjoint union of all subgraphs of a graph,the relation yielding all spanning trees of a graph, and fun
tions testingfor 
onne
tedness, a
y
li
ity, and planarity. The language has a simplesyntax 
onsisting of just three 
onstru
ts: nondeterministi
 one-step ap-pli
ation of a set of rules, sequential 
omposition, and iteration. It alsohas a simple formal semanti
s, and was shown to be 
omputationally
omplete and minimal.1 Introdu
tionIn [3℄ we introdu
ed a programming language for graph transformation 
on-sisting of three 
onstru
ts: nondeterministi
 appli
ation of a rule from a set ofgraph transformation rules (a

ording to the double-pushout approa
h), sequen-tial 
omposition of programs, and iteration in the form that a program is appliedas long as possible. The language has a simple formal semanti
s and is 
omputa-tionally 
omplete in that it allows to 
ompute every 
omputable partial fun
tionon labelled graphs. Moreover, the language is minimal in that omitting eithersequential 
omposition or iteration results in an in
omplete language.In this paper we show how to program in this language, by giving programsfor the following problems: generating the transitive 
losure of a graph, generat-ing the disjoint union of all subgraphs of a graph, generating all spanning treesof a graph, and testing whether a graph is 
onne
ted, a
y
li
, or planar, respe
-tively. The test fun
tions are non-destru
tive in that they preserve the inputgraph, hen
e their programs 
an be used as 
omponents of programs whi
h dofurther 
omputations.We 
onsider the proposed programming language as a (de
larative) 
ore lan-guage be
ause it la
ks types and high-level 
onstru
ts like pro
edures and mod-ules. Having a simple yet 
omputationally 
omplete 
ore language has severaladvantages:



{ High-level languages for graph transformation whi
h provide more program-ming 
omfort 
an be de�ned by mapping high-level 
onstru
ts to the 
ore.In this way possibly 
omplex languages 
an be obtained whi
h by their def-inition automati
ally get a formal semanti
s. Moreover, new languages areknown to be 
omputationally 
omplete if they just 
over the 
ore language.{ Implementations for new languages based on the 
ore 
an be rapidly obtainedby extending an implementation of the 
ore with translations from high-level
onstru
ts into 
ore 
onstru
ts.{ Frameworks and systems for formal reasoning on graph programs 
an berestri
ted to deal with the 
ore language, sin
e high-level programs 
an betranslated into semanti
ally equivalent programs in the 
ore language. Forexample, frameworks for both program veri�
ation and program transfor-mation 
an bene�t from this approa
h.The next se
tion reviews the syntax and semanti
s of the 
ore language andmentions 
omputational 
ompleteness and minimality. Se
tion 3 
onstitutes themain part of this paper, showing how to program in the language by means ofseveral examples. Finally, two auxiliary program s
hemes implementing a 
opyoperation and a 
onditional statement are given in the Appendix.2 The languagePrograms are based on sets of graph transformation rules a

ording to thedouble-pushout approa
h, where rules are mat
hed inje
tively and may havenon-inje
tive right-hand morphisms. See [3℄ and [2℄ for details.De�nition 1 (Syntax). Programs over a label alphabet C are indu
tively de-�ned as follows:(1) Every �nite set R of rules over C is a program.(2) If P1 and P2 are programs, then hP1;P2i is a program.(3) If P is a program a

ording to (1) or (2), then P # is a program.Programs a

ording to (1) are elementary, the program hP1;P2i is the se-quential 
omposition of P1 and P2, and P # is the iteration of P . Programs ofthe form hP1; hP2;P3ii and hhP1;P2i;P3i are 
onsidered as equal and 
an bothbe written as hP1;P2;P3i; this is justi�ed in that sequential 
omposition is se-manti
ally the 
omposition of binary relations, whi
h is asso
iative (see below).We 
onsider graph transformation over abstra
t graphs (isomorphism 
lassesof graphs), denoting by AC the set of all abstra
t graphs over a label alphabetC. Given a binary relation! on a set S, we denote by!+ the transitive 
losureof ! and by !� the re
exive-transitive 
losure. The domain of !, denoted byDom(!), 
onsists of all elements a in S su
h that a! b for some b.



