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Motivation for Reviewing Graph Formalisms

» We can prove the correctness of imperative programs with
respect to pre- and post-conditions [AO91, Rey98, NNQ7].

» e.g. Hoare logic allows us to prove the correctness of:

{x=y}x=x+lLy=y+1{x=y}

» Question: can we prove the correctness of a graph program
in a similar way?
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Motivation for Reviewing Graph Formalisms

» Consider the rule-based graph programming language GP
[Plu09, Ste07].
» The state after each application of a rule is a graph [PS].

RemoveLeaf(x,y,k : int) =

OO = O

1 1
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Motivation for Reviewing Graph Formalisms

» Consider the rule-based graph programming language GP
[Plu09, Ste07].
» The state after each application of a rule is a graph [PS].

RemoveLeaf(x,y,k : int) =

OO = O

1 1

» GP provides control constructs to control the application of
rules to an input graph.

» Sequential composition; nondeterministic application of a
rule from a set; application for as long as possible; branching.

main = if (RemoveLeaf!; {TestNotIsolated, TestLoop})then No else Yes.
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Motivation for Reviewing Graph Formalisms

» We might want to prove that the application of RemoveLeaf
for as long as possible does not transform a tree into a
non-tree.

{“graph is a tree” } RemoveLeaf! { “graph is a tree” }

» Can we write partial correctness proof axioms for the
application of graph transformation rules?

» Need a notation to allow us to precisely describe and reason
about graph properties.
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Nested Conditions

» Nested conditions are a graphical and intuitive, yet precise
formalism, for describing structural properties [HhP09, Pen(9].

» They are equivalently expressive to first-order graph formulae
[HhPO9].

» Example:
» “no node in graph G is isolated”
» In FOL:
Vx € Vgedy € Vg,ac Egex# y N ((s(a) =xAt(a) =
y) V(s(a) =y At(a) = x))
» As a nested condition:

¥( O .3( O—0 )V 0=0))
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Nested Conditions

> “every node is incident to exactly one loop”
> Y( 0, 3( ) A-IL)

Not the full story!
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Nested Conditions

> “every node is incident to exactly one loop”

> (0, 3( ) A -3LD))

Y
1 1

= V(0 — Ql, 3( O1 — Cpl,true) A —=3( Ol — éi),true))

» G — H denotes an injective graph morphism from G to H.
> 1.e. a structure preserving mapping.

» These morphisms are not written when they can
unambiguously be inferred [HhP09].
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Nested Conditions

> “every node is incident to exactly one loop”

> (0, 3( ) A -3LD))

= V(0 — Ql, 3( O1 — Cpl,true) A —=3( Ol — éi),true))
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» G — H denotes an injective graph morphism from G to H.
> 1.e. a structure preserving mapping.

» These morphisms are not written when they can
unambiguously be inferred [HhP09].
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Nested Conditions

» Our examples are in the category (Graphs, Inj).

» Nested conditions can be generalised to describe properties of
objects in any weak adhesive high-level replacement (HLR)
category.

» The categories of graphs, hypergraphs, and Petri-nets are
examples of weak adhesive HLR categories [EEPT06].
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Nested Conditions: What can be Expressed?

» Examples:
» "G is complete” [i.e. (|Vg| — 1)-regular]

(O 0,3 0%0)

» “G contains a three-cycle”

EI( 1 2 3)

» FOL / nested conditions can express k-regularity (fixed
integer k), node degree of at most k, that a graph is
simple. .. [Cou90]
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Nested Conditions: What can be Expressed?

» FOL can only express local properties of graphs [Cou90].
> i.e. the existence (or not) of fixed structures in the graph.

» What if we wanted to express “there exists a pair of nodes
connected by a path”?

» For a path of fixed length kK € N we can write conditions of the
following form for each value of k:

k+1

» But we cannot express the existence of a path of arbitrary
length n € N.
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Nested Conditions: What can be Expressed?

» FOL is too weak for graphs!

» Very basic graph properties that FOL cannot express include
[Coul:
» |s connected.
» Is k-colourable (for fixed k € N).
> Is a tree.
» Contains an arbitrary length cycle.

» More complex properties FOL cannot express include
[Wil85, Har69]:

» |Is Hamiltonian — cannot express arbitrary length paths.
» |s Eulerian — cannot express arbitrary length paths.
> |s planar — cannot express arbitrary subdivisions of Ks or K3 3.
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Finding Weakest Preconditions Using Nested Conditions

» To show the correctness of a program with respect to a pre-
and post-condition, one can construct a weakest precondition
and show that the precondition implies the weakest
precondition.

» A nested condition describing a postcondition of a graph

program can be transformed into a weakest precondition for
that program [HPRO06, HPO1].

» Example: find the weakest precondition for the application of

p = = Q—>C§>> such that the resulting graph contains
at least 6ne loopless node.

» Weakest precondition: the input graph contains either a
loopless node, or a node incident to exactly one loop.
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Monadic Second-Order Logic

» MSOL is an extension of FOL.

» Introduces set variables and their quantification [Cou90].

» [Cou] denotes nodes by lowercase variables, sets of nodes by
uppercase variables, and edges by a binary relation
edgc € Vg x Vg.