De�nition 2 (Semanti
s). Given a program P over a label alphabet C, thesemanti
s of P is a binary relation !P on AC whi
h is indu
tively de�ned asfollows:(1) !P =)R if P is an elementary program R.(2) !hP1;P2i = !P1 Æ !P2 .(3) !P# = fhG;Hi j G!�P H and H 62 Dom(!P )g.Consider now subalphabets C1 and C2 of C and a relation Rel � AC1 �AC2 .We say that P 
omputes Rel if Rel =!P \ (AC1�AC2), that is, if Rel 
oin
ideswith the semanti
s of P restri
ted to AC1 and AC2 . The same applies to partialfun
tions f :AC1 ! AC2 , whi
h are just spe
ial relations.We remark that our programs 
an be formulated as semanti
ally equivalentgraph transformation units in the sense of [6℄. Hen
e the results stated belowapply to a 
ertain sublanguage of graph transformation units, too.Next we mention results from [3℄ on the 
omputational 
ompleteness and theminimality of our language, without de�ning when a partial fun
tion on graphsis 
omputable. The de�nition is based on an en
oding of graphs as expressions.Intuitively, a partial fun
tion f on abstra
t graphs is 
omputable if there is a
omputable fun
tion f 0 on strings su
h that for every abstra
t graph G for whi
hf is de�ned and every graph expression w denoting G, f 0 is de�ned for w andyields a graph expression denoting f(G). Moreover, f 0 is not de�ned on graphexpressions denoting graphs on whi
h f is not de�ned.Theorem 1 (Completeness). For every 
omputable partial fun
tion f on ab-stra
t graphs there exists a program that 
omputes f .The language is also minimal, meaning that omitting either sequential 
om-position or iteration results in a 
omputationally in
omplete language.Theorem 2 (Minimality).1. The set of programs without sequential 
omposition is 
omputationally in-
omplete.2. The set of programs without iteration is 
omputationally in
omplete.For example, in [3℄ it is shown that the fun
tion 
onverse:AC ! AC whi
h swapssour
e and target of ea
h edge in a graph, is not 
omputable by any program inthe above two program 
lasses.3 ProgrammingIn this se
tion we show how to use our language for solving the following graphproblems: generating the transitive 
losure of a graph, generating the disjointunion of all subgraphs of a graph, generating all spanning trees of a graph, andtesting for 
onne
tedness, a
y
li
ity, and planarity.The programs below make extensive use of rules that relabel nodes, althoughthe double-pushout approa
h is usually formulated for totally labelled graphs



and label-preserving graph morphisms whi
h prevent su
h rules. We employ ageneralized form of rules where nodes in the interfa
e 
an be unlabelled andmorphisms 
an send unlabelled nodes to labelled nodes [4℄. It 
an be shown,however, that for every rule r of generalized type there is a program P (r) usingordinary rules su
h that !frg=!P (r).We display rules by showing their left- and right-hand sides, using the 
on-vention that the interfa
e graph 
onsists of all numbered nodes.3.1 Generating the transitive 
losureThe transitive 
losure of a graph G is obtained by adding an edge from a nodeu to another node v, whenever there is in G a dire
ted path from u to v but nodire
t link. The fun
tion trans:AC ! AC , assigning to every graph its transitive
losure, is 
omputed by the following program:1TransClosure= if ; then TransClosure1 else TransClosure2:The subprograms TransClosure1 and TransClosure2 are dealing with an emptyand a non-empty input graph, respe
tively. While TransClosure1 does not alterthe input graph, TransClosure2 is given as follows:hhSele
t1; hSele
t2; Conne
t#; Forget3i#; Forget2i#; Forget1i;where Conne
t = hSele
t3; Unmark#; Link#i. The main rules of TransClosure2are given in Figure 1. Sele
t1 sele
ts a node and gives it the index 1, Sele
t2Sele
t1 : A1 ) A11 for A 2 CVSele
t2 : A11 B2a ) A11 B22a for A;B 2 CV , a 2 CE [ f�gSele
t3 : A11 B22 C3a b ) A011 B022 C033a b for A;B;C 2 CV ,a; b 2 CE [ f�gUnmark : A011 B022 C033a b
 ) A11 B22 C33a b
 for A;B;C 2 CV ,a; b; 
 2 CE [ f�gLink : A011 B022 C033a b ) A11 B22 C33a b� for A;B;C 2 CV ,a; b 2 CE [ f�gFig. 1. The main rules of TransClosure2gives a neighbour of this node the index 2, and Conne
t gives a neighbour of the1 The program s
heme \ if then else " is de�ned in Appendix A.1.



latter node the index 3 and, if there is no edge from the �rst to the third node,links these nodes. To test whether the �rst and the third node are already linked,Sele
t3 �rst marks the three nodes. If a link exists, then Unmark removes themarks; in this 
ase Link is not appli
able. If the �rst and the third node are notyet linked, then Link inserts an edge and removes the marks. Note that the dow-narrows atta
hed to Unmark and Link ensure that Conne
t is de�ned in 
aseswhere Unmark or Link is not appli
able. Finally, for i = 1; 2; 3, the subprogramForgeti removes ea
h o

urren
e of mark i.3.2 Generating the disjoint union of all subgraphsOur next program transforms an input graph into the disjoint union of all itssubgraphs. PowerGraph will be used as a subprogram in the planarity test ofsubse
tion 3.6, but is interesting in its own right.We 
onsider here subgraphs that are obtained by edge deletions be
ause onlythese matter for the planarity test. Extending the program to 
over arbitrarysubgraphs is straightforward.In PowerGraphwe use a subprogram Tag whi
h adds a \tag" to a given graphby 
reating a unique auxiliary node and pointers from this node to all nodes inthe graph. This form of tagging allows to identify di�erent subgraphs of a graph.Tag is de�ned by Tag = hCreateTag; LinkNode#; Restore#i;where the rule sets are shown in Figure 2. In these rules, the \invisible" edgelabel, the node label � , and the labels fA� j A 2 CV g are all fresh.CreateTag : ; ) �LinkNode : �1 A2 ) �1 A�2 for A 2 CVRestore : A�1 ) A1 for A 2 CVFig. 2. The rules of TagNow PowerGraph is the programhTag; hPi
kGraph; hPi
kEdge; Copy; RemoveEdgei#; Untagi#; CleanUp#i;where Copy is an auxiliary program for 
opying a graph whi
h is de�ned inAppendix A.2. The other subprograms are shown in Figure 3. The programPi
kGraph pi
ks a tagged graph and removes all marks that have possibly been



Pi
kGraph = hPi
k; Restore#iPi
k : t1 ) �1 for t 2 f�; � 0gRestore : 8>>>>>><>>>>>>: �1 ;2 ) �1 21 2�3; ) 1 2�3Pi
kEdge : 1 2 ) 1 2!RemoveEdge = hRemove; Forget#; Ti
kEdgeiRemove : ;1 ;2!; ) ;1 ;2Forget : ;1 ;2p; ) ;1 ;2;Ti
kEdge : 1 2! ) 1 2pUntag = hUnlink#; RemoveTagiUnlink : �1 2 ) �1 ;2RemoveTag : �1 ) ;CleanUp : 8>>><>>>: ; ) 11 2p ) 1 2Fig. 3. Some subprograms of PowerGraph