» Set variables represent unary relations; the more powerful SOL
allows variables denoting n-ary relations [Cou90].
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MSOL: Examples

“graph is not empty and not connected”
AX(3Ix(x € X)Ady(y € X)AVx,y(edg(x,y) = (xe X &y €

X)))

“graph is 3-colourable”
AX, Y, Z(Part(X,Y,Z) ANVx,y(edg(x,y) N x #y = —(x €
XANyeX)AN=(xeYAyeY)A-(xeZANyeZ)))
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MSOL: Examples

“graph is not empty and not connected”
IX(Ix(x € X) ATy(y ¢ X) AVx, y(edg(x,y) = (x € X & y €
X)))

“graph is 3-colourable”
AX, Y, Z(Part(X,Y,Z) ANVx,y(edg(x,y) AN x £y = —(x €
XANyeX)AN=a(xeYAyeY)AN-(xeZANy e Z)))

Part(X,Y.Z) =Vx((x e XVxeYVxeZ)A(~(xe XAx¢€
YIN=a(xe YAxeZ)AN-(xe XANx € Z)))
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MSOL: What can be Expresed?

» MSOL can express many more graph properties than FOL
[Cou90].

» Examples:

> |s connected.

> Is k-colourable (for fixed k € N).

» Is Hamiltonian (needs quantification over edges).

» Is planar (using Kuratowski's [Wei| and Wagner's Theorems.
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MSOL: What can be Expresed?

» Cannot “count” in MSOL, hence properties we cannot express
include [Cou90]:

» (G has an even number of nodes
» There are as many a's as b’'s, where a,b € Vg U Eg
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Graph Reduction Specifications

» Formalisms based on logics are not the only way in which
graph properties can be described.

» Graph Reduction Specifications (GRSs) [BPR04, BPRO3] are
a powerful method for specifying shapes of graphs.

» ldea: if a graph can be reduced to some accepting graph by
the repeated application of a set of reduction rules, then it
belongs to the class of shapes specified by that GRS.

» Can see a GRS as a graph grammar with the left- and
right-hand sides of rules swapped, with the accepting graph
corresponding to the starting graph of the grammar.
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GRSs: Specifying a Cycle Graph [BPR04]

T

Acco = CCEQ” TwoLoop : m = Acce

» A cycle graph tested by this GRS remains a cycle graph at
each stage of the reduction.

» The reduction rules do not create a cycle graph from an input
graph that is not already one.
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GRSs: What can be Expressed?

» Very powerful: can specify every recursively enumerable set of
graphs.

» Follows from the result in [Ues78] that double pushout graph
grammars have this property.

» GRSs can specify many graph properties that FOL cannot. ..

> |s a tree

» |s a balanced binary tree.
» |s a cycle.

» |s connected.

» ...and many that MSOL cannot:
» Is a graph with an even number of nodes.
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Decidability

Validity Problem (VP)
Instance: a formula or GRS #~.

Question (Formula): does every graph G satisfy v (VG.G = v)?
Question (GRS): is every graph G accepted by the GRS (VG.G € L(7v))?

Satisfiability Problem (SP)
Instance: a formula or GRS #.
Question (Formula): does there exist a graph G that satisfies v (3G.G = v)?

Question (GRS): is L(y) # 07

Model Checking Problem (MCP)
Instance: a formula or GRS ~, and a graph G.

Question (Formula): does G satisfy v (G = 7v)?
Question (GRS): is G € L(y) (the membership problem).

References: [Mar02, Hei02, BPRO03]
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Decidability vs. Expressiveness

FOL | MSOL | SOL | GRS | TGRS*

VP No No No No ?
SP No No No No ?
MCP Yes Yes Yes No Yes

References: [Sto76];

graph is complete

graph is connected

graph has an
even number of nodes

any recursively enumerable set of graphs

*TGRS = Terminating GRS.
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Conclusions

» Studying graph formalisms for describing and reasoning about
graph properties is an important first step towards verifying
rule-based graph programs.

» Nested conditions are a graphical, intuitive, yet precise graph
formalism equivalently expressive to FOL. .. and are therefore
expressively weak for graphs.

» Extending such a formalism to the expressiveness of MSOL
(or even SOL) would allow us to reason about many more
graph properties.

» Expressibility can come at a cost to decidability.
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I—Conclusions and Questions

Thanks for your attention!

Slides and handout are available online:
http://www.cs.york.ac.uk/~cposkitt/

|[Extra material is in the appendix.]
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Nested Condition Definition

» A (nested) condition c over a graph P is of the form ¢ = true
or c = d(a,c’).

» a: P — Cis a morphism; ¢’ is a condition over C.

EI(PL> C,c)
PN ¥
G

» A graph G satisfies a condition ¢, denoted G = c, if the
condition is over the empty graph and p satisfies c.

» A morphism p satisfies a condition ¢, denoted p |= c, if there
exists a morphism q such that goa=p and g = ¢’

» Every graph and morphism satisfies true.

» Boolean formulas over conditions over P yield conditions over
P, e.g. =c and Aje ¢
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Expressiveness of First Order Logic

A property of a finite or infinite simple, directed graph is
expressible by a closed first-order formula iff it is equivalent to a
Boolean combination of properties of this form [Cou90]:

Jvi,. .. v [/\{P(/v(v,-, i € s} A A{d(vi,v) > 2rl < i< j < 5}}

» v; denotes node |.

» d(x,y) denotes the minimum length of a path between nodes
x and y.

» N(x,r) denotes the r-neighbourhood of x.

» P is a first-order expressible property.
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