reated by a previous 
opy operation, yielding the graph \under 
onsideration".The program Pi
kEdge pi
ks an edge in the graph under 
onsideration and marksit with !. Then Copy (see Appendix A.2) 
opies the graph under 
onsideration,and RemoveEdge removes the 
opy of the pi
ked edge (marked with !0) and marksthe pi
ked edge with p. By repeating this pro
ess as long as possible, one obtains
opies of all graphs that result from the original graph by removing a single edge.Afterwards the graph under 
onsideration is \frozen" by removing its tag andmarking all nodes with 0. The latter prevents further 
opy operations on thegraph. Then Pi
kGraph pi
ks a new tagged graph and the whole pro
ess startsagain.3.3 Generating all spanning treesA subgraph S of a graph G is a spanning tree of G if the undire
ted graphunderlying S is a tree that 
ontains all nodes of G. Our program will \highlight"the edges of a spanning tree of a 
onne
ted 
omponent of the input graph bymarking them with �. Let Spanning � AC �AC0 be the relation with (G;G0) 2Spanning if and only if G0 is obtained from G by marking the edges of a spanningtree of any 
onne
ted 
omponent of G with �. The relation Spanning is 
omputedby the programSpanning = if ; then Spanning1 else Spanning2;where Spanning1 does not alter its input and Spanning2 is given bySpanning2 = hSele
t; hA
tivate#; Ba
ktra
ki#; Forgeti:This program does a depth-�rst sear
h for �nding a spanning tree. The sear
hpro
eeds in a stri
tly sequential way sin
e at any time at most one node is a
tive,that is, marked with �. The subprogram Sele
t initially a
tivates a node, whileA
tivate a
tivates a neighbour of the 
urrently a
tive node and dea
tivates thelatter. Ba
ktra
k rea
tivates a neighbour of an a
tive node. Finally, Forgetforgets auxiliary node markings. The spanning tree of a 
omponent of a graphis then given by all �-marked edges and their in
ident nodes. The main rules ofSpanning2 are shown in Figure 4.To 
ompute spanning trees without ba
ktra
king, we 
an repla
e Spanning2with Spanning02 = hSele
t; A
tivate0 #; Forgeti:The subprogram Sele
t a
tivates a node while A
tivate0 looks for an a
tivatednode, a
tivates a neighbour, and remains a
tive. So several nodes 
an be a
tivesimultaneously. As before, the spanning tree is determined by the �-markededges. The main rules of Spanning02 are shown in Figure 5.



Sele
t : A1 ) A�1 for A 2 CVA
tivate : 8>>><>>>: A�1 B2a ) AÆ1 B�2a� for A;B 2 CV , a 2 CEA�1 B2a ) AÆ1 B�2a� for A;B 2 CV , a 2 CEBa
ktra
k : 8>>><>>>: A�1 BÆ2a� ) A
1 B�2a� for A;B 2 CV , a 2 CEA�1 BÆ2a� ) A
1 B�2a� for A;B 2 CV , a 2 CEFig. 4. The main rules of Spanning2Sele
t : A1 ) A�1 for A 2 CVA
tivate0 : 8>>><>>>: A�1 B2a ) A�1 B�2a� for A;B 2 CV , a 2 CEA�1 B2a ) A�1 B�2a� for A;B 2 CV , a 2 CEFig. 5. The main rules of Spanning023.4 Testing for 
onne
tednessA dire
ted graph is 
onne
ted if there is a path between ea
h two nodes in theunderlying undire
ted graph. The fun
tion 
onne
ted?:AC ! AC0 with
onne
ted?(G) = (G+ 1 if G is 
onne
ted,G+ 0 otherwiseis 
omputed by the programConne
ted? = if ; then Conne
ted?1 else Conne
ted?2:Here Conne
ted?1 
reates a single node with label 1 and Conne
ted?2 is givenby Conne
ted?2 = hSele
t; Mark#; Che
k; Forget#i:The program Sele
t pi
ks any node, Mark# marks all nodes that are rea
hablefrom the pi
ked node, Che
k = hInitiate; Test #i adds an auxiliary nodewith label 1 to the graph and 
he
ks whether any unmarked nodes remain, andForget# removes all marks. The rules of Conne
ted?2 are shown in Figure 6.



Sele
t : A1 ) A01 for A 2 CVMark : 8>>><>>>: A01 B2a ) A01 B02a for A;B 2 CV , a 2 CEA01 B2a ) A01 B02a for A;B 2 CV , a 2 CEInitiate : ; ) 1Test : 1 A1 ) 0 A1 for A 2 CVForget : A01 ) A1 for A 2 CVFig. 6. The rules of Conne
ted?23.5 Testing for a
y
li
ityThe fun
tion a
y
li
?:AC ! AC0 witha
y
li
?(G) = (G+ 1 if G is a
y
li
G+ 0 otherwiseis 
omputed by the following program:A
y
li
? = hCopy; Redu
e; Che
k; GarColl#i:The idea behind this program is that a graph is a
y
li
 if and only if the rules ofFigure 7 redu
e it to a graph without edges. The program Redu
e for redu
ingthe 
opy of the input graph is given byRedu
e = hMarkNonLeaf#; DeleteEdge; DeleteEdge#; Restore#i#;with rules as shown in Figure 7. Redu
e �rst marks all nodes with at least oneoutgoing edge, so that all other nodes must be leaves (nodes without outgoingedges). Edges pointing to leaves 
annot belong to 
y
les and hen
e 
an be safelyremoved. This may result in new leaves, so we remove all marks and start again.The redu
tion �nishes if no edges pointing to leaves remain. Note that the twofoldo

urren
e of DeleteEdge guarantees that Redu
e terminates.The program Che
k = hAdd; Test#i adds an auxiliary node with label 1 tothe graph, 
he
ks whether the redu
ed 
opy 
ontains an edge and, if so, 
hangesthe label of the auxiliary node to 0. Finally, GarColl # removes the remainderof the 
opy. See Figure 8 for the rules of Che
k and GarColl.



MarkNonLeaf : A01 B02a0 ) A�1 B02a0 for A;B 2 CV , a 2 CEDeleteEdge : A�1 B02a0 ) A�1 B02 for A;B 2 CV , a 2 CERestore : A�1 ) A01 for all A 2 CVFig. 7. The rules of Redu
eAdd : ; ) 1Test : 8>>>>><>>>>>: 1 A01 B02a0 ) 0 A01 B02a0 for A;B 2 CV , a 2 CE1 A01 a0 ) 0 A01 a0 for A 2 CV , a 2 CEGarColl : 8>>>>>>>>><>>>>>>>>>:
A01 B02a0 ) A01 B02 for A;B 2 CV , a 2 CEA01 a0 ) A01 for A 2 CV , a 2 CEA0 ) ; for A 2 CVFig. 8. The rules of Che
k and GarColl3.6 Testing for planarityA graph is planar if it 
an be drawn on the plane without edge 
rossings. Ourprogram for 
omputing the fun
tion planar?:AC ! AC0 withplanar?(G) = (G+ 1 if G is planar,G+ 0 otherwiseis based on Kuratowski's Theorem.2 By this theorem, an undire
ted and unla-belled graph is planar if and only if it has no subgraph homeomorphi
 to K5 orK3;3 [5℄. Here K5 is the 
omplete graph with �ve nodes, andK3;3 is the 
ompletebipartite graph whose node sets both have 3 nodes, see Figure 9. Furthermore,2 It is known that this leads to an algorithm of exponential 
omplexity, whi
h is evidentfor our solution as PowerGraph produ
es a graph of exponential size. But simulatingone of the subtle linear algorithms for planarity testing (see for example [1℄) is beyondthe s
ope of this paper.



K5 K3;3Fig. 9. The graphs K5 and K3;3two graphs are homeomorphi
 if both 
an be obtained from the same graph bya sequen
e of edge subdivisions. It follows that a graph is planar if and only ifno subgraph redu
es by repeated appli
ations of the rule Contra
t in Figure 10to a graph 
ontaining K5 or K3;3.The fun
tion planar? is 
omputed by the programPlanar? = hCopy; Simplify#; PowerGraph; Contra
t#; Che
k; GarColliwhose rules are shown in Figure 10. The subprogram Simplify# �rst transformsthe 
opy of the input graph to an undire
ted, unlabelled graph without multipleedges and loops. We draw unlabelled nodes as un�lled 
ir
les, and undire
tededges as lines without arrowheads. Impli
itly, unlabelled nodes and edges 
arrya spe
ial \invisible"label and undire
ted edges are pairs of edges pointing inopposite dire
tions.The program PowerGraph of Se
tion 3.2 is used to generate the disjoint unionof all subgraphs of the 
opied input graph (where we only 
onsider subgraphsresulting from edge deletions). Then Contra
t # 
ontra
ts the obtained graphas long as possible, andChe
k = hInitiate; Test(K5)#; Test(K3;3)#i
he
ks whether the 
ontra
ted graph 
ontainsK5 orK3;3. The program �rst addsan auxiliary node with label 1 whi
h, if the 
he
k was su

essful, is 
hanged to0. The interfa
es of the rules Test(K5) and Test(K3;3) 
onsist of K5 and K3;3,respe
tively. Finally, GarColl removes the remainder of the simple graph.A AppendixA.1 The program s
heme if then elseWe use a program s
heme if K then P1 else P2 whi
h 
he
ks whether theinput graph equals K and exe
utes P1 or P2 depending on whether the 
he
k issu

essful or not. More pre
isely, the semanti
s is given by G! if K then P1 else P2H if and only if G = K and G!P1 H or G 6= K and G!P2 H . The s
heme isde�ned byif K then P1 else P2 = hChe
k(K); hDelete1; P1i#; hDelete2; P2i#i;



Simplify : 8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
A01 ) 1 for A 2 CV1 2a0 ) 1 2 for a 2 CE1 a0 ) 1 for a 2 CE1 2 ) 1 2Contra
t : 1 2 ) 1 2Initiate : ; ) 1Test(K3;3) : 1 +K3;3 ) 0 +K3;3Test(K5) : 1 +K5 ) 0 +K5GarColl : 8>>><>>>: 1 2 ) 1 2) ;Fig. 10. The rules of Planar?where Che
k(K) 
opies the input graph G and redu
es the 
opy to a node withlabel 1 if G = K, and to a node with label 2 otherwise. For i = 1; 2, Deleteideletes a node with label i. If Che
k(K) yields 1, then hDelete1; P1i 
an beexe
uted only on
e be
ause the node with label 1 is deleted and hDelete2; P2iis exe
uted zero times be
ause there is no node with label 2. Vi
e versa, ifChe
k(K) yields a node with label 2, then hDelete1; P1i is exe
uted zero timesand hDelete2; P2i is exe
uted on
e. We omit the rules of this program s
hemefor spa
e reasons.A.2 The program s
heme CopyWe also use a program s
heme Copy for 
opying graphs. Given a label alphabetC = hCV ; CEi, let C 

 = hCV [(CV �f0g)[(CV �f�g); CE[(CE�f0g)[(CE�f�g)i.Labels hl;0 i and hl;� i from C 

 are written l0 and l�, respe
tively. Copy transformsa graph G over C into the graph G+G0 over C 

, where G0 is obtained from Gby repla
ing ea
h label l with l0. Copy is de�ned as follows:Copy = hCopyNode#; CopyEdge#; Restore#i:The rules of Copy are shown in Figure 11.



CopyNode : A1 ) A�1 A0 for all A 2 CVCopyEdge : A�1B�3 A02B04a ) A�1B�3 A02B04a� a0 for all A;B 2 CVand a 2 CERestore : 8>>><>>>: A�1 ) A1 for all A 2 CVA1 A02 ) A1 A02 for all A 2 CVFig. 11. The rules of CopyReferen
